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Abstract
A notion for convex structures on metric space, first introduce by Takahashi [1] and has 

become an important part of the theory of fixed points and nonlinear analysis. This framework 
can be generalized in the present paper by introduces r-convex metric spaces notion, i.e., the 
metric spaces endowed with an r-convex structures. We construct and establish a fixed - 
points theorem on r-convex metric space on the basis of this new proposed structure. Some 
of the basic findings regarding the fixed points of the r-convex framework are rigorously 
established and addressed. We use the theoretical discoveries to prove that solutions to a set 
of integral equations exist. Moreover, graphic example is provide to demonstrates validity 
and applicability for the derived findings.
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1.  Introduction  
Takahashi [1] was proposed a convexities in metric space and examined 

several fixed - points theorem of nonresponsive mapping in this context. Since 
that time, convex metric spaces have attracted significant interest in fixed point 
theory, with several important contributions. Significant works on fixed - points 
theorem on the convex metric spaces were done by [2], [3], [4], [5], [6], [7], [8], 
[9]. 

Over past few year, there is an increase in researchs on generalized 
settings, including b - metric space so extended metric space, where multiple 
fixed - points theorem of different class for contraction mapping have been 
developed. The following are some key developments in this direction: [10-12] 
and [13], [14] demonstrate the increased significance of generalized metric 
structures in contemporary fixed-point theory. 

Definition 1.1: [15] the map            be defined as  -metric is where   
real numbers     where   is a nonempty set such that the following properties 
hold for all        : 
(i)   (             
(ii)   (      (      
(iii)   (        (      (      .  

erT c hes ehT(     is an  -metric spaces. 

Definition 1.2: [16] the map            defined on   where   is a nonempty 
set if, for each          : we have 
(i)   (         if and only if       
(ii)  (        (        (        (        

The structure (     is defined as S-metric spaces. 

Definition 1.3: [17] assume   the non - empty sets &    . The mapping 
               defined to be   -metric            : The 
following requirements are imposed 
   (                  
   (          (               
   (           (         (         (       . 

erT c hes ehT(      is defined as an   -metric spaces. 

Definition 1.4: Let (      be an   - metric space and      be a sequence in  . 
Then A sequence      is defined as convergent if and only if there exists     
such that   (           as    . In this case, we write        

    . 

A sequence      is a Cauchy sequence     (          as        
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An S-metric space        is defined as complete if each Cauchy sequence 
converges to some point   -metric space      Converges to a point     such 
that          

  (        )     
   

  (       )              

2. Simple Model Including Quantity Demand 
Definition 2.1: If        is   metric spaces & coefficient    ,        , the 
map             be r-convex structures on   -metric where 
            &         (              )                 
              holds. 

Then the triplet          is dented  -convex   -metric space with a 
coefficient    . 

Example 2.2: Let     and the mapping             be defined by 

          [
 
  |   |  |   |  |   | ]

 
 

For all        , as well as the mapping             defined by 
the formula                        . 

Then         is an  -convex   -metric space with    .  

Solution: For any          , we get 

                    
 
  |   |  |   |  |   |  

  

        |   |        |   |    |   |        |   |
    |   |     |   |        |   |   

        
  |   |  |   |  |   |   

         |   |  |   |  |   |         
     |   |  |   |  |   |  |   |  |   |  |   |  

        |   |  |   |  |   | 
  

        |   |  |   |  |    |   
                             

Hence          is  -Convex   -metric spaces where    . 

Definition 2.3: Let          the   -metric spaces &       is map. The 
sequence      be the Mann sequence where 

      (            )     

and            . 
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We now present a generalized version of Banach’s Contraction Principle 
within the framework of r-convex S-metric spaces, thereby extending its 
applicability beyond classical metric settings. 

Theorem 2.4: For          is Complete r-convex   -metric spaces &     
with       is mapping such that  

                              
For all            and         . Suppose that the sequence      is 

generated by the Mann iterative and      . If the sequence      converges to 
  <    

   
       

 and   <  
    , then It P has exactly one fixed point    in  .  

Proof:      , We have 
  (          )   [   (         )    (              )] 

  [   (              )     (          )]     
       (              (                    ))      

                               
  [           (              )

  (           )  (               )]  
   [                        ]  (              ) 
Put     [                        ]. By the hypothesis, we obtain  

  (         )      (               ) 

  
    (               ) 

 

So {  (         ) } is convergent to  . By taking limit from (1) we find 
   , because    

     . Also        
  (          )   .  

Therefore 
  
     

   
      (             )  

   
      

Which means      the Cauchy sequences in  . Thus       for some 
    .  

               [   (        )    (          )]Which implies 
that       . 

3.  Some Applications 
In order to shows an existences and uniqueness for the solutions integrals 

equations, consider: 

             ∫  (        )   
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on          with sup-norm, and define   -metric as  
  (             

     
|  (     (  |     

     
|  (     (  |

    
     

|  (     (  | 

Then    is   -metric with    . Assume that  

    (    (    ∫  (     (  )   
          

Therefore    has r-convex structure if we assume               , 

 (        )  
 
   (  

 
 )  . Since  

   (     (    
 
   ))  ‖   ‖  ‖  (

 
   (  

 
 )   ‖  

‖  (    (  
 
 )   ‖ 

  ‖  (     (  
 
 ) (    ‖  ‖

 
 (     (  

 
 ) (    ‖  

‖  (     (  
 
 ) (    ‖ 

   
 (‖   ‖  ‖   ‖  ‖   ‖  (  

 
 ) (‖   ‖  ‖   ‖  

‖   ‖  
   

   (       (  
 
 )  (       

Theorem 3.1: Assume that the integral equation (4) with  
1.   (     (  ) is continuous mapping 
2.   (      (   )   (      (   )  | (     (   | 
3.           
4.  | |   

 (     

5.  (    
    

So, integral eq. (4) have unique solutions on      . 

Proof: 
  (             ‖       ‖  ‖       ‖  ‖       ‖  

    
     

|   (      (  |     
     

|   (      (  |
    
     

|   (      (  | 

            | ∫ ( (      (  )
 
  ∫  (      (  )  

 
 (      |    

            | ∫ ( (      (  )
 
  ∫  (      (  )  

 
 (      |   

           | ∫ ( (      (  )
 
  ∫  (      (  )  

 
 (      | 
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           | | ∫    
  |∫   (         )

 
  ∫  (         )  

 
     |     

          | | ∫    
   |∫   (         )

 
  ∫  (         )  

 
     |     

          | | ∫     
 |∫   (         )

 
  ∫  (         )  

 
     |    

  | |      [        |           |          |           |  
        |           |]  

     
                            

Where        
   . Therefore   has unique fixed points    . 

4.  Conclusion 
We introduced the notions for the r-convex - metric spaces defining of r-

convex structures on and prove some fixed - points theorem satisfying these r-
convex structure on metric space. Our work has been supported by new 
theorems and an application. 
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