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1.  Introduction  
Classifying sets in mathematics is a basic concept, and many scientists 

have drawn on these ideas to develop the foundational concepts in topology. In 
1966, Kuratowski [1] introduced an ideal space, and in 1947, Choquet [2] 
defined grill space. Letting Ԑ be a cluster system on Ꞩ, a family ₮ of subsets of Ԑ, 
that satisfies the conditions: 1) the empty set ,Ꞩ element of ₮, the set is an 
inverted lazy s of subsets of Ԑ power set and   is called  -network in Ꞩ iff 
 (Ꞩ)  Ꞩ, and   is a   network in   if for any     Ꞩ if  ∅       ∅  
                . The authors in [3] introduced the relation   on Ꞩ 
defined by:     if and only if             . Through this bilateral 
relationship, they learned a new topological space by let   be a cluster system on 
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  is a family    of subsets of  , that satisfies the conditions: 1)       . 2) For 
any        , there exists a proper subset      such that      . 3) 
For any index    ג ג         , there exists a proper subset      such that 
ג   ג    . 4)   is a   network in  . Then   

   is called   topological 
space. The members of    is called  -open set and the complement of  -open 
set is called  -closed set and the intersection and union of two sets of  -open 
do not have to be  -open. They also provided a definition Ɨ  ( )   *   
       +,    ( )   *                  + and  Ɨ  ( ),     ( )is 
not  -open,  -closed respectively. Let   be any a nonempty collection of 
subsets of   is satisfy: I) The I-property iff         ,then      . II) The 
ג    additive property iff for any index- ג ג         such that  ג   ג   . In 
1881, Volterra [4] introduced the concept of Volterra and weakly Volterra, 
which is named after him. In 1993, Gauld and Piotrowski [5] reformulated the 
concept of Volterra into continuous functions and studied some of its properties. 
Jeyanthi, Geetha, and Al-Omari [6] and others presented a generalization of 
Volterra -space using the  -space. Many authors studied classes of sets see [3], 
[7], [8], [9]. 

2.  Preliminaries 
In this section, we will review the properties of  ( ) as well as some basic 

theorems about  Ɨ   and    . Some of these properties can be satisfied under 
certain conditions, while others can be satisfied unconditionally. 

Theorem 2.1: [10, 11] Let     be a cluster system topological space. Then the 
following are equivalent: 
1)    is a  -network in  , for any     * +.  
2)  For any     * +, then    ( ). 3)  ( )   . 

Proposition 2.2: Let   
   be a  - topological space and       , then: 

1)  If     ,then  Ɨ  ( )   Ɨ  ( ).  
2)   Ɨ  ( )   .  
3)   Ɨ  ( Ɨ  ( ))   Ɨ  ( ).  
4)   Ɨ  (   )   Ɨ  ( )   Ɨ  ( ).  
5)  If      , then  Ɨ  ( )   . 

Proposition 2.3: Let   
   be a  - topological space and let        , then: 

1)       ( ).  
2)     ( )     (   ( )).  
3)  If     , then    ( )     ( ).  
4)     ( )     ( )     (   ).  
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5)  If   is  -closed set, then    ( )   . 

Remark 2.4:  
1)  If   

   is satisfy the ג-additive property, then:   

a)   Ɨ  ( Ɨ  ( ))   Ɨ  ( ).  
b)     (   ( ))     ( ) .  
c)     ( )     ( )     (   ).  
d)     ( ) is  -closed set e)  Ɨ  ( ) is a  -open set. 

2) If   
   is satisfy the I-property, then  Ɨ  (   )   Ɨ  ( )  

 Ɨ  ( )        . 

Proposition 2.5: Let   
   be a  - topological space, and    , if       ( ) 

then      , for any  -open set   of  . 

Proposition 2.6: Let   
   be a  - topological space with ג-additive property and 

    , if for any  -open set   of   ,      , then       ( ). 

Proof: Let      ( ), since    with ג-additive property, then    ( ) is  -
closed set, let        ( ) is  -open set containing  , since      ( ), 
then      . 

Proposition 2.7: Let   
   be a  - topological space with ג-additive property and 

I-property and    , if for any  -open set   of   then      ( )  
   (   ). 

