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Abstract

This study seeks to derive complete solutions for certain classes of third-order
linear partial differential equations with constant coefficients involving three independent
variables, expressed in the general form:

B, HW+ B, HW + B, Hpm +B,H,, + B, HWm + B, Hpm,+ B, Hw,m +B,H,, +B,H,,. + B,

H,. .+B, HW+ B, Hw,+ B,H,+B,H,+B;H +B,H, +B, Hp+ ByH,+B,H,+B,,H=0.
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Based on this supposition, the above equation can be simplified to a third-degree
nonlinear second-order ordinary differential equation with three free functions.

Subject Classification: 35A05, 35C05.
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1. Introduction

Various methods of solving partial differential equations (PDEs) have been
suggested by many studies [1]. Other related contributions to differential
equations are also available in [2-7]. In the current work, we explore functions
that can be used to address the considered problem. v(p),k(n) and u(m),
H(p,n,m) = e/ v@ap+[k(mant[umydm  Consequently, the general solution of
the linear third-order partial differential equation with three independent
variables is in the form as follows:

BiHppp + ByHyppn + BsHppn+ByHynn + BsHypm + BeHpmm + By Hpnm
+BBHnnm + B‘)Hnmm + BlOHmmm + Blalp + BlZHpn + Bl3Hpm + Bl4Hnn
+BisHpm + BigHmm + Bi7Hy + BigHy + BigHp, + BygH = 0

Depending on the values, the original partial differential equations (PDEs)
are reduced to a nonlinear second-order ordinary differential equation (ODE) in
three independent variables.

2. On the Solution of Certain Classes of Linear Third-Order Partial
Differential Equations with Constant Coefficients.

The general form of these equations is given by:

BiHypp + ByHypn + B3Hpnn+BaHppn + BsHppn + BgHpmn + By Hppm
+38Hnnm + B9Hnmm + BlOHmmm + Blalp + BlZHpn + Bl3Hpm + Bl4-Hnn
+BisHpm + BigHmm + Bi7Hy + BigHy + BioHp, + BygH =0

To obtain the full answer, the equation will be divided into a few different
cases as follows:

Case 1: BiH,p, + BsHypn + BoHypyn = 0. (i.e.B; =B, =Bg =++=Bg =
Bio = - = By = 0) s.t. B}, B3, and By are not identically zero.

Case 2: ByHypn + B3Hppy + ByHpny + BeHpym = 0.(i.€.B; = Bs = B, = -+ =
B,y = 0) s.t. B,, B;, B, and By are not identically zero.

3. Proposals on Methodological Framework of the proposed Technique.
We consider a type of linear third-order partial equations of the form:

ByHppp + BoHppn + BsHppn+ByHyyy + BsHypm + BeHpmm + B7Hppm +
Bannm + B9Hnmm + BlOHmmm + Blalp + BlZHpn + BlBHpm + Bl4-Hnn
+BisHym + BigHpm + Bi7Hp + BigHy, + BioHy, + Byg = 0 (1)
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To get the complete solution we compute three independent functions
under the following assumption.

H(p, n, m) — efv(p)dp+fk(n)dn+fu(m)dm (2)
by substituting
H, Hy, Hyy, Hyyps Homs Hypres Hors Hs Hs Hoy Hyss Hrss o Hs

Hymm» Hnnmy Humms Hpnm
and H,,,,,, into the equation (1), we get
B;(v" +3vv' + v3) + B,k(v' + v?) + Byv(k' + k?) + B, (k" + 3kk' + k?)
+Bsu(v’ + v?) + Bev(u' + u?) + B,vku + Bgu(k' + k?) + Bok(u' + u?)
+B;o(u” + 3uu’ +u®) + B;; (V' +v?) + By,vk + Bizvu + B (k' + k?)
+Bisku + Big(u' + u?) + B,V + Bigk + Biguu + Byg = 0 3)

It is a nonlinear two-order ordinary differential equation with three
independent functions, as presented in Equation (3).

4. On the Full Solution of the Linear Third-Order Partial Differential
Equations.

The entire solution of the linear partial third-order partial equation with
constant coefficients is established by re-examining the situations described in
the beginning of this paper.

