
©

Smooth differential structures of bornological algebra induced via 
directed limits of Frechet spaces

Hasan Ali Naser *
Z. D. Al-Nafie †

Department of Mathematics
College of Education for Pure Sciences
University of Babylon
Babylon 51002
Iraq

Abstract
This paper presents new results on bornological algebras over LF-spaces, in which 

bounded sets are stable under differentiation, multiplication, and addition, and the space of 
smooth functions on the LF-space inherits this structure and remains bounded. We apply our 
results to solve problems using the derived theorems of bornological algebra.

Subject Classification:  46A08, 46A11.

Keywords: Bornological spaces, Bornological algebra, LF-space, B-topology, Smoothness.

*	E-mail:	pure433.hasan.ali@student.uobabylon.edu.iq (Corresponding Author)
†	 E-mail:	pure.zahir.dobeas@uobabylon.edu.iq

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
Vol. 29 (2026), No. 5-B, pp. 1585–1596
DOI : 10.47974/JIM-2551

  

Smooth Deferential Structures of Bornological Algebra Induced via 
Directed Limits of Frechet Spaces 

 
Hasan Ali Naser *  
Al-Nafie Z. D. † 
Department of Mathematics 
College of Education for Pure Sciences 
University of Babylon 
Babylon 51002 
Iraq 
 
Abstract  
This paper presents new results on bornological algebras over LF-spaces, 

in which bounded sets are stable under differentiation, multiplication, and 
addition, and the space of smooth functions on the LF-space inherits this 
structure and remains bounded. We apply our results to solve problems using the 
derived theorems of bornological algebra.  

Subject Classification: 46A08, 46A11. 
Keywords: Bornological spaces, Bornological algebra, LF-space,  -

topology, Smoothness. 
 
 
 
 
 

1.  Introduction  
This article introduces a notion for the bornology on a theory’s for 

bornological algebras. Bornology on the sets is created by the author in [1]. 
Bornology are studies and use mainly in functionals analysis, on convenient 
space, metric space, Schwartz space, Banach space (see [1-5]).  

They bornology is apply to other concept, for example, to metrizable space 
(see [6-9]), generals topologies (see [10]), theory for the locally convex set (see 
[1]), A bornological algebra (see [11] explorations of duality within locally 
convex spaces during the 1950s, specifically in his 1959 publication.), etc. 
Previous studies of smooth structures on algebras and topological vector spaces 
can be seen in [5], [12-16] study LF-spaces, which are constructed from Fréchet 
spaces. These spaces obviously have a structure called bornological algebra. It is 
the smooth functions on the space that also maintain boundedness. Finally, we 
introduce a new concept (B-topology), bornological topology, to illustrate 
continuity and boundedness together. 
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2.  Main Results 
2.1 Bornological of a functional algebra 
Definition 2.1.1: Let   be an LF-space formed as the direct limits           
for Fréchet space   . The functional bornological algebra      on   is the 
bornology defined by the collection of subsets,     s.t where all continuous 
semi norm   on any   ,             .  

This bornology induces a bornological algebra structure on spaces   for 
smooth function on the  , where both addition and multiplication of functions in 
  preserve boundedness for       , ensuring that   forms a bornological 
algebra. 

Example 2.1.2: Let             the LF-space formed as the direct limits 
for a sequences for the Fréchet spaces   . Equip each    with seminorms 
             |  |, the subsets     be in the functional bornology      if, 
for all                   

If   is algebra for smooth function      , for the        ‖ ‖      
‖ ‖   ∑      

    
For any bounded       , the operations     and     are bounded. 

Thus,   forms a functional bornological algebra. 

Definition 2.1.3: If   &   is bornological algebras. A mapping       is 
a bornological algebra isomorphism if: 
1-   is bounded with respect to the bornologies   and  . 
2-   is an algebra homomorphism. 
3-   is bijective, with its inverses     be bounded. 