Proposition 2.8: Let   
   be a  - topological space with ג-additive property and 

I-property and      , if      or     then,  Ɨ  (   (   ))  
 Ɨ  (   ( ))   Ɨ  (   ( )). 

Corollary 2.9: Let   
   be a  - topological space with ג-additive property and I-

property and      , if        then,  Ɨ  (   (   ))   Ɨ  (   ( )) 
  Ɨ  (   ( )). 

Definition 2.10: Let   
   be a  - topological space and      , then   is 

called  -dense in   iff       ( ). 

Definition 2.11: Let   
   be a  - topological space. For any    , we define 

 ( )  {          ( )           }  is called  -operator of  ( ). 

Theorem 2.12: Let   
   be a  - topological space and      , then: 
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1)   (∅)  ∅.  
2)  If    , then  ( )   ( ).  
3)   ( ( ))   ( ). 

Theorem 2.13: Let   
   be a  - topological space,    , with   *  ∅    

  +, then  Ɨ  ( )  ∅ iff  ( )  ∅. 

Theorem 2.14: Let   
   be a  - topological space with ג-additive property and 

    , then  ( )     ( ). 

Theorem 2.15: Let   
   be a  - topological space with ג-additive property and 

   , if   *  ∅      +, then  ( )     ( Ɨ  ( )). 

Theorem 2.16: Let   
   be a  - topological space with  -property and     if 

  *  ∅       +, then    ( Ɨ  ( ))   ( ). 

Corollary 2.17: Let   
   be a  - topological space with ג-additive property and 

 -property, if   *  ∅      +, then  ( )     ( Ɨ  ( )). 

Theorem 2.18: Let   
   be a  - topological space with ג-additive property and 

 -property and for any nonempty  -open set   in  , then  ( )   (   ( ))  
   ( ). 

Proof: From (theorem 2.14), we get  ( )     ( ) … (1). Now to prove 
   ( )   ( ), let      ( ), then        ( ) such that      ∅, since 
   with  -property, then      is  -open set in Ꞩ by (Theorem 2.1) ,we get 
      (    ) so    (    ), then       ( )        such that 
     (    )  (    )   , so    ( ), then    ( )   ( ) …(2), 
from (1) and (2), we get    ( )   ( ). Now, by (Proposition 2.3, part 1), we 
get      ( ) and by (Theorem 2.10, part2) then  ( )   (   ( )) and by 
( ( )     ( )), we get    ( )   (   ( )) … (1). Now, to prove 
 (   ( ))     ( ), by (Theorem 2.14), we get  (   ( ))  
   (   ( )), since    with ג-additive property, we get  (   ( ))  
   (   ( ))     ( ) … (2), from (1) and (2), then  (   ( ))     ( ), 
therefore  ( )   (   ( ))     ( ). 

3.  Weakly   -Volterra Space 
Definition 3.1: Let Ꞩ 

   be a  - topological space. A subset   of   is called 
weakly   -Volterra if for any        , such that  ( )   (  ) (     ) , 
      ∅. 
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   subset   of   is called not weakly   -Volterra if there exists        
  such that  ( )   (  ) (     ),       ∅. 

Example 3.2: Let Ꞩ  *          +    *∅ Ꞩ * + * + *   ++ and   
** + * + * +}. If   * +    * + and    *   +, then  ( )  *   + and 
 (  )   (  )  *     +, so  ( )   (  ) and  ( )   (  )       ∅, 
then   is weakly   -Volterra. 

Proposition 3.3: Let Ꞩ 
   be a  - topological space and    , if   is weakly 

  -Volterra and       are nonempty subset of  , then  ( ) and   are 
nonempty of  . 

Proposition 3.4: Let Ꞩ 
   be a  - topological space and       , if   is 

weakly   -Volterra and  ( )   (  ), then      ∅. 

Proposition 3.5: Let Ꞩ 
   be a  - topological space and      , if   is weakly 

  -Volterra and    , then   is weakly   -Volterra. 

