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Abstract

In this research, we introduce a recent type of open set, called a pre-feebly-open set,
obtained by accrediting the feebly open set. We have defined and studied this type and
specified several of its characteristics. We found some features and connections with other
sets, obtained results that explain them, and symbolized them with the symbol pre-feebly-
open. Also, we introduced and defined the notions of pre-f-closure and pre-f-interior. As
well as offer the properties, prove them, and others.

Subject Classification: 54A05, 54A10.

Keywords: Pre-feebly open sets, Topological spaces, Generalized open sets, Feeble continuity,
Separation axioms.

1. Introduction
Esmaeel and Shahadhuh [1] award the definition semi-open shortly (s-0.)
set its fine on E € E°. Das [2] defined the notion of semi-closure, and he knows
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of E the least s-c. set in topological spaces shortly (T. S.) W contained E and

lessening by s-cl(E) or E’. The nation pre-open shortly (pre-o.) set to submit it
via Mashhour [3]. He also defined the notion pre-closure, and he knows of a set

E, the least pre-closed set in T. S. W, contained E and lessening by pre-cl(E) or
E'°. The fact Epre(ES[Z]) is the crossing of every pre-closed (semi-closed) set

contained in E, also Epre C E, and defined the notion pre-interior set he knows a
set E, the union in T. S. W of every pre-open subsets of W contained in E,
lessening pre-int(E) or EP™®, and it was defined in [4] feebly open shortly (f-0.),
set, and feebly closed shortly (f-c.), set. We will use (pre-f-o.) to pre-feebly open
a set, (pre-f-c.) to pre-feebly close a set.

2. Preliminaries

Definition 2.1: Ina T. S. (W,t), and V € W, then:

1- Xis the term pre-open [3] if VE V'. and V is a term pre-closed [3] if
Vi cV.

2-  Terms Viss-o.. [1]ifV € V°. terms V is s-c. [1] if V" € V.

3-  Terms V is a-open [5], [6] if VS V_ and V is a term B-open set [7] if
VeV,

4-  Terms V is b-open [8], [9] if VE V' U V".

Proposition 2.2: [1]. Let {E,}..,be a family of s-o. (resp. pre-0.) in a T. S. over
W, then U, E, is s-open (resp. pre-open).

Remark 2.3: [1]. The intersection of two s-open (resp. pre-open) in W does not
s-open (resp. pre-open) by the next examples:

Example 2.4: Let W = {h,k,r} and t = {0, W, {h}, {k}, {h,k}}, then {h,r} and
{k, r} are s-open, but {h,r} n {h,r} = {r} is not s-open.

Example 2.5: Let W=1{h,s,v,p} and t= {(Z), W, {s},{v,p}. {s,v, p}}, then
{h,s,v} and {h,s,p} are pre-open, but {h,s,v} n{h,s,p} = {h,s} is not pre-
open.

Definition 2.6: [4]. A set E in a T. S. over W named f-o. in W if there occur
openset Ms.t. M € E € MS.

Theorem 2.7: [1]. In T. S. (W, 1), E is term f-o0. set & if F c (EO)S_

Remark 2.9: [7]. In T. S. (W, 1) if E is open in W, then E is f-o. and E€ is f-c..
But the obverse is not true it can be viewed by next example.

Example 2.9: If W = {h,v,r,j,q} and T = {9, W, {h}, {h, j}, {h, v, j}}, then
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f-o. sets = {@, W, {h,v,1,j}, {h,v,j}, {v,j}, {h}},
f-c. sets = {0, W,{q},{r,q},{h,r,q}, {h,1,j,q}}. Take E = {h,v,r,j} is f-
open but it's not open set, and E€ = {q} is f-c., but it's not closed.

Proposition 2.10: [10]: Let Wbe a T. S. and V,L. € W. Then:
1. Viisfec.

2. vV

3. Visfc.ey=y.

4. IfVCLtheny T

—f f

¥ =V.

6.  If {Vg}een be a combination of subsets of W, then U__, st =Ugep st.
—f

7. vV =vuvf

8. If {V}een be a collection of subsets of W, then n__, ng =Ngen st.

9. VicV.

-5 =f _
10- V =V =V.