Example 2.1.4: If          the algebra of smooth functions on  , equipped 
with the following bornologies:   defined using the seminorms 
               |       |     , 

Where         denotes the  -    derivative of  .   defined using the 
seminorms 

       ∫ |       |     
  where the map       is defined by 

        

Theorem 2.1.5: Let   be an LF-space formed by the direct limit        of 
Fréchet spaces   . If   is the algebra of smooth functions defined on  , a class 
             be bounded of each continuous seminorms p on E} induces 
a bornological algebra on  , with addition, multiplication, and differentiation 
preserving boundedness. 

Proof: If     is bounded in LF-spaces  . 
By definition, the projection            satisfies: 
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Thus,     if      is bounded for all seminorms   on  . Let      . 
For any  , consider the seminorm   on   . We have:               and 
             . 

For any      and                         
Therefore:    

         
          

    
        

    
        

Hence,        Let       (smooth functions) s.t           and 
     are bounded. For any seminorm   on   ,      s.t 
   (         )                     for all       

Since      and      are bounded, it follows that:                 
         

Thus,           Let     and  ′ denote its derivative, we need to 
show         if           . For the any Fréchet space    and a 
bounded set          being smooth implies    is continuous, so: 
        (     )     This shows       is bounded in  , implying        . 

Lemma 2.1.6: Let      be the functional bornological algebra on   (for   be 
LF-spaces), consider          as a bornological set. An identity maps 
                    be bounded. 

Proof: The identity map       be define by:              Since 
          and each    be Fréchet spaces with continuous seminorms     
    be bounded if for each  :                   The identity map 
     does not change the elements of  , so:                           
Since   is bounded in     , by definition:                
for every continuous seminorms   on the   . Therefore:               
               

Theorem 2.1.7: Let   be an LF-space formed as the direct limit           of 
Fréchet spaces, and let      be the functional bornological algebra on  . 
Consider      as a bornological set. If             is smooth (in the 
sense of LF-spaces), then   is bounded. 

Theorem 2.1.8: If   &   is LF-space formed as direct limits           and 
          of Fréchet spaces, let      and      be the functional 
bornological algebras on   and  , respectively. If the map             is 
smooth, then it is bounded as a homomorphism of bornological algebras. 

Theorem 2.1.9: Let          be a collection of bornological algebras, 
where each    be LF-spaces formed as the direct limit,              of Fréchet 
spaces, if   is nonempty sets, and               is collections for algebra 
homomorphisms. The collection 
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Then   forms a bornology on   those respects both the addition and 
multiplication operations, thereby defining a bornological algebra on  . 

Proof: A set     be in   iff   ( ) be the bounded in the   ,     . Since 
each    is an LF-space, boundedness in    is defined in terms of the continuous 
seminorms on its Fréchet components     . Specifically,     , if      denote 
continuous seminorm on the Fréchet spaces     . A subset       be bounded 
in    where   ,       s.t:                ( )     Thus, when     to be in 
 , it must hold that:        ( )         (  ( ))                
               

Let         For each            , since    is an algebra 
homomorphism, we have: 

  (   )     ( )     ( )  
Since   ( ) and   ( ) are bounded in   ,       s.t, 

   
    ( )     

    ( )               
    ( )     

    ( )        
By the properties of seminorms, for any 

    ( )       and     ( )        so      (   )       ( )       ( )  
Thus: 
   

    (   )     
    ( )       

    ( )     
    ( )      

    ( )     
    ( )           

so   (   ) be bounded in    for each    , so      . 
Finally, we show that        

Definition 2.1.10: Assume   the nonempty sets, *      + is class for 
bornological algebras, where each    is an LF-space formed as the direct 
limits,              for the Fréchet space. and *           + a family of 
algebra homomorphisms. The collection    *      ( )     s bounded 
under the algebraic operations, for each       + is called the initial bornological 
algebra on  . 

Example 2.1.11: Let    , and consider:     ( )  a Schwartz spaces for the 
rapidly decreasing’s smooth function on  , which an LF-space, a bornology   
on  ( ) be define as a sets of functions for which all derivatives and 
polynomially weighted functions are uniformly bounded.     , -  the space 
of complex polynomials with bounded coefficients. Here,    is finite-
dimensional and has a bornology   based on bounding the polynomial 
coefficients. Define two maps: 
1-   :   ( ) by    ( )   ( )  where    ( ). 
2-   :   , - by    ( )   ( )  where   is polynomial. 
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The initial bornology   on   consists of subsets     s.t: 
           be the bounded, meaning the elements of       and their 

derivatives decay rapidly to zero. 
           is bounded, meaning the polynomial coefficients are 

bounded. 

