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Abstract  
For the work on paper, prepare new techniques by constructing a new 

definition called the fractional ZMA-transform (FZMAT). These techniques are 
used to make a solution to a fractional differential equation (FDE) easier by 
employing fractional analysis through the Riemann-Liouville (R-L) derivative. 
Also proposed attractive details and studied the relationship between the ZMA-
transform (ZMAT) and the Laplace transform (LT). Moreover, present some 
applications for solving First- and Second-Order (1st and 2nd) linear fractional 
differential Equations (LFDEs).  

Subject Classification: Primary 26A33, Secondary 44A10. 
Keywords: Fractional differential equations, Riemann-liouville, ZMA-

transform, Mittag-leffler function, Fractional Analysis, Inverse ZMA-Transform. 
 
 
 
 
 
 
 

1.  Introduction  
Many researchers in the past have used integral transform to solve various 

problems in different branches of engineering, chemistry, physics, mathematics, 
cryptography, and fractional. Fractional calculus, which deals with derivatives 
of non-integer order, is a significant branch of mathematics with wide 
applications in science and real-world problems. The fractional derivative (FD) 
has been defined by many literatures, and the commonly used definition is (R-L) 
in [1-5]. Several transforms (T), such as Laplace (LT) [6], [7], Khan and Khan 
[8], [9], [10], and ZMAT [12, 14, 15] exist. This work introduces FZMAT, a 
modified fractional LT [16], built on ZMAT concepts. It explores applications, 
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enhances understanding, and presents fractional calculus facts using the Mittag-
Leffler function (M-L) in [1] as: 

     ( )  ∑   

 (    ) 
 
                          ( )     (1) 

In [5], [13] using the fractional difference to realize a fractional derivative 
(FD):  
     ( )  (     )   ( )  ∑ (  )  

   (  )  (  (   ) )  (2) 
Where ( ) a function was continuous, the differentiable is not needful, a 

fractional difference for  ( )       ( ) is a forward operator appointed. 
    ( ) ( )    (    )                                     (3)  

      ( )        
   ( )
                 (4) 

The modified fractional (R-L) derivative of  ( ) write in (2) and presented in 
[1] as: 
i) If 𝒶𝒶 is a constant and  ( )  𝒶𝒶, then it's              get by: 

     ( )  {
 

 (   )      
      

  (5)  

ii)  If ( )  𝒶𝒶 ,  ( )                  and the (FD) offered as: 
   ( )    ( )  ( ( )   ( ))  (6)  

    ( )    
   ( )    

  ( ( )   ( ))  (7)  
    

  ( ( )   ( ))     
   ( )     (    ( ))      (8)  

    ( )  (    ( ))                       (9) 
Jumarie's suggestion (R-L) of the fractional derivative in [1] and the (FDE) 

and the solution produced in [13], [16] as:  
       ( )(  )   ( )         (10) 

   ( )  ∫  (  
 ) (  )    ( )     (11)  

   ( )    ∫ (   )     (  
 )            (12)  

2.  Fundamentals Concepts of (FZMAT) 
The (ZMAT) of the assignment  ( ) offered [12, 14, 15] as: 

     (   )   * ( )+   
 ∫   

  (  )   
          (13) 

The (FZMAT) of the assignment  ( ) presented by: 

     
 (   )    * ( )+  

 
  ∫   

    . .  /
 
/ (  )(  )        (14)  

     
 (   )    * ( )+  

 
(  ) ∫   

    . .  
  /

 
/  ( )(  )         (15)  

In the following, some properties of (FZMAT) as: 
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Theorem 1: Give 𝒶𝒶   was fixed and  ( )  ( ) are assignment, then: 
a- Linearity Property 
    ,    ( )       ( )-       , ( )-      , ( )-  (16)  
b- Changing Scale  

    * (  )+    
 
( )     

 (    )  (17)  

c- Multiplication by (  )  
    *     ( )+    

  
(  )    

 ((  )      (   ))  (18)  

d- Shifting Property 

    * (  𝒶𝒶)+   4    . .
 
  /
 
/5   , ( )-  (19)  

e- Convolution of (        ) of  ( )      ( )write: 

  ( ( )     ( ))  ∫  (   )  ( )(  )  
 
   (20) 

f- Inversion Equation of (FZMAT) 
Presented   ( )               (   ) inv [16]:  

  ∫  ( )   (   )(  )      ( )  (21)  
The (FZMAT) of   (   ) applied as: 

    *  (   )+   
 
(  ) ∫  

 
    . .

 
  /
 
/   (   )(  )  

    
(  )     . .

 
  /
 
/   *  ( )+   

 
(  )  . 

Lemma 2: The formula holds connection of   ( )        (  ) in [16]: 

   
(  ) 
 ∫    .    .