_f o
. v =vuv
12. revf@any f-0. M containedr, M NV # @.

Proposition 2.11: [10]. AT. S. W, and EEW is called:

1) Non-dense or nowhere dense in W & @ = Q.

2) Every dense or Dense in W & E = W.

Lemma 2.12: [10]. Every singleton {r}in T. S. is either nowhere dense or pre-
open.

3. On pre-feebly open sets.

Definition 3.1: In a T.S. (W,t ), and E is a subset in (W, 1), then E is term pre-f-
o0.setin W if E € M where M is pre-o. set in W then EfcM, The complement of
pre-f-o. is term pre-f-c. It follows MCEO".

Note 3.2:
1- Foreach T.S. @, W are pre-f-o.
2-  Every subset of discrete or indiscrete T.S. is pre-f-o.

3- In (R, U) wherever U is usual Topology, then every closed interval is pre-f-
0.
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Example 3.3: If W={1,2,3} and T = {W, @, {1}} then closed set is: {W, @, {2,3}}
pre-f-0. = { W, 0, {2}, {3},{2,3}}. We nots that {{1, {1,2,{1,3}} are not pre-f-o.

Proposition 3.4: Each f-c. is pre-f-o.

Proof: Since V be f-c. set in T.S. W, If V c N, where N is pre-open, V is f-
closed set then V = Vfand Vf = V < N, so V is pre-f-o. set.

The opposite is generally not true; it can be viewed in an example.

Example 3.5: Let W = {1,2,3,4,5}, and T = {0, W, {2,3,4,5},{1,3,4}, {1}, {3,4}}

where E = {1,2,4,5}, then the closed set = {Q),W, {2,3,4,5},{1,2,5},{2,5}, {1}}
pre open

= {@; W, {1}' {3'4}1 {1!3'4}1 {2135415}' {1!3}! {3}; {4’}; {1;4}; {2'3}' {214’}1
{3,43},{3,5},{4,5},{1,2,3},{1,2,4},{1,3,4,5},{1,3,5}, {2,3,4},{2,3,5}, {3,4,5}}

Let E={1,2,4,5} and M =W which is a pre-open set, then E C

Msince ES=EUE ={1,245}U{1,24,5},E={1,2,4,5lUW=WCc M=
W {1,2,4,5} ,then E is pre-f-o., but not f-closed because E=Wg¢ {1,2,4,5}.
Corollary 3.6: Every closed set is pre-f-o. set.

Proof: Since E closed set, then E is f-c. [from proposition (3.4)], E is pre-f-o.set.

But the obverse of (corollary (3.6)) is not true it can be viewed by example
(3.5) shows E = {1,2,4,5} is pre-f-o, E=W+#E=E#E Thus, E is not
closed.

Proposition 3.7: The union of pre f-o. sets in T. S. overW is also pre f-o. set.

Proof: 1f Uy, S, € V,Vpre-o.inaT.S. Wthen S, SU,e, S, EV=5,CV

=Sfcv =Upeq Sfc v, Since {Sp}pen be a compilation of every subset
in W, then U,¢, Spf =Upeu Sf= el fc V, then
Upep Sp s pre-open set.

— cf
S, =Upe, TSV =U,c, S,

Proposition 3.8: If E be non-dense ina T. S. W then it is f-c.

Proof: Assume that E is a non-dense of W, then Eo = ¢ and E_ = @ but
@ CE= Eisf-c.

Proposition 3.9: Let W be T.S. then the crossing of pre-f-o. sets in W is pre-f-o.
Proof: Clear.

Proposition 3.10: In T. S. over W and E € W then Ef is pre-f-o. set.
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Proof: If Ef € M where M is pre-o., and Ef = Ef ¢ M = Ef ¢ M = Ef pre-f-
0. set.

Proposition 3.11: In T. S. over W and E € W Then E is pre-f-o. set.

Proof: If E € U, U is pre-o. set, sinceEf = Ef = E (by proposition (2.10) (10)},
then Ef = E = Ef € U where U is pre-o. = E is pre-f-o. set.