Lemma 2.1.12: Suppose   is nonempty sets,          the class for 
bornological algebras,    is an LF-space formed as the direct limits for the 
increasing sequences for the Fréchet space     . if               is family 
for algebra homomorphisms.  

A class    ⋂                    the base for the initial bornological 
algebra                 is bounded in terms of both addition and 
multiplication,          

Proof: Easily prove. Since   be closed under additions & multiplications, it 
forms a bornology on  , making   the initial bornological algebra 
on   constructed based on the LF-space structures of the    spaces. 

This completes the proof. 

Definition 2.1.13: Let   be an LF-space,     a subspace, and   a 
bornological algebra. Suppose           where each    be Fréchet spaces, 
and bornology   on   is defined by subsets bounded with respect to all 
continuous seminorms on the   . Let       be the inclusion map. The 
subspace bornological algebra on   is defined as: 
       |                                                           

Example 2.1.14: Let                  the LF-space of smooth functions 
on   , with the bornology   defined by subsets bounded under all seminorms 
             |      |  where   is a multi-index for derivatives. 

Consider the subspace           the space of smooth functions on 
      (for    ). The subspace bornology   includes subsets     such 
that the inclusion       maps   into a bounded set under  . For instance, a 
set 

               
    

          
Belongs to   because it remains bounded in the parent space  . The 

smooth functions within   preserve boundedness under pointwise addition and 
multiplication. 

Proposition 2.1.15: Let   be an LF-space and     a subspace, Let   be the 
subspace bornological algebra on  , defined as: 
                                                                     

where       is the inclusion map and if   is a bornological algebra, then: 
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             is a base for the subspace bornological algebra  . 

Proof: Let    , by definition, this means that       for some    . 
Since    , we know that     is bounded with respect to addition and 
multiplication in  . 

Since     and      , we have:           Because   is 
bounded in ( , and       , it follows that      is also bounded in   under 
addition and multiplication, therefore,    , showing that    . Now, let 
   , by definition of  ,     and        is bounded under addition 
and multiplication in    Since   is an LF-space, the bornology   on   is 
defined by bounded subsets with respect to continuous seminorms on each 
Fréchet space    in the sequence forming  . Therefore, for each    , there 
is set     s.t:        and   be bounded in    

Then       and      . This shows that   can be covered by sets 
in  , proving that   is a base for    

Definition 2.1.16: Let   be an LF-space with the bornological 
structure    

    induced by a functional bornology on  . Suppose     is a 
subspace with the inherited LF-space structure, let       denote the inclusion 
map. Then the functional subspace bornological algebra    

       on   is 
defined as: 

    
                                                                

       
Where sets in    

       inherit boundedness under addition and 
multiplication from       

    . 

Example 2.1.17: Let                the LF-space of Schwartz functions 
on   , with the functional bornology    

    induced by the seminorms: 
               |        |. 

Now, consider the subspace        , where    , equipped with the 
inherited LF-space structure. The functional subspace bornology    

       is 
defined as:  

   
                                      

       
Take 

  {            
    

|        |                 }  

Since   satisfies the seminorm constraints, it is bounded in       
    . 

Furthermore, under addition and multiplication,   remains bounded, making   a 
functional subspace bornological algebra. 
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2.2 Bornological of a Functional Algebra 
If   is LF-spaces, &     be subspaces with an induced LF-space 

structure. The bornology on   can be extended to form a functional bornological 
algebra on   using the functional structure of the LF-space. 

Since            where each    is a Fréchet space,   inherits a structure 
from   such that smooth functions on   are those that respect this inductive limit 
structure. 