Case 1: If BZ = B4_ = Bﬁ == Bg = BlO == BZO = O,Balpp + B3Hpnn +
BoH,m = 0, then the equation (3) becomes
B,(v" + 3vv’' +v3) + Byv(k’ + k%) + Bok(u' +u?) = 0.

5%n 2
. YD+o—r Byy? 52
) (pnm)=e"""2Bs [d,cos |2~ — ( n+
B3 2yB3

o Byy? [ 82\ 5 6
Hd, sin n][dz; cos —m + d, sin—m |

By  \2yBs JBs JBs

. 5 .8
d; = Acos(big;),d, = Asin(b,g,),d3 = COS(\/?—QQ1)»‘14 = Sln(JT—g91)-

).

. . 2 52
Where d,, d,, d5,d,, § and y are arbitrary constants, if BIB—Y * (zy—B
3 3

5%n
i) Hpnm) = (k—g)e” 8 [dy cos —m + d, sin —m]
VBy

)2

VBo
. . ~B1y? 52
Where d, d,, § and y are arbitrary constants, if — = (——
Bs 2yBs
Proof: Since B; (v" + 3vv’ + v3) + Byv(k’ + k?) + Bok(u' +u?) = 0.
Since we cannot use the separation of variables method we take

representing to an arbitrary constant. This results in the simplified version of the
equation:
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Biv3 4+ Byy(k' + k?) + Bok(u' +u?) =0

B1V3 ' 2
B
= X + B3y( X

This equation is variable separable equation [1], to solve it
Let

)+ By(u' +u?) =0

3173 "+ k?
" + Bsy(

) = —By(u' +u?) = —62
So:

0ok R+ k+ 2o 4)

B
” + Byy
VB3 B3

also:
2
Bo(u' +u?)—62=0>u' +u? ~Z =0 5

Bg
31}’

From the equation (4): i) If * (2}/—3)2 we get:
2
+dn=0; b} =2 _ (2
)2+b1 B3 2yYB3

dk

)2

(k+2yB3

52

ke >
=] =g —n= k=btan(big —bn) —5—  ©

By

o
82 (JB_e

w)Z2+1

1
= —tan
by

And from equation (5), we get +dm =20

= E —1(\/_

tan
6

2+dm—0=>
B

W) =g~ méu——tan(rgz r) ™

H(p,n,m) = fydp+f[b1tan(b1gz bln)—zy—B Jdn+[[ \/—tan(\/_g_\/__ )d

52
H(p,n,m) = A[cos(b,g, — b;n)] cos(JiB—ggl - %B—gm) """ 4 = ot

And the complete solution is given by:

&8 2 2
H(p,n,m) = e"P 2yEs" [dicos By _ (B—))2 n+
B3 2yB3

Biy? ( B?

d,sin
B3 2yB3

2 5 .
) n][ds cos JT_gm +d, sin—m|

S
75
. 5 .8
d; = Acos(b,g2),d; = Asin(b,9,) ,d3 = COS(\/T—Q%) ydy = si H(Egl)'
Where d,,d,, ds,d,, § and y are arbitrary constants.

2 2
i) If 2 = (‘5—)2 we get

dk -1 1 82
—7 +dn=0 = = =g;—n=>k= — (8)
(k+2yB )2 3B n-gs  2yBs

3 3
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And
u="tan(-g, - m)
VBs \/B_ggz N
s,
d 4 .
H(p,nm) = efy p+fn -93 2yB3] "+I[J— an(\/_g2 \/_

52
= A(n — gy)e"? 2Es" S g, =) A=t
H(p' n, m) - A(n g3)e 2vBs [COS(JB—QQZ \/B_gm)] 'A =en

The complete solution is given by:

62
H(p,n,m) = A(n — g)e'’ 283" [d, cos \/%_gm +d, sin%m]
Case 2: If By =Bs =B, =--=B,,=0, given by: ByH,p, + B3Hpp, +

ByHypp + BeHpmm = 0, then the equation (3) becomes
B,k(v' +v?) + B3v(k’ + k?) + B,(k" + 3kk’ + k3) + Bgv(u' + u?) = 0.

i) Hpnm)=e zszp " [d,cos \/ (ZV—B))[
d,sin /BW (ZYB p] d5 cos( ’ Bm) + d, sin ( ’ m)];
B3y -52
dy = cos(bz94),d; = sin(bzg,4) ,d; = cos( gs),
i) dy = sin( 22" gg).
6