Proof: Since   is weakly   -Volterra and    , let          such that 
 ( )   (  ) (     ), by (Theorem 2.12, part 2), since  ( )   ( ), by 
(Definition 3.1), so  ( )   (  ) (     ), since   is weakly   -Volterra, we 
get       ∅, therefore   is weakly   -Volterra. 

Proposition 3.6: Let Ꞩ 
   be a  - topological space and      , if   is not 

weakly   -Volterra and    , then   is not weakly   -Volterra. 

Proposition 3.7: Let Ꞩ 
   be a  - topological space and    , if   is not 

weakly   -Volterra, then  ( ) is not weakly   -Volterra. 

Proposition 3.8: Let Ꞩ 
   be a  - topological space with ג-additive property and 

 - property and ∅      , then   is weakly   -Volterra iff    ( ) is weakly 
  -Volterra. 

Proof:  ) To prove    ( ) is weakly   -Volterra, since   is weakly   -
Volterra and      ( ), by (Proposition 3.5), then    ( ) is weakly   -
Volterra. 

 ) To prove   is weakly   -Volterra, let         such that  ( )  
 (  ) (     ), by (Theorem 2.18), we get  ( )   (   ( )), and since 
   ( ) is weakly   -Volterra such that  (   ( ))   (  ) (     ), so 
      ∅. Therefore   is weakly   -Volterra. 

Proposition 3.9: Let Ꞩ 
   be a  - topological space and    , with   

*  ∅      +, if   is weakly   -Volterra then  Ɨ  ( )  ∅. 
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Proof: Let   is weakly   -Volterra, then for any        , such that  ( )  
 (  ) (     ),       ∅. By (Proposition 3.3), then ∅   ( ). If possible 
 Ɨ  ( )  ∅, from (Theorem 2.13), then  ( )  ∅, which is contradiction 
with hypothesis, then  Ɨ  ( )  ∅. 

Proposition 3.10: Let Ꞩ 
   be a  - topological space with ג-additive property 

and  -property and    , with   *  ∅      +, if  Ɨ  ( )  ∅ then   is 
weakly   -Volterra. 

Proof: Let  Ɨ  ( )  ∅, since ∅   Ɨ  ( )    ,then   ∅ by (Theorem 
2.13), so  ( )  ∅. Let        , such that ∅   ( )   (  ) (     ), so 
 (  )  ∅, if possible    ∅ or    ∅, then  (  )  ∅ which is 
contradiction, so    ∅ and    ∅, since ∅   Ɨ  (  )    , ∅  
 Ɨ  (  )     and  ( )   (  ) (     ), by (Corollary 2.17),we get 
 ( )     ( Ɨ  ( )), so ∅   Ɨ  ( )      ( Ɨ  ( ))      ( Ɨ  (  )) 
    ( Ɨ  (  )), from (Corollary 2.9) we get, ∅   Ɨ  ( Ɨ  ( ))  
 Ɨ  (   ( Ɨ  ( )))   Ɨ  (   ( Ɨ  (  ))     ( Ɨ  (  )))   Ɨ  (    
( Ɨ  (     ))), therefore ∅   Ɨ  ( )    Ɨ  (   ( Ɨ  (     )))  
   ( Ɨ  (     ))     ((     )), if possible       ∅, then 
 Ɨ  ( )  ∅, which is contradiction, then       ∅, we have   is weakly 
  -Volterra. 

4.    -Volterra Space 
Definition 4.1: Let Ꞩ 

   be a  - topological space. A nonempty subset   of   is 
called   -Volterra iff for any         such that  ( )   (  ) (     ), 
      is  -dense in  .  

Example 4.2: Ꞩ  *          +    *∅ Ꞩ * + * + *   ++ and   ** + * +  
* +}. If   * +    *   +    *       +, then  ( )  *    +  (  )  
*       +  (  )  *       +, then  ( )   (  ) (     ), and    (   
  )     (* +)  *   +  * +, so       is  -dense in  . 

Theorem 4.3: Let   
   be a  - topological space and    , if   is   -Volterra 

set then   is weakly   -Volterra set. 