Define the functional bornological algebra    
     on  , induced by smooth 

functions on  , as: 
   

                                                              
In this context, subsets     are bounded with respect to both the 

algebraic operations and the functional structure induced by smooth functions 
on  . 

Lemma 2.2.1: Assume   the LF-spaces, &     is subspaces with an inherited 
LF-space structure, let    

    denote the functional bornological algebra on  , 
defined by bounded sets with respect to all smooth functions on  , 
let    

       be the functional subspace bornological algebra on  , induced by 
the bornological structure of    

For the bornological algebras    
    and    

        the identity maps 
       

       
    and        

          
       are bounded 

homomorphisms. 

Proof: The functional bornological algebra    
    on   is defined by bounded 

sets with respect to smooth functions on  . Specifically, a subset     is 
in    

    where       be bounded for all smooth functions   on  . Since    
 is the identity map on    

   , it maps every bounded set      
     to itself. 

Thus           , which is bounded in    
   . This shows that     is a 

bounded homomorphism. The functional subspace bornological algebra     
     is 

defined by the set     s.t        be bounded in the LF-space  , 
where       is the inclusion map. In this context,      

       if      is 
bounded in   with respect to all seminorms on the Fréchet spaces    that make 
up  . This implies that                                        Similarly 
we get     is a bounded homomorphism on    

      . 

Corollary 2.2.2: If   is LF-spaces, &     is subspace with an inherited LF-
space structure, let    

    be the functional bornological algebra on  , making 
      

     a bornological algebra. If         
           

     is a smooth 
map, then it is also bounded. 
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Proof: Since   is smooth in the LF-space, for continuous seminorm   on  , 
there is seminorm   on   &      s.t 

 (    )               
Let      

   , which means that for any smooth function   on  ,      
  is bounded. 

Since     is also smooth on  , we have        (    )               
         

Thus,      is bounded in    
    . 

Lemma 2.2.3: Suppose   the LF-spaces, &     a subspaces with an 
inherited LF-space structure, let    

    be the functional bornological algebra 
on  , defined by boundedness with respect to smooth functions on  . 
let    

     be the functional subspace bornological algebra on  , induced by the 
bornology of  . Then    

        
     

Proof: By definition, a set     belongs to    
    if        is bounded for 

all smooth functions   on  . Since    , every smooth function   on   extends 
to a smooth function on  . Therefore, for each      

           is bounded 
for all smooth functions   on  . Thus,   is bounded in    

   , which implies 

   
        

      

Lemma 2.2.4: Let   be an LF-space with functional bornology    
   , and 

let     an LF-space, let    
       be the functional subspace bornological 

algebra on  , and    
    the functional bornological algebra on   itself, if for 

every smooth function   on  ,  smooth function   on   s.t       
(where       is the inclusion map), then 

   
          

      

Proof: By definition,      
        if           be bounded           

For any         with      , we have               so      is 
bounded for all   on  . Thus,      

    , so    
          

      

Lemma 2.2.5: If   is LF-space, &     is subspace with an inherited LF-
space structure, let    

    denote the functional bornological algebra on  , 
   

       restriction for the    
    to  , and    

       the functional subspace 
bornological algebra on   induced by    

   . Then    
      =   
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Proof: By definition,      
      if     &   be bounded in    

    , 
meaning: 
         be the bounded           

By definition,      
        if     &   be bounded with respect to 

smooth functions on  , meaning        be the bounded for all          
Since every          can be written as       for some         , the 
conditions for boundedness are identical. Thus, 
     

      =   
        

Definition 2.2.6: Let              be a family of bornological algebras, 
where each    is an LF-space, define   ∏    

    as the Cartesian product, with 
canonical projections        . The product bornological algebra on   is given 
by 

                                                 

Example 2.2.7: Let          The space of bounded continuous functions 
with the bornology   induced by the sup-norm seminorm      
      |    |. And          The space of essentially bounded measurable 
functions with the bornology   defined using the essential sup-norm seminorm 
              |    |. The product space is        , equipped with the 
product bornology 

                                                            
Let                          . The projection       

                 is bounded in        and                
        is bounded in         

Since both projections are bounded,     , making   a valid bounded set 
in the product bornological algebra. 

