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Abstract  
An application of fractional differential equations is on the rise across 

physics, biology, and engineering. This is especially true when standard integer-
order models fail to adequately describe a given phenomenon. A large number 
of practical systems rely on these equations, which enable the accounting for 
memory and nonlocal effects. But the mathematical complexity of high-order 
fractional models makes them difficult to address. To approximate solutions to 
these kinds of problems, this research employs the Adomian Decomposition 
Method in combination with the Natural Transform. The fractional derivatives 
are transformed to algebraic expressions using the Natural Transform, and 
nonlinear terms are systematically treated using the Adomian technique. This 
method is validated for fractional differential equations by the numerical results 
obtained for fractional orders between 4.7 and 4.9, which show that stable 
solutions with absolute errors less than one are produced. 
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1. Introduction  
As a useful tool for modeling systems with memory, hereditary behavior, 

and nonlocal interactions, fractional partial differential equations (FPDEs) have 
evolved as a natural expansion of classical partial differential equations (PDEs). 
These systems include anomalous diffusion, viscoelastic fluids, and detailed 
biological processes, among others. Fractional differentiation has its roots in the 
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17th-century writings of Leibniz and Euler; nonetheless, it was formally 
established by Riemann, Liouville, and Caputo, whose formulations provide the 
basis of contemporary fractional calculus. Many analytical and numerical 
methods were developed to solve first-order partial differential equations 
(FPDEs), including the Laplace and Sumudu transforms, finite difference 
schemes, spectral methods, and hybrid semi-analytical methods. For high-order 
nonlinear fractional models, a successful approach is to combine Natural 
Transforms (NT) with Adomian's Decomposition Methods (ADM). In contrast 
to ADM's methodical breakdown of nonlinear components into quickly 
convergent Adomian polynomials, the Natural Transform reduces fractional 
derivatives to manageable algebraic formulae. For solving complex fractional 
PDEs across a wide range of scientific and engineering contexts, our hybrid NT 
+ ADM framework has proven an excellent tool due to its high precision, 
numerical stability, and extremely small absolute errors [1-11]. 

2. Properties of Caputo Fractional Derivative 
Let   

 
 
        denote a Caputo fractional derivative for the orders a > 0. Its 

main properties are: 
1.  Linearity      

  (           )       
           

     . 
2.  Derivative of Constants     

       which makes Caputo suitable for 
initial-value problems in physics. 

3.  Compatibility with Classical Derivatives 
If                        

        for all polynomials of degree < 
n. 

4.  Nonlocal (Memory) Property: The derivative depends on the full history of 
the function: 

      
       

      ∫
       

            
 
  

Natural Transform Properties for Fractional Derivatives. 

Let  {    }          denote the Natural Transform. 
1.  Linearity  {           }                    
2.  Transform of Caputo Fractional Derivative  

For                 {     
     }               

 ∑            
           

This property is the reason NT simplifies fractional PDES. 
3.  Transforms Derivatives to Simple Algebraic Expressions 

NT converts fractional derivatives into polynomial factors of s:     
     

  . 
4.  Suitable for PDEs of High Fractional Order 

Because NT handles higher-order derivatives without complexity: 
   {       }             ∑                   
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3. Application and results  
Example 3.1: put a time-fractionals KdV-type equations 

      (   )        (   )     (   )     (   )     
  

   (   )              
where       are real constants. With  

 (   )    ( )   (   )    ( )     (   )    ( )      (   )
   ( )       (   )    ( )  

Let   ( )    ( )    ( )    ( )                          (   )  
  ( )             

Solution: Let the Natural Transforms for the  (   ) with respect to   be 
 * (   )+(   )   (   )  Natural Transform has a forms  

   *     (   )+(   )     (   )  ∑        
     

  (   )
     

With our choice              , this reduces to 
   *     +     (   )        ( )  
     (   )        ( )     *  +     *   +     *    +     

