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Abstract

For the work on paper, prepare new techniques by constructing a new definition called
the fractional ZMA-transform (FZMAT). These techniques are used to make a solution to
a fractional differential equation (FDE) easier by employing fractional analysis through
the Riemann-Liouville (R-L) derivative. Also proposed attractive details and studied the
relationship between the ZMA-transform (ZMAT) and the Laplace transform (LT). Moreover,
present some applications for solving first and second order (Ist and 2nd) linear fractional
differential Equations (LFDEs).
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1. Introduction

Many researchers in the past have used integral transform to solve various
problems in different branches of engineering, chemistry, physics, mathematics,
cryptography, and fractional. Fractional calculus, which deals with derivatives
of non-integer order, is a significant branch of mathematics with wide
applications in science and real-world problems. The fractional derivative (FD)
has been defined by many literatures, and the commonly used definition is (R-L)
in [1-5]. Several transforms (T), such as Laplace (LT) [6], [7], Khan and Khan
[8], [9], [10], and ZMAT [12, 14, 15] exist. This work introduces FZMAT, a
modified fractional LT [16], built on ZMAT concepts. It explores applications,
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enhances understanding, and presents fractional calculus facts using the Mittag-
Leffler function (M-L) in [1] as:

E,(t) = Zf}":o% ,% is complex number, R(a) > 0 )
In [5], [13] using the fractional difference to realize a fractional derivative
(FD):
Af () = (FW — A)* $(£) = 2,17 () (v + (a — DA) 2
Where (£) a function was continuous, the differentiable is not needful, a
fractional difference for #(#) and FW (4) is a forward operator appointed.

FW(A)$(E) = #( + £ ), A € R, constant discretization span 3)
DUF(E) = limy_o 22,

The modified fractional (R-L) derivative of #(#) write in (2) and presented in

[1] as:

i) Ifaisaconstant and #(#) = a, then it's @ — derivative get by:

a — derivative 4)

Da(t) = {W“ =0 )
0, else
ii) If (£) # a, #(#) is not permanent and the (FD) offered as:
#(&) = #(0) + ($(t) — #(0)) (6)
$(t) = Df #(0) + DF ($(0) — $(0) (7
D¢ (#(t) — #(0)) = DF #(t) = Do (#%7(8)),a> 0 ®)
A0 = (") p<asp+lp=l<a<p+l )

Jumarie's suggestion (R-L) of the fractional derivative in [1] and the (FDE)
and the solution produced in [13], [16] as:

dy = g(£)(dt)*,Y(0)=0,£=0 (10)
Y@) = [ 9(©) (@)%, Y(0) =0 (11)
YW =a [;(t-0%1g()dl,0<a<1 (12)

2. Fundamentals Concepts of (FZMAT)
The (ZMAT) of the assignment #(#) offered [12, 14, 15] as:

Zua(vis) = AF(D)} = 17 f(vb)esde 0 < ¢ (13)

The (FZMAT) of the assignment #(t) presented by:
6 9) = A0} = = 7 Ea (- (9)) por@n=0<ec (14)
8aVi8) = ALF (0} = — [ Ba (- (£) ) 0@, 0 < ¢= (1)

(sv)®

In the following, some properties of (FZMAT) as:
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Theorem 1: Give a,b was fixed and §(t), g(£) are assignment, then:
a- Linearity Property

Aol 018 (£) + B2 ()] = B F()] + p2Ac[g()] (16)
b- Changing Scale
Al$(a)} = =z T (avis) (17)
c-  Multiplication by (t%)
AL £ $(0} = iz D (V) Zfia (03 5) (18)
d-  Shifting Property
A {F(t — @)} = ( Eq (- (g)“)) el W] (19)
e- Convolution of (o — order ) of (1) and g,(#)write:
(#®) %o 9(0) = [ #( — u). gw)(du)® (20)

f-  Inversion Equation of (FZMAT)
Presented &, (%) for order , a € (0,1) inv [16]:
[, #06) (¢ — 9) (@) = a $ () 1)
The (FZMAT) of §,(# — @) applied as:

1

Aalult = 00 = == [ Ea (= (£)") 8ult - @) (@)
= o o (- (5)) Ael0ut = 5.

T (sw)e

Lemma 2: The formula holds connection of §,(%) and E, (t%*) in [16]:

e JaFa (=1 (5)") @7 = 8u(6) (22)
E, (i (ue)®) = 1,u, is the period of the complex — valued (M-L) (23)
foFa (1 (2)") 8u®) (@)% = 24)
Theorem 2: (Inversion Theorem) The inverse of (FZMAT) of (14) present:
$6) = 2 [ 60 By ((2)”) Zha@s ) (@) (25)

3. Inversion Equation of (FZMAT)
The fractional (LT) of #(t) define in [16] like:

L)} = Fols) = [, Ea (—(s£)) (1) (d£)* ==
1M pysen fy - Ea (—(5 £)%) $(0) (d£)° (26)