Proposition 2.2.8: Let    be the product bornological algebra on   ∏    
   , 

where each    is a bornological algebra and    is an LF-space. Then the 
collection 
      {∏    

    |                          
Forms a base for   . 

Proof: By definition,       if     and           is bounded in    for 
each          

For each   ∏    
    with      , we have         , which is 

bounded in   . 
Thus,    , so      . For any      ,       is bounded in   . 
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Then   ∏       
   , where ∏       

      . Thus,    forms a base 
for   . 

Example 2.2.9: Let       considered as an LF-space (a finite-dimensional 
case) and consider the smooth function             . and the unit disk 
                    . Since   is smooth and             which is 
bounded in  ,   is bounded with respect to  . Therefore,      

     the 
functional bornological algebra on   defined by boundedness under smooth 
functions on  . Thus,   belongs to the bornological algebra    

   . 

2.3 Bornolopical Algebra Isomorphisms 
Definition 2.3.1: Let    and    be bornological algebras equipped with 
topologies     and    that are compatible with their respective bornologies. For 
      is functions. We have: 
1-   be  -topology open where     be the   -open in   whenever   be the 

  -open in  . 
2-   is said to be   -topology closed if      is   -open in   whenever   is   

-closed in  . 
3-   is said to be a   -topology isomorphism if: 

   is bijective, 
   is  -topology continuous under    and   , 
     is  -topology continuous, 
   respects algebraic operations: 

                                             
for all       and scalars    . 

Example 2.3.2: Let         (smooth functions) and     
     (bounded 

smooth functions). Define       by             
      

Proposition 2.3.3: Let          and          be LF-spaces equipped 
with bornologies     and   , induced by the functional structure of their 
respective Fréchet spaces. A function       ( -topology continuous) if and 
only if the inverse image        of every  -open set     is  -open in  . 

Proposition 2.3.4: Let     and   be bornological algebras equipped with 
compatible topologies         . If       and       are  -topology 
continuous, then         is  -topology continuous. 

Proposition 2.3.5: Let          and          be LF-spaces equipped 
with functional bornologies    and    and let     be a non-empty subset, 
if       is (F-topology continuous), then the restriction       , defined 
as            for    , is also  -topology continuous. 
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Proof: For a  -open set    , the preimage        is open in the inductive 
topology of   and bounded in   . 

As   inherits boundedness from  ,    is continuous and respects the LF-
space structure, proving it is  -topology continuous. 

Proposition 2.3.6: Let        
  be a collection of bornological topologies on a set 

 , where   is a bornological algebra (or an LF-space with functional 
bornology), let        be a bornological algebra with a compatible topology, if 
      is  -topology continuous with respect to each             , then   
is  -topology continuous with respect to the intersection topology   ⋂    

     

Proof: The topology   ⋂    
     is the coarsest topology finer than or equal to 

all   . A subset     is  -open if and only if   is open in each   . Let     
be  -open, for each   ,        is open in   , since   is  -topology continuous 
with respect to all   . Thus,        is τ-open, as it is open in each   , satisfying 
the definition of τ-openness. Since   is  -topology continuous with respect to all 
  , it preserves bounded sets under all these topologies. Hence,   also preserves 
boundedness under  ⋂    

    . Thus,   is  -topology continuous with respect to 
the intersection topology  . 

Conclusion  
This work establishes a smooth differential framework for bornological 

algebras defined through directed limits of Fréchet spaces. Under suitable 
boundedness conditions, differentiation and the basic algebraic operations 
preserve bounded sets. The resulting LF-space therefore retains a compatible 
bornological structure for smooth functions. These findings strengthen the 
connection between bornological analysis and locally convex spaces and 
provide a useful basis for studying smooth mappings and differential operators 
in infinite-dimensional settings. 

References  
[1] M. J. Hussein and Z. D. Al-Nafie, “Differentiability of class C pr∞ on 

uniform Frechet algebras,” AIP Conference Proceedings, vol. 2834, no. 1, p. 
080098, Dec. 2023. 

