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Abstract

In this paper, we will study some of the properties of the operator €(H) with respect
to co- a topological space defined by a cluster system, some of which are unconditionally
true and others are conditionally true. We will also discuss some important theorems about
operators co-interior and co-closure, and use these concepts to define operators co.-volterra
and weakly co-Volterra. We will also review the relationship between these two concepts. In
addition, we will present some basic theorems about these two concepts.
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1. Introduction

Classifying sets in mathematics is a basic concept, and many scientists
have drawn on these ideas to develop the foundational concepts in topology. In
1966, Kuratowski [1] introduced an ideal space, and in 1947, Choquet [2]
defined grill space. Letting € be a cluster system on 8, a family F of subsets of €,
that satisfies the conditions: 1) the empty set ,S element of ¥, the set is an
inverted lazy s of subsets of € power set and € is called Il-network in 8 iff
€(8) =8, and € is a I —network in R if for any R, S S 8 if vp = S € F, v #
Re®3Ge £3G <SS c R The authors in [3] introduced the relation co on 8§
defined by: H o K if and only if V G € € 3 G € H — K. Through this bilateral
relationship, they learned a new topological space by let € be a cluster system on
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§ is a family ¥, of subsets of €, that satisfies the conditions: 1) @, S € %, 2) For
any H,K € ¥, there exists a proper subset M € ¥, such that HN K co M. 3)
For any index A, H; € ¥,V €A, there exists a proper subset M € ¥, such that
U,exH, © M. 4) € is a I —network in 8. Then Sz‘\’ is called co —topological
space. The members of ¥, is called co-open set and the complement of co-open
set is called co-closed set and the intersection and union of two sets of co-open
do not have to be co-open. They also provided a definition®o;,, (H) =U{R €
Fo: R € H}, e (H) = N{F:Fis o —closed, H € J} and oy, (H), oo, (H)is
not co-open, co-closed respectively. Let G be any a nonempty collection of
subsets of 8 is satisfy: I) The I-property iff V H,K € G ,then H N K € G. II) The
» -additive property iff for any index A, H, € G, V3 €A such that U,c,H, € G. In

1881, Volterra [4] introduced the concept of Volterra and weakly Volterra,
which is named after him. In 1993, Gauld and Piotrowski [5] reformulated the
concept of Volterra into continuous functions and studied some of its properties.
Jeyanthi, Geetha, and Al-Omari [6] and others presented a generalization of
Volterra -space using the g-space. Many authors studied classes of sets see [3],

[71, (8], [9].

2. Preliminaries

In this section, we will review the properties of E(H) as well as some basic
theorems about ®y,, and co.,. Some of these properties can be satisfied under
certain conditions, while others can be satisfied unconditionally.

Theorem 2.1: [10, 11] Let SE be a cluster system topological space. Then the
following are equivalent:

1) E€isall-network in R, for any R € T — {@}.
2) ForanyR€e ¥ — {0}, then R < E(R). 3) E(S) =S

Proposition 2.2: Let Sz‘" be a co- topological space and H ,K C 8, then:
1) IfH € K ,then ©y,; (H) ooy (K.

2) ooy, (H) S H.

3) gy (Vg (H)) Soopyy (H).

4)  Oop, (HNK) Coope (H) NOL . (K.

5) IfH €%, ,then oy, (H) =H,

Proposition 2.3: Let Sg“’ be a co- topological space and let H,K € S, then:

1) H Seog, (H).

2)  oogp (H) Soogp (0, (H)).

3) IfH €K, then copp (H) Sooep (K).
4)  ogp (H) Uoog, (K) Sooep (H UK).
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5) If H is co-closed set, then oo, (H) = H.

Remark 2.4:
1) If S:‘“ is satisfy the y-additive property, then:
a) oo (Nmu (H)> =00y, (H).
b) g, (cop, (H)) =co¢, (H) .
c)  ¢p (H) Ueog, (K) =00, (H U K).
d) oo, (H) is co-closed set e) oy . (H) is a co-open set.
2) If 8~ is satisfy the I-property, then oo, (HNK) =cop,, (H) N
Nin,t, (K)! VH ’ K g S

Proposition 2.5: Let Sz“’ be a co- topological space, and H € 8, if s € ovp, (H)
then R N H # @, for any co-open set R of S.