2

2 2
Where d,, d,, ds,d,, § and y are arbitrary constants, if —B;y * (_Zf/B ) .
2 2

) Hp,nm) = AP - g)e B

[d5 cos( /%I%m) +d, sin( /@m)] ;A=el
6

B3 y2-62 B3 y2-62
73 ge), dy = sin(_|=———g¢)

d; = cos(

2

2 2
Where ds, d,, A, § and y are arbitrary constants, if Bay” :’ = (263 ) .
2 Yb2

Proof: Since Bk(v' + v?) + Byv(k' + k?) + B, (k" + 3kk’ + k%) +
Bgv(u' +u?) = 0.3B,y(v' + v?) + B3y?v + B,y3+Bgv(u' + u?) =0

17+17

3
= By () + Byy? + 2548, (u' +u?) = 0.

Bz)’(

v’ +v?

)+B“y —Biy? — By(u' +u?) = —82
So:



1668 S.N. KETAB, B. W. ABDULLAH AND Z. R. MOUSA

! 2 3 2 2
By + 2y 2 =0 v + 12+ v+ 2= )
v Byy By

also:

2 ' 2y _ 82 _ / 2, B3y?-8% _
By 4+ Bs(u' +u*)—6°=0=u"+u"+ - =0 (10)
6
2

: . Bay? 52
From the equation (9): i) If . + (E) , we get

d 2

52
cael bt =5~ )

(1;+
52
11 Mty _ 82
= ztan € by ) =gs —p = v = bytan(byg, — byp) —

2YB;

(11)

From the equation (10), we get

du
—2+B3y2—62 +dm=0 >

Bg du

2_5852
Bsy®-8 (\/3 526 S7W2+1

Bg -1 Bg _
= ’—33 g2 tan™"( ’—33 257 u) =gs —
Ba v2—52 Ba y2-82 Ba v2—82
S>u= f—” tan(\/ 3V gs—\/” m) (12)
Bg Bg Bg

+dm=0

So,

H(p,n,m)
2_5852 2 2
[[b2 tan(b, g—b,p)— 2yB dp+fydn+f[j33y -52 tan(\/B3 ];36 ) g- \/Bg 1;?6 ) m)lam
=e
2 2 2

H(p,n,m) = A cos(b,g, — b,p) cos( By yi=0 B” 8 = —m)e ZVsz e

And the complete solution is glven by.

52 2
_ _TEptvn Byy? (&7
H(p,n,m) = e 2vB2 [dycos 5 (ZVBZ) p+
. Bay? 52 2 B3 y2-62 Bs y2-82
dysin |2 — (ZYBZ) pllds cos( |ZL="m) + d, sin( [2E=m)]

Where dq, d,, d3, d,, § and y are arbitrary constants.
iiy 1P _ (2 :F
ii) 5 (Zsz) , we get: From (9)

dv 1 52
———+dp=0>—F7"=gs—p 2V = -——
(V+251232)2 p= +2VB2 96 —P P—9e¢ 2YB: (13)
And

’33 y*-82 By y?-82 By y%-82
= [——— tan — m
Be ( Be e Be
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so,

Bsy -52 B3 y%2-62 B3 y2-582
H(p;n m) = e“P —-9gs Zsz]dp+fydn+f[\/ an(\] Be 96_\/ Be m)]dm

so, the complete solution is given by:

H(p,n,m) = A(p — gs)e “HE

d; cos( ’Bﬂ;ﬂm) + d, sin( /%%m)] ;A=eh
6 6

Example 4.1: To find a solution to the following partial differential equation:

3HPPP _alnn + 2Hymm = 0,B; = 3,B3 = _l ,Bg = 2.
Since —— Bl vt * ( )2 then by using the formula (as in case-1-1)

2y B

52
H(p,n,m) = e'PTavE" [d; cos /—12)/ — t/i n
. , 454 5 .8

+d, sin —12)/2—}/—2 n][ds cos \/—Em+ dy sm\/—im]

Where dll dz, d3, d4, 0.

Conclusion

This study presented complete solutions for certain classes of third-order
linear partial differential equations with constant coefficients involving three
independent variables. The original equation was reduced to a third-degree
nonlinear second-order ordinary differential equation with three free functions,
providing a simplified and effective approach for solving such equations.
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