[2] B. Aqzzouz, “The ε∞ -product of a b-space by a quotient bornological 
space,” Methods of Functional Analysis and Topology, vol. 13, no. 03, pp. 211–
222, 2007. 

[3] A. Frölicher and A. Kriegl, Linear spaces and differentiation theory 
(Pure and Applied Mathematics, vol. 13. New York, USA: Wiley, 1988. 

[4] S. L. Lechinki, “Bornological convergences,” J. Math Anal. Appl, vol. 
297, pp. 751–770, 2004. 

[5] M. G. Mohsin and Z. D. Al-Nafie, “Differentiability of Mappings of 
Locally Convex Algebras,” International Journal of Mathematics and Computer 
Science Open, vol. 20, no. 1, pp. 17–22, 2025. 

References 

	 [1]	 M. J. Hussein and Z. D. Al-Nafie, “Differentiability of class C pr∞ on 
uniform Frechet algebras,” AIP Conference Proceedings, vol. 2834, no. 
1, p. 080098 (Dec. 2023).

	 [2]	 B. Aqzzouz, “The ε∞ -product of a b-space by a quotient bornological 
space,” Methods of Functional Analysis and Topology, vol. 13, no. 03, pp. 
211–222 (2007).

	 [3]	 A. Frölicher and A. Kriegl, Linear Spaces and Differentiation Theory, 
Pure and Applied Mathematics, vol. 13. New York, USA: Wiley 
(1988).



1596� H. A. NASER AND Z. D. AL-NAFIE

	 [4]	 S. L. Lechinki, “Bornological convergences,” J. Math Anal. Appl, vol. 
297, pp. 751–770 (2004).

	 [5]	 M. G. Mohsin and Z. D. Al-Nafie, “Differentiability of Mappings of 
Locally Convex Algebras,” International Journal of Mathematics and 
Computer Science Open, vol. 20, no. 1, pp. 17–22 (2025).

	 [6]	 G. Beer, “On metric boundedness structures,” Set-Valued Analysis, 
vol. 7, no. 3, pp. 195–208 (1999).

	 [7]	 G. Beer, “Embeddings of bornological universes,” Set-valued Analysis, 
vol. 16, no. 4, pp. 477–488 (2008).

	 [8]	 G. Beer and S. Levi, “Total boundedness and bornologies,” Topology 
and its Applications, vol. 156, no. 7, pp. 1271–1288 (2009).

	 [9]	 S.-T. Hu, “Boundedness in a Topological Space,” Journal of Pure and 
Applied Mathematics, vol. 28, pp. 287–320 (1949).

[10]	 G. W. Mackey, “Bounded sets and duality in locally convex spaces,” 
Transactions of the American Mathematical Society, vol. 90, no. 2, pp. 
181–217 (1959).

[11]	 M. G. Mohsin and Z. D. Al-Nafie, “Linearity of differentiable map-
pings of locally convex algebras,” Journal of Interdisciplinary, vol. 28, 
no. 3, pp. 795–800 (2025).

[12]	 A. S. Abdulkadhum and Z. D. Al-Nafie, “On Paracompactness of the 
Space CLipk (Ω),” Journal of Physics, no. 1, p. 012122 (Feb. 2021).

[13]	 Z. Q. Ghazi and Z. D. Al-Nafie, “Results on metrizable bornologi-
cal algebra,” Journal of Interdisciplinary Mathematics, vol. 28, no. 3, pp. 
781–785 (2025).

[14]	 M. J. Hussein and Z. D. Al-Nafie, “Projective continuity on uniform 
Frechet algebras,” American Institute of Physics Conference Series, vol. 
2834, no. 1, p. 080070 (Dec. 2023).

[15]	 A. G. Jasim and Z. D. Al-Nafie, “Fréchet Spaces via Fuzzy Structures,” 
Journal of Physics: Conference Series, vol. 1818, no. 1, p. 012082 (2021).

[16]	 H. Hogbe-Nlend, Bornologies and Functional Analysis, Amsterdam, 
Netherlands: North-Holland Publishing Company, 1977, pp. 156 
(1977).

		  Received November, 2025