Since the Natural Transform acts only on  , spatial derivatives pass 
through:  *  +  

  
     *    +  

   
     

So  
   (   )        ( )      (   )     *   +(   )        (   )     

Solve for  (   ) :  (   )    ( )
   

  
,    (   )     *   +(   )  

      (   )-  Using the known property 
     {     * ( )+}   

 ( ) ∫ (   )    
  ( )     

   (   )    ( )  
 

 ( ) ∫ (   )    
  

  ,    (   )     (   )   (   )        (   )-     
We write solution as a series:  (    )  ∑    

   (   )  
   ( )      ∑    

   (   )  
where    are defined in terms of           . 

  (   )    ( ) First correction   , from the recurrence:  
    (   )    

 ( ) ∫ (   )    
 ,  (  )         (  )   -    

Thus:   (   )   ,     ( )      ( )    ( )       ( )- 
  

 (   )  

    (   )   ,     ( )      ( )       ( )- 
   

 (    )  
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Approximate solution up to the fifth term is 

   ( )(   )  ∑    
   (   )  ∑    

   ( )    

 (    )         
The following Figures 1-2 express the results of approximate solutions and 

consecutive error at various values of t, equal to 0, 0.1, 0.2,... 1. Also, numerical 
simulations were performed to determine whether the technique described 
would lead to increased accuracy.  

 

Figure 1 
Show the approximate solutions using NT+ADM 

 

Figure 2  
Show the consecutive errors between the current approximate solution and previous 

approximate solution 
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4. Conclusion  
The application of Natural Transforms combined with Adomian 

Decompositions Methods (NT+ADM) proved highly effective in solving the 
high-order fractional PDE, providing stable and smooth approximate solutions. 
The Natural Transform greatly simplified the fractional derivatives, while ADM 
efficiently handled the nonlinear terms through rapidly convergent series. The 
obtained results across different fractional orders showed excellent accuracy, 
with the absolute error consistently remaining below 1. The method captured the 
sensitivity of the solution to variations in the fractional order, reflecting the 
realistic memory behavior of fractional systems. Overall, NT+ADM offers a 
robust and efficient semi-analytical framework for fractional modeling without 
requiring numerical discretization. 

 
References 
[1] R. Hilfer, Ed., Applications of Fractional Calculus in Physics, Series 

on Advances in Statistical Mechanics, vol. 35. Singapore: World Scientific 
Publishing Co., pp. 472 (2000), doi: 10.1142/3779, 

[2]  A. Atangana and D. Baleanu, “Nonlinear fractional Jaulent‐Miodek 
and Whitham‐Broer‐Kaup equations within Sumudu transform,” Abstract 
and Applied Analysis, vol. 2013, Art. no. 160681 pp. 1–8 (2013), doi: 
10.1155/2013/160681. 

[3] G. Adomian, Solving Frontier Problems of Physics: The 
Decomposition Method, vol. 60. Dordrecht, The Netherlands: Springer, 1994, 
doi: 10.1007/978-94-015-8289-6. 

[4] S. S. Ray and R. K. Bera, “An approximate solution of a nonlinear 
fractional differential equation by Adomian decomposition method,” Applied 
Mathematics and Computation, vol. 167, no. 1, pp. 561–571 (2005), doi: 
10.1016/j.amc.2004.06.123. 

[5] H. O. Altaie, “Study the stability for ordinary differential equations 
using new techniques via numerical methods,” in Advances in Intelligent 
Systems and Computing, vol. 1292. Singapore: Springer, pp. 509–516 (2021), 
doi: 10.1007/978-981-33-6868-5_45. 

[6] Z. H. Khan and M. Khan, “Natural transform and its application to 
integral equations,” International Journal of Mathematical Archive, vol. 3, no. 
11, pp. 2781–2787 (2012). 