Theorem 3: The (FZMAT) of #(t) give A {#(t)} = Z§G(v;5):
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A{F ) = 5z Lo}

sSv

Proposition 1: Assume that 0 < a < 1,

- A {1} =1

2- A"} =alT(n+ 1) (sv)™*

3- Ao{El (- (@ tD)} = (- :,sv)“ Zia ((1—14517) 'S)

4- A {E, (— (idt)“)}=

5. Al OPIF@D]) = (,,)a

(1—iasv)*
(1+(asv)2)@

(Vi) = oz £e(0)
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6 Al DOFOD = sz Liai9) = oz #(0) e

(DH[$(£)1(0)
7- A A" $(£)} =

8- A {t ()} = (v)*

9 ALt DNIFON} = T+ Vst (

Zya(v;s)
10- A {t (DH?*[#(D)]} =
1
W ’ﬁa(o)

4. Applications

( )%a
Ma(v;8) + s%v

Zad

1
(sv)

F( +2) d
= uiv_“< ma(v;s) —

Application 1: Permit the 15 order of (LFDEs):

Dya(D)] + yu(t) = $o(£),0 <a <1

Corresponding premier provision

’y’a(o) =0

Solution: by (FZMAT) of (28) obtained:

Ay {Da[/y’a(t)] + y’a('t—)} = Aa{#a(t)}
Ziin(v;9) = oz #a(0) + Lisp (i) = Fols)

(sV)“
After simple steps get:
Zyp(v
y’a (t) (H’ )a

1) (B2 = 7.(s)

(sv)®

Application 2: Look for the 15¢ order of (LFDEs):

D{"x [y’a(t)] =

Yo B)+1,0<a<1

Sa(v;s) — Zk 0 (sv)(% e $#7%(0)

va(v; 5)) +

ZMA(V 5))

[ 60)* A+ 60D Ee ((£)") Aa@a) (@)°

27

(28)

29)

(30)
€2))

(32)

(33)

(34)
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The premier provision:

9q(0) =0
Solution: by (FZMAT) of (34) find as:

a{ D}E’x [%1 (t)]} = a{y'a () + 1}
Zyja(v; ) — ),, %a(0) = Zy,(v;8) + 1

_ (»n*
(U 5) 1+(sv)*

Yo(£) = £9E4 (—1%)
Application 3: Estimate the 2"dorder of (LFDEs):

DOy — pa(®) = 40 <a <1
The premier provision:

%«(0) = 1, Df[ga($)](0) = 1
Solution: by (FZMAT) of (40) find as:
Ag{(DE)?[ya ()] — 4o (1)} = Ao £}
T i) = o
a(0) — 2z DY (O10) = T +0) (s0)°
5> I8 (v;8) [1— (5v)2* ] =1+ (5v)* + T + ) (sv)3*

1+(E)* | TA+a) (5v)3%
(1-(sv)29) (1-(sv)29)
F(1+a) Ea ('t’a) F(1+a)

(517) @

- Iya(v;s) =

Yao(£) = E (£9) + —— Eq (=29)

Application 4: Calculate the 2"dorder of (LFDEs):
(DE)?[ga(O)] + 2 (DY) (4o ()] + 5 4o () = Eq (— £%)
® sin,(£%),0<a <1
Identical premier provision:

y’a(o) =0, D%[y’a(t)](o) =1

Solution: Advantage the (FZMAT) for (47) get like:
A{(DE)[9a(D)] + 2 (DF) 4o ()] + 5 4o (£)} =
Aa{ Ea (_ ta) ® Sina( ta)}

[ Zha ;o) - r $a(0) — == DElga(DI(O)]
+2 [(5 Zia ;) — oz ),, 2%4(0) +]+ 5Z%,(v;5) =

1 (sv)*
(1+(sv)@ (1+(sv)2)@
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(35)

(36)
(37

(38)
(39

(40)

(41

(42)

(43)

(44)
(45)

(46)

(47)

(48)

(49)

(50)
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a . 1 2 _ 1 1 (sv)“

> La(v;s) [( 2 T e T 5] = e T (1+(0)E 1+(sv)2% 1)
@ (o) (G (sv)%®

> Lua(vis) = [(51])“ (1+(5V))“ (1+(w)2)a] [(1+2(5v)”+5(sv)2“)] (52)
p N 1 (sv)“ (sv)2%

> Zua(vis) = [(sv)“+ (1+(sv))% (1+(sv)2)“] '[((sv)“+1)2+(2(sv)“)2] (53)

= Yu(t) = Eq (=29 [sing(2£%) + £ (sing (£9) ] (54)

5. Conclusion

A new technique, the Fractional ZMA Transform (FZMAT), is introduced

to solve first- and second-order LFDEs. A new definition of FZMAT enhances
efficiency, enabling the transformation of major functions. The study also
examines the relationship between ZMAT and LT. Overall, this method proves
highly accurate and effective for solving LFDEs.
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