Proposition 3.12: Let W be a T.S. and GEW, if G is pre-c., then G is pre-f-o.
set.

Proof: If G is pre-c. then G = G°, as G is pre c. then G® € G, but G® = G, then
G° C G = G f-c. from (proposition (3.4)) G is pre-f-o. set.

Definition 3.13: In T. S. over W and E € W. Then the crossing of all pre-f-c. of
W that includes E is the term pre-f-closure of E and shortly by EPre=f, or
EPre—f =n {L: L is pre-f-c. in W},

Lemma 3.14: Assume That Wis a T.S., and G € W, then GP™¢~f is the smallest
pre-f-o. set include G.

Proof: Since L be pre-f-c. set include G such that GEL, as GP*~f=Gu
Grpre—f_ and Gpre—f c Epre—f, since G C L , then Gpre—f =GuU Grpre—f cCLU
L'Pre=f c [, then GPr~fc L. Therefore GP™®~f is the smallest pre-f-o. set
containing G.

Proposition 3.15: Let W be a T.S. and G, L. € W. Then:

_ _ _ _ ] —f
1. Gisan Pre-fc. set < G = GPre=f 2 GPre—f ¢ G. 3. GPre~f = Gpre—f"
2. IfG C L then GPre—f ¢ [pre—f,

Proof: 1. Since G be pre-f-c. set. And let G € GP™f, then GPr~f G [ since
GPre—f is the smaller pre-f-closed set containing G], then G = GPre~f.
Conversely let G = GP™~f, Then GP™~f be a Pre-f-c. set. As G = GP™* T = G is
a Pre-f-c. set. 2. clear 3. Since GP™~f is a pre-f-closed set, then GPre—f =
Grre—" by [2].

Let G € L and Pre-f-int(G)LP™~f, then G € LP™®~f, LPr®=f is the smaller
pre-f-c. set include G. let GP™~f be the smaller pre-f-c. set include G. Therefore
Epre—f c Lpre—f_

Definition 3.16: Let W be a T. S. and E € W. The union of all pre-f-o. sets of
W include in E is term pre-f-interior of E, symbolize by pre-f-int(E) or E°Pre-f
we means pre-f-int(E) = U{M: M pre-f-o. in W and M C E}.



1564 W. B. JUBAIR ET AL.

Proposition 3.17: Assume that W is a T. S. and E € W. Then r € EPre~f iff
there is a pre-f-o. set M containingrsor € M C E.

Proof: Assume that r € EP"*f < r € U{M:M C E be a pre-f-0. in W} I M
is pre-f-o. in W so thatr e M C E.

Proposition 3.19: Let Wbe a T.S. and K, L € W. Then:

1. K isaPre-f-o.set & K = K'Pme~f 2, K’P"¢~ is a Pre-f-o. set.
3.KPre~f = (K°Pre=f)'Pre=f 4 If K C L then K'PTe~f ¢ ['Pre=/,

Proof:

1. KPre~f = U{M: M be a pre-f-o. in W and M € K}, by [proposition (3.7)].
Then K°P"¢~f be pre-f-o.

2. Let K be a pre-f-o. set, by definition EP"¢~/ c E, E'P™¢~/ = U{M:M € K
is pre-f-0. in W}= K is pre-f-o. set in W. Then c K'P"¢/ = K =
K°pre=f
Conversely Let K = K™=/, Since K'P"~fis the union of every pre-f-o.
sets and K = K'P"¢~/, then K is a pre-f-o. set.

3. Let K'Pr~f = U{M:M pre-f-o. in W and M € K}. (K'Pre=/)Pre=f =
U{M: M pre-f-o. in W and M € KP"¢~/}, by (2) K = K'P"®~/. Therefore
K°pre—f — (K"pre—f)"pre—f'

4. Conclusion

In this paper, we introduced pre-feebly-open sets as a new generalization
of feebly open sets in topological spaces. We investigated their fundamental
properties and established their relationships with other known set types.
Additionally, the concepts of pre-f-closure and pre-f-interior were defined and
their key properties were proved. These results contribute a useful extension to
the existing framework of topological spaces.
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