Proposition 2.6: Let §; be a co- topological space with y-additive property and
H < 8, if for any co-open set R of S, RN H, # @, then s € ooz, (H).

Proof: Let s gcop, (H), since ¥, with s-additive property, then ooz, (H) is co-
closed set, let R = 8 —ooe, (H) is co-open set containing s, since H Coop, (H),

then HN R = 0.

Proposition 2.7: Let Sz“’ be a co- topological space with 3-additive property and
I-property and H < 8§, if for any oo-open set R of § then R Nooep (H) S
e (RN H).

Proposition 2.8: Let Sz“’ be a co- topological space with 3-additive property and
I-property and H,K €8, if H€ ¥, or K € Fythen, ™, , (e (HNK)) =
an.t. (ch (H)) nm}n.t. (NC{’ (K))

Corollary 2.9: Let S?" be a co- topological space with s-additive property and I-
property and H,K € 8, if H,K € T, then, oy, (¢, (HNK)) =00, (co¢, (H))
Neoy, (¢, (K)).

Definition 2.10: Let Sz‘" be a co- topological space and H,K € 8, then K is
called co-dense in H, iff H € oo, (K).

Definition 2.11: Let 8. be a co- topological space. For any H € 8, we define
E(H) = {s ES:VRE Ty, IGEESGES RN H}, is called co-operator of E(H).

Theorem 2.12: Let §;° be a co- topological space and H,K < 8, then:
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) €©@)=0.
2) IfHEK, then &(H) € €(K).
3)  EEM) < EH).

Theorem 2.13: Let §° be a co- topological space, H € 8, with € = {G: @ # G €
Foo} then oy (H) = @ iff E(H) = 0.

Theorem 2.14: Let §.° be a co- topological space with x-additive property and
H < 8, then E(H) Soop, (H).

Theorem 2.15: Let S'f:“‘ be a co- topological space with y-additive property and
HCSif€={G:0 # GE T}, then E(H) Soopy (mm (H))-

Theorem 2.16: Let §.° be a co- topological space with I-property and H € § if
E=1{G:0 # G €T}, then oz, (mm (H)) c €(H).

Corollary 2.17: Let S:“’ be a co- topological space with y-additive property and
[-property, if € = {G: @ # G € .}, then E(H) =o¢, (Nm; (H)).

Theorem 2.18: Let S?" be a co- topological space with y-additive property and
I-property and for any nonempty co-open set R in 8§, then E(R) = S(NC’[ (R)) =
®cp (R

Proof: From (theorem 2.14), we get E(R) Soogp (R) ... (1). Now to prove
ey (R) € E(R), let s €cocy (R), then V Ry € Foo () such that RN Ry # @, since
¥ with [-property, then R N R; is co-open set in 8§ by (Theorem 2.1) ,we get
RNRy SERNRY) so s €ERNR,), then ¥V ETFq 3G €E such that

G.SVNRNR) =(VNR)NR s0 5 € ER). then g, (R) € ER) -.(2),
from (1) and (2), we get cog, (R) = E(R). Now, by (Proposition 2.3, part 1), we
get R Sooge, (R) and by (Theorem 2.10, part2) then E(R) € €(coe, (R)) and by
(ER) =oo¢, (R)), we get coep (R) S E(op (R)) ... (1). Now, to prove
€(coer (R)) Soo¢p (R), by (Theorem  2.14), we get €(oo¢, (R) S
®ep (vep (R)), since F,, with i-additive property, we get 8(:0(3{; (R)) c
®¢p (00¢p (R)) =09¢; (R) ... (2), from (1) and (2), then €(coe, (R)) =00, (R).
therefore E(R) = €(eo¢, (R)) =, (R).

3. Weakly coc-Volterra Space

Definition 3.1: Let Si“’ be a co- topological space. A subset H, of § is called
weakly cog-Volterra if for any Hy, H, € §, such that E(H) € €(H;), (i = 1,2) ,
H; N H; # .
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—A subset H of § is called not weakly coc-Volterra if there exists Hy, H, S
Ssuch that E(H) € €(H;), (1 = 1,2),H; nH, = 0

Example 3.2: Let 8={h,k,M,2},Fs ={0,8,{mM}{z},{m,2}} and €=
{{h}, {m},{z}}. If H=1{h},H; = {z} and H, = {k,z}, then E(H) = {h, x}and
E(H,;) = €(H,) = {h,x,z}, so E(H) € €(H,) and E(H) € E(H,),H, N H, * 0,

then H, is weakly cog-Volterra.