 
  /
 
/  (  )     ( )  (22)  

   (  (  ) )       is the period of the complex – valued (M-L) (23)  

  ∫    .   .
 
  /
 
/    ( ) (  )     (24)  

Theorem 2: (Inversion Theorem) The inverse of (FZMAT) of (14) present:  

   ( )    (  )  ∫ (  )     . .
 
  /
 
/     (   ) (  )  

  
     (25) 

3. Inversion Equation of (FZMAT) 
The fractional (LT) of  ( ) define in [16] like: 

    * ( )+     ( )  ∫    ( (   ) )  ( ) (  ) 
 
    

        ∫    ( (   ) )  ( ) (  ) 
 
   (26) 

Theorem 3: The (FZMAT) of  ( ) give   * ( )+       (   ): 
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    * ( )+  
 

(  )    2
 
   3  (27)  

Proposition 1: Assume that         
1-   * +    
2-   *  +     (   ) (  )    
3-   {   (  (𝒶𝒶    ))}  

 
(   𝒶𝒶  )     

 .  
(   𝒶𝒶  )    / 

4-   *   (  (  𝒶𝒶  ) )+   
(   𝒶𝒶  ) 
(  (𝒶𝒶  ) )   

5-   * (   ), ( )-+  
 

(  )     
 (   )    

(  )    ( )  

6-   * (   ) , ( )-+  
 

(  )      
 (   )    

(  )     ( ) 
 

(  )   

 (   ),  ( )-( )  
7-   *(   )   ( )+   

 
(  )      

 (   )  ∑  
(  )(   )   

   ( )    
    

8-   *    ( )+   (  )      (   )          
    (   

 (   )) 

9-   *   (   ), ( )-+    (   )       
 
    4

 
(   )     

 (   )5  
     (   )  

10-   *   (   ) , ( )-+    
 (   )
        4   

 (   )     
(  )     

 (   )5  
 

(  )     ( )  

4. Applications 
Application 1: Permit the              (LFDEs): 
    ,  ( )-     ( )     ( )        (28)  

Corresponding premier provision 
    ( )     (29)  

Solution: by (FZMAT) of (28) obtained: 
     *  ,  ( )-     ( )+     *  ( )+  (30)  

   
(  )     

 (   )    
(  )    ( )      

 (   )     ( )  (31)  

After simple steps get: 

      (   ) .   (  )
  

(  ) /     ( )  (32)  

     ( )   
 

(  ) 
 ∫ (  )  (   (  ) )    . .

 
  /

 
/   (  ( )) (  )  

  
     (33) 

Application 2: Look for the              (LFDEs): 
     ,  ( )-     ( )            (34)  
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The premier provision:  
    ( )     (35)  

Solution: by (FZMAT) of (34) find as: 
    *    ,  ( )-+     *  ( )   +  (36)  

   
(  )     

 (   )    
(  )    ( )       (   )      (37)  

        (   )  (  ) 

  (  )   (38)  

    ( )         (    )  (39)  

Application 3: Estimate the          of (LFDEs): 
  (   ) ,  ( )-     ( )             (40)  

The premier provision: 
    ( )   ,    ,  ( )-( )     (41)  

Solution: by (FZMAT) of (40) find as: 
    *(   ) ,  ( )-     ( )+    *   +  (42)  

   
(  )      

 (   )    
(  )   

    ( )   
 

(  )    
 ,  ( )-( )    (   ) (  )   (43) 

       (   ) ,  (  )   -    (  )   (   ) (  )    (44)  

        (   )    (  ) 
(  (  )  )  

 (   ) (  )  
(  (  )  )   (45)  

    ( )      (   )  
 (   ) 

      (   )   
 (   ) 

      (    )  (46)  

Application 4: Calculate the          of (LFDEs): 
  (  

 ) ,  ( )-    (  
 ) ,  ( )-      ( )      (    ) 

        (   )         (47) 
Identical premier provision: 

    ( )   ,    ,  ( )-( )     (48)  
Solution: Advantage the (FZMAT) for (47) get like: 

    *(  
 ) ,  ( )-    (   ) ,  ( )-      ( )+   

    *    (    )       (   )+  (49) 

  0  
(  )      

 (   )    
(  )     ( )   

 
(  )    

 ,  ( )-( )1 

     0  
(  )     

 (   )    
(  )    ( )   1       (   )   

    
(  (  ))  

(  ) 
(  (  ) )   (50) 
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5.  Conclusion  
A new technique, the Fractional ZMA Transform (FZMAT), is introduced 

to solve first- and second-order LFDEs. A new definition of FZMAT enhances 
efficiency, enabling the transformation of major functions. The study also 
examines the relationship between ZMAT and LT. Overall, this method proves 
highly accurate and effective for solving LFDEs. 
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