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Abstract

The framework for necessary and sufficient conditions was created to guarantee
oscillatory behavior for each linear solution of a neutral delay difference equation. We have
also examined the properties of oscillation. The results gained are illustrated with examples.
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1. Introduction

The study of the neutral delay difference equation with both negative and
positive coefficients has been considered by several authors globally over the
last several years. See [1], [2], [3], [4] They investigated cases with variable
coefficients, which are both positive and negative; see [5], Ketab and Abdullah
[1] investigated this concept in 2021. The oscillation solving for a second-order
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neutral difference equation with negative & positive coefficients is shown in our
paper:

Az(gn —bpGnw) + an(Gn-e) — CnGn-t = Zy (1)
is studying, when A be difference operators forward, there are two infinite
sequences for the real numbers: z, , c,,, a,, ¢,, which are both non-negative.

In this study, we seek new sufficient and necessary criteria for all solutions
to equation (1) to oscillate. The following suppositions are used:

(Bl) Z] =nq Zl =g+e— tCl < ®
(Bz) Zj=n1—e+t a; <®
(B;) There exists a equations {Z,,} such that A2Z, = Z,and lim,_ Z, = 0.

The obtained results may be applied in several fields such as real analysis,
topology, and algebra, for example, see [6], [7], [8].

2. The main result
The following findings establish sufficient and necessary criteria for all
bounding solutions of equation (1) to oscillate. For a simple set:
= gn — bngn-u (2)
let the sequence V,, be defined as
Vo=9n— ngn+21 nzl =j+e— tCidi-e —Zpt>e 3)
And the sequence I}, be defined as

Vi = 9n — bugn — Z] nZL =j+e—t CiTi-e —Z,e>t 4)

Theorem 2.1: ([1], pp. 184) Let t be the positive integer & {b,} be the non-
negative sequence for the real integers. Assume that

tt+1
lim;_,o, inf YL b; > oot
then
i.  The difference inequality
Ini1— 9In T bpgn-+ <0,n=0,123, ..
does not have an eventual positive solution.
ii. A difference inequality

Gni1 —9Gn + b gny =2 0,n=0,1,23 ... can't have unfavorable final
results.

Theorem 2.2: ([8] pp. 10) Let z, g € R then
i z<g+e,Ve > 0)iffz < g
ii. z>g-—¢g,Ve> 0,iffz > g
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Theorem :1 Consider b,, = 1 is bounded (a,,,_; — ¢, <0), let (By) and (Bs)
are hold, in addition to

o j+b ICive-t=ail (t—b-w)t-b-u
bi—tiu (t=b—u+1)t-b-u+1?

hm lan] —n(t—b—u) t>b+u (5)

Following that, every solution limited by equation (1) oscillates.

Proof: From equations (1), (2), and (3), assuming that {g,,} be positive solutions
for the eq. (1)

forn =ng = 0, we obtain A%V, = (Cppet — Ap) (Gnot) < 0 (6)

Hence, AV, ,V,, are monotone sequences. We claim that thus, AV, >
0 forn = n,; = n, otherwise, AV, < 0,n = ny,thusV, < 0andV, » —oas
n — oo, from (3) we get

Vn = _bngn—e - Zn
= _bgn—u _anbn <b

Then g,, — o0 as n — oo, which is a contradiction. Hence AV, > 0.
There are two cases forn > n, = ny:

Case 1: V, > 0,AV, > 0,A%V, < 0, then exists u > 0 st V, > pu >0
wheren > n, > n,

Since g, is bounded, let liminf, . g, =f.,f. = 0,50 there exists a
subsequence {n;} of {n }such that lim; e ;= M,}Lrg 9nj =L from (3) we
get

Gnj = Vaj + bnj Gnjou = Tvenj Dicrse—t Cili—e + Zn;

Gnj W+ byj gnjy — %, Zr:nj oot Ci + Znj, (gn) <o,

Inj > U+ Gnj—u—€

Since ¢ is arbitrary, Theorem 2.2 states that for a sufficiently big j, we
obtain

gnj >u + gnj—u
As j — oo, it follows that f, > u + f, which is a contradiction.

Case2:V, <0,AV, >0, A%V, < 0.

By takmg the summation of both sides of (6) from n ton + b,0 < b <
t —u we get

AVn+1 Zn+b(ct +e—-t ai)(gi—t)
—A Vn < Zn+b(cl +e—-t ai)(gi—t)
A Vn 2 Zn+b |CL +e—t — @ |gi—t (7)

From (3) we get
V;lzgn bngnu+2rnj lT'+€ tCi (gl_ ) Zn
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= - bngn—u - Zn
V,>—=b,gn_y—€,€ >0
since € is arbitrary, it follows that

Vn = - bngn -u
In-u = _V
1
In-t 2 - b Vn—t+u
n—t+u

Substituting (8) in (7) to obtain

n+b |Cite—t —ail
- ppplecely,
i—t+

AV, + Zn+b|¢1+e t_allv by = 0
e _hew) =

bi—t4u

A last inequality have not an ultimately nonpositive solutions,

contradiction, according to theorems (1-ii) and grace of (5).