Proposition 3.3: Let S?" be a co- topological space and H C §, if H, is weakly
cog-Volterra and Hy, H, are nonempty subset of §, then £(H) and H, are
nonempty of §.

Proposition 3.4: Let Sg‘“ be a co- topological space and H,H; € &, if H is
weakly coc-Volterra and E(H) < €(H,), then H N H; # @.

Proposition 3.5: Let S?" be a co- topological space and H,K <€ &, if H, is weakly
og-Volterra and H, € K, then K is weakly cog-Volterra.

Proof: Since H, is weakly coc-Volterra and H < K, let H;, H, S § such that
E(K) < E(Hy), (i = 1,2), by (Theorem 2.12, part 2), since £(H) € £(K), by
(Definition 3.1), so E(H) € €(H;), (i = 1,2), since H, is weakly cog-Volterra, we
get H; N H, # 0, therefore K is weakly cog-Volterra.

Proposition 3.6: Let §. be a co- topological space and H,K € &, if H is not
weakly cog-Volterra and K € H, then K is not weakly cog-Volterra.

Proposition 3.7: Let §.® be a co- topological space and H € &, if H is not
weakly cog-Volterra, then E(H) is not weakly coc-Volterra.

Proposition 3.8: Let Sg‘" be a co- topological space with 3-additive property and
[- property and @ # R € ¥, then R is weakly coc-Volterra iff oo, (R) is weakly
og-Volterra.

Proof: =) To prove ooz (R) is weakly cog-Volterra, since R is weakly cog-
Volterra and R Sooe, (R), by (Proposition 3.5), then cop, (R) is weakly cog-
Volterra.

<) To prove R is weakly cog-Volterra, let Hy,H, € & such that E(R) <
€(H,), (i = 1,2), by (Theorem 2.18), we get E(R) = E(cvep (R)), and since
e, (R) is weakly cog-Volterra such that €(cop, (R)) € E(H,), (i = 1,2), so
H; N H, # @. Therefore R is weakly coc-Volterra.

Proposition 3.9: Let Sg‘" be a co- topological space and H € &, with € =
{G: 0 # G € T}, if H is weakly cog-Volterra then ooy, (H) # @.
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Proof: Let H, is weakly coc-Volterra, then for any H;, H, € &, such that E(H) <
€(Hy), (i = 1,2), H; N H, # @. By (Proposition 3.3), then @ # E(H). If possible
;. (H) =@, from (Theorem 2.13), then E(H) = @, which is contradiction
with hypothesis, then ®; , (H) # @.

Proposition 3.10: Let S~ be a co- topological space with y-additive property
and I-property and H € §, with € = {G: @ # G € T}, if ®y,, (H) # @ then H, is
weakly coc-Volterra.

Proof: Let ooy, (H) # @, since @ #oo,,, (H) € H ,then H # ¢ by (Theorem
2.13), so E(H) # @. Let Hy, H, € 8, such that @ # E(H) < €(H,), (i = 1,2), so
€(H;) # @, if possible H; =0 or H, =@, then E(H;) =@ which is
contradiction, so H; # @ and H, # @, since @ #ooy, (H)) S Hy, ¢+
o, (H) €EH; and €(H) € €(Hy), (i = 1,2), by (Corollary 2.17),we get
E(H) =0o¢, (09y,, (H)), so @ #ooy , (H) € co¢, (09y,, (H)) Sooep (00y,, (Hy))
Nooep (05, (Hp)), from (Corollary 2.9) we get, @ #oo, (oo, (H)) E
0y (¢ (004, (H))) S0y (00¢p (094, (Hy)) Ny (00, (Hz))) =00y, (0cy
(0p,, (Hy NHy))), therefore @ #eoy,, (H) S oo, (00e, (004, (Hy NHp))) €
g (004, (Hy NHz)) Soogp ((Hy NHy)), if possible Hy NH, =@, then
0. (H) = @, which is contradiction, then H; N H, # @, we have H, is weakly
ovg-Volterra.