[7] A. M. Mohammed and H. O. Altaie, “Analytical solutions via coupled 
Elzaki Adomian decomposition method for some applications,” Journal of 
Interdisciplinary Mathematics, vol. 27, no. 4, pp. 761–766 (2024), doi: 
10.47974/JIM-2198. 

[8] S. Javeed, D. Baleanu, A. Waheed, M. Shaukat Khan, and H. Affan, 
“Analysis of homotopy perturbation method for solving fractional order 
differential equations,” Mathematics, vol. 7, no. 1, Art. no. 40 (2019), doi: 
10.3390/math7010040. 

[9] A. M. Mohammed and H. O. Altaie, “Elzaki transform decomposition 
approach to solve Riccati matrix differential equations,” Journal of 

References

	 [1]	 R. Hilfer, Ed., Applications of Fractional Calculus in Physics, Series on 
Advances in Statistical Mechanics, vol. 35. Singapore: World Scien-
tific Publishing Co., pp. 472 (2000), doi: 10.1142/3779.

	 [2]	 A. Atangana and D. Baleanu, “Nonlinear fractional Jaulent-Miodek 
and Whitham-Broer-Kaup equations within Sumudu transform,” 
Abstract and Applied Analysis, vol. 2013, Art. no. 160681, pp. 1–8 (2013), 
doi: 10.1155/2013/160681.

	 [3]	 G. Adomian, Solving Frontier Problems of Physics: The Decomposition 
Method, vol. 60. Dordrecht, The Netherlands: Springer (1994), doi: 
10.1007/978-94-015-8289-6.

	 [4]	 S. S. Ray and R. K. Bera, “An approximate solution of a nonlinear 
fractional differential equation by Adomian decomposition meth-
od,” Applied Mathematics and Computation, vol. 167, no. 1, pp. 561–571 
(2005), doi: 10.1016/j.amc.2004.06.123.

	 [5]	 H. O. Altaie, “Study the stability for ordinary differential equations 
using new techniques via numerical methods,” in Advances in Intel-
ligent Systems and Computing, vol. 1292. Singapore: Springer, pp. 509–
516 (2021), doi: 10.1007/978-981-33-6868-5_45.

	 [6]	 Z. H. Khan and M. Khan, “Natural transform and its application to 
integral equations,” International Journal of Mathematical Archive, vol. 
3, no. 11, pp. 2781–2787 (2012).

	 [7]	 A. M. Mohammed and H. O. Altaie, “Analytical solutions via coupled 
Elzaki Adomian decomposition method for some applications,” Jour-
nal of Interdisciplinary Mathematics, vol. 27, no. 4, pp. 761–766 (2024), 
doi: 10.47974/JIM-2198.



1688� A. N. ABDULHADI AND H. O. ALTAIE

	 [8]	 S. Javeed, D. Baleanu, A. Waheed, M. Shaukat Khan, and H. Affan, 
“Analysis of homotopy perturbation method for solving fractional 
order differential equations,” Mathematics, vol. 7, no. 1, Art. no. 40 
(2019), doi: 10.3390/math7010040.

	 [9]	 A. M. Mohammed and H. O. Altaie, “Elzaki transform decomposi-
tion approach to solve Riccati matrix differential equations,” Journal 
of Interdisciplinary Mathematics, vol. 27, no. 4, pp. 767–773 (2024), doi: 
10.47974/JIM-2199.

[10]	 H. M. Ali, “An efficient approximate-analytical method to solve time-
fractional KdV and KdVB equations,” Information Sciences Letters, vol. 
9, no. 3, pp. 189–198 (2020), doi: 10.18576/isl/090307.

[11]	 S. A. Al-Ameedee and A. J. Obaid, “Sandwich results of meromor-
phic multivalent functions defined by multiplier transform,” Journal 
of Interdisciplinary Mathematics, vol. 26, no. 4, pp. 651–658 (2023), doi: 
10.47974/JIM-1484.

		  Received November, 2025