Theorem 2: Suppose that b, < 1, (¢, — Gp_e4r) =0
(B,) and ( B3) are hold in addition to

; ; n-1 j+b (e—b)e~b+1
iy o0 inf Yion—e-p) Lizj Ci = Giett) > [ prpebinr € > b

Each of the equation (1) restricted solutions then oscillates.

®)

this

)

Proof: 1f {y,,} turns out to be eventual positive restricted solution for the eq. (1),
then aske solution for contradiction may be obtained from equations (1), (2), and

A3).
AV = (cn = Qne4t)(Gn-e) = 0
Hence, AV, V;,, are monotone sequences, we claim that AV, < 0 for

n=n =2n

(10)

otherwise AV, > 0 where n > n,, hence, V, > 0 & j, - co whenn — oo. Let

In =%
where o, is positive constants of (4) we get
Vi = Gn — bpnGn-u Z} nZl =j— e+tai(gi—t)_zn
n SOn— Zn

Which implies that g,, = o0 as n — oo, that is a contradiction. Thus AV, <

0,

The presence for no oscillatory solutions to eq. (1) when n > n, > n,

must therefore be considered in two different scenarios.

Case 1: V, <0,AV, <0,A?V, >0. Then there exists u < 0 such that

V,<pu <0 forn=n,.
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Since g, is bounded, let limsup, ., gn, = f, f* = 0so there exists a
sequence {7;} such that

limj_,oo n; = o, limj_, gnj = [~ from (4) we get
In

+bngn u+ Z/ nzl =j— e+ta'(gi—t)+zn
gnSu+bngn u+ 51 Z} nzl =j- e+tai+Z
In<H+gp,te,e>0

According to theorem (2.2), since ¢ is arbitrary, for sufficiently big j, it
follows that:

gnj < 28 + gnj—u

As j — oo, from the previous inequality f* <u+ f* which is a
contradiction.

Case2:V, > 0,AV, < 0,A%V, = 0.

By the summation of (10) from n ton + b, b > 0, it follows that
AI/'n+1 Z n+b(cl ai—e+t)(gn—e ) - AVn

= Zn+b(at Ci—e+t) (gi—e)

an
From (4) we get

In +bngn u+2] nZl =j- e+tai(gi—t)+Zn

>V, +2,

In>Vy—e,e>0
Since € is arbitrary, it follows that

Gn 2V
Substituting the last inequality in (11) we obtain
_AV Zn+b(cl ai—e+t) (Vi—e)

(Zn+b(cl a; —e+t)) Vn+b—e
AV, + (z“ (¢ —

3. Application:

ai—e+t))Vn+(b—e) <0

Example 3.1: Consider the following difference equations

A2(gy = B+ (1" gn1) + 2gnz —7 (D" gug =

W (Z0m?) ()
Where u=1, =3, e=2, b=1, b= 3+(—1)", ¢, = i(—1)n ,a, =
Z — (1)311 (__5(_1)n+2)

]n1211+et _Z]nl( 1)11_1<°O
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« b, =3+(-D" >1
. an,e_t—an=l(—1)“‘1—§=_71 <0n=>1

3

n-1
+1 |C]+e t_al| n- 1 j+1 4( nr 7z _ 1

* liminf Jt1 Gve-t7ail = l m — =
n—>ooZ] n— 12 b1 tru Z i=j 3+(— 1)1 2 4

such the solutions did solution of (E,) oscillates, for instance.

Example 3.2: Put a difference equation

2(gp- (1 + (3@ + 2@ - (5) @
- @3

1

where t=3,u=1,e=2,b=1,p, =1+ G)n ,Cp = (E)n, a, = %,

zo= @ (2-2(3)")

j
* j= nlzl =j- e+t @ ZJ n1Zl =j- 1() =
1

() =57 ) <
b () <lin>0

7 1\"1 1
cn—an_e+t=§— (g) =§ > O,H >0

+17

j
* llmlnfn—»oo Z] n—(e— b)z (Cl— aj— e+t) - hmmfn_,co Z] =n-— 12 i=j 3

n\*1 1
G >
3 4

By use theorems (5), each limit solution for (E2) oscillates, for example
Jn=(2)?"be a such the solutions.

4. Conclusion

We study v, I, are series and was established. Certain prerequisites must
be met in order for any solution to a second-order neutral difference equation,
together with negative and positive coefficients, to exhibit oscillation. In
conditions (B3) we can use lim,,_,, Z,, = 0 and the results remain true.
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