4. oog-Volterra Space

Definition 4.1: Let S§.™ be a co- topological space. A nonempty subset H, of § is
called cog-Volterra iff for any H,,H, € & such that E(H) < E(H,), (i = 1,2),
H,; N H, is co-dense in H.

Example 4.2: 8§ = {h,k,M,2},%, = {0,8,{m},{z},{m,2}} and € = {{h}, {m},
{Z}} If H = {h-}! Hl = {hu M}l H|2 = {th:Z}: then S(H) = {h!K}J E(Hl) =
th,x,m}, €(Hy) = {h,k,z}, then E(H) € E(H;), (i = 1,2), and oo, (Hy N
Hy) =oo¢, ({h}) = {h, K} 2 {h}, 50 H, N H, is co-dense in H,

Theorem 4.3: Let §:° be a co- topological space and H € 8, if H, is cog-Volterra
set then H, is weakly cog-Volterra set.

Proof: Since H is cog-Volterra, then for any H,,H, € & such that E(H) €
E(Hy), (i = 1,2),0 # H Soo¢, (Hy NHy), but Hy N H, Seoep (Hy NHy) # 0. If
possible that, H; NH, =@, we get that oop, (H; NH,) = @, which is
contradiction, because oz, (H; N H,) # @, we hence Hy; N H, # @, therefore H,
is weakly coc-Volterra.
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Remark 4.4: The converse of (Theorem 4.3) is not necessary true. See in the
following example.

Example 4.5: Let 8 = {h,k,M,z} where S represents the number of types of
mobile devices used by a segment of people, where h, refers to Apple devices, K
refers to Samsung devices, M refers to Nokia devices, and z refers to Honor

devices, ¥, = {0,8,{h,z},{x,2},{z}} and €= {{k}, {m}, {z},{h,z},{x,2}}. If
H = {hl M}f Hl = {M ) Z} and' HZ = {h » K M} then S(H) = {M}l E(Hl) =8 and

€(Hz) = {x, M}, then E(H) € €(H,) and E(H) S E(H,) and H; N H, = {mM} #
@ so, H, is weakly coc-Volterra. But we note that cog, (H; N H,) =e, ({M}) =

({m}), where H &ooe, (H; N Hy), so H, is not cog-Volterra.

Proposition 4.6: Let Sz‘" be a co- topological space and H,H; € &, if H, is cog-
Volterra and E(H) < €(H,), then H; N H, is dense in H.

Proof: Since H, is cog-Volterra, and for any H; € & such that E(H) < £(H;) but
E(H) < €(H), by (Definition 4.1), we get @ # H Soopp (H N Hy), so HNH, is
dense in H.

Proposition 4.7: Let 8. be a co- topological space with x-additive property, and
H c 8, if H is cog-Volterra, then ooz, (H) is cog-Volterra.

Proof: Since H, is cog-Volterra, let H;,H, € § such that E€(copp (H)) S
E€(H,), (i = 1,2), since H Soopp (H), by (Theorem 2.12, part 2), we get E(H) S
E(oo¢p (H)) € E(Hy), (i = 1,2), then H Sooep (Hy N Hy), we hence cogp (H) <
gy (C"ef (Hy n Hz)) =, (H; NHy), because T, with jy-additive property,
then copp, (H) Sooep (H; NHy) and H; NH, is dence in oopp (H), therefore
g, (H) is cog-Volterra.

Proposition 4.8: Let Sz“’be a co- topological space with y-additive property and
I- property and @ # R € ¥, if R is cog-Volterra iff cop, (R) is cog-Volterra.

Proposition 4.9: Let S, be a co- topological space with y-additive property and
I-property and H € &, with € = {G: @ # G € ¥}, if H, is any nonempty co-open
set then H, is cogc-Volterra.

5. Conclusion

We proved some properties of operator £(H) using y-additive property and
[-property, which are indispensable. We also proved that every cog-Volterra is
weakly coc-Volterra without any condition, but the converse is not true. These
ideas can be generalized in [3], [7].
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