Proof: Since   is   -Volterra, then for any         such that  ( )  
 (  ) (     ) ∅       (     ), but          (     )  ∅. If 
possible that,       ∅, we get that    (     )  ∅, which is 
contradiction, because    (     )  ∅, we hence       ∅, therefore   
is weakly   -Volterra. 
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Remark 4.4: The converse of (Theorem 4.3) is not necessary true. See in the 
following example. 

Example 4.5: Let   *          + where   represents the number of types of 
mobile devices used by a segment of people, where   refers to Apple devices,   
refers to Samsung devices,   refers to Nokia devices, and   refers to Honor 
devices,    *    *    + *    + * ++ and   ** + * + * + *    + *    +}. If 
  *    +    *    + and    *       + then  ( )  * +  (  )    and 
 (  )  *    + , then  ( )   (  ) and  ( )   (  ) and       * +  
  so,   is weakly   -Volterra. But we note that    (     )     (* +)  
(* +), where      (     ), so   is not   -Volterra.  

Proposition 4.6: Let   
   be a  - topological space and       , if   is   -

Volterra and  ( )   (  ), then       is dense in  . 

Proof: Since   is   -Volterra, and for any      such that  ( )   (  ) but 
 ( )   ( ), by (Definition 4.1), we get        (    ), so      is 
dense in  . 

Proposition 4.7: Let   
   be a  - topological space with ג-additive property, and 

   , if   is   -Volterra, then    ( ) is   -Volterra. 

Proof: Since   is   -Volterra, let         such that  (   ( ))  
 (  ) (     ), since      ( ), by (Theorem 2.12, part 2), we get  ( )  
 (   ( ))   (  ) (     ), then      (     ), we hence    ( )  
   (   (     ))     (     ), because    with ג-additive property, 
then    ( )     (     ) and       is dence in    ( ), therefore 
   ( ) is   -Volterra. 

Proposition 4.8: Let   
  be a  - topological space with ג-additive property and 

 - property and       , if   is   -Volterra iff    ( ) is   -Volterra. 

Proposition 4.9: Let   
   be a  - topological space with ג-additive property and 

 -property and    , with   *        +, if   is any nonempty  -open 
set then   is   -Volterra. 

5.  Conclusion 
We proved some properties of operator  ( ) using ג-additive property and 

 -property, which are indispensable. We also proved that every   -Volterra is 
weakly   -Volterra without any condition, but the converse is not true. These 
ideas can be generalized in [3], [7]. 

 
References  



1458� M. H. HADI AND L. A. A. JABAR

References 

	 [1]	 K. Kuratowski, Topology, vol. I. New York: Academic Press (1966). 
[Online]. Available: https://ci.nii.ac.jp/ncid/BC12990338.

	 [2]	 G. Choquet, “On the notions of filter and grill,” Comptes Rendus de 
l’Académie des Sciences, Paris, vol. 224, pp. 171–173 (1947).

	 [3]	 L. A. Al-Swidi, M. H. Hadi, and R. D. Ali, “About the dual soft sets 
theory,” Journal of Discrete Mathematical Sciences and Cryptography, vol. 
25, no. 8, pp. 2717–2722 (2022).

	 [4]	 V. Volterra, “Some observations on discontinuous pointwise func-
tions,” Giornale di Matematiche, vol. 19, pp. 76–86 (1881).

	 [5]	 D. Gauld and Z. Piotrowski, “On Volterra spaces,” Far East Journal of 
Mathematical Sciences, vol. 1, no. 2, pp. 209–214 (1993).

	 [6]	 P. Jeyanthi, G. Geetha, and A. Al-Omari, “Generalized Developable 
Spaces,” An. Univ. Oradea, Fasc. Mat., vol. 29, no. 1, pp. 93–102 (2022).

	 [7]	 K. H. Khalaf, A. M. Salih, O. A. Abdullah, S. H. Asaad, and I. S. 
Ahmed, “Study of some properties for pre measure,” AIP Conf. Proc., 
vol. 2834, no. 1 (2023), doi: 10.1063/5.0162036.

	 [8]	 A. R. S. Juma, A. Al-Fayadh, S. P. Vijayalakshmi, and T. V. Sudharsan, 
“Upper bound on the third Hankel determinant for the class of uni-
valent functions using an integral operator,” Afrika Matematika, vol. 
33, no. 2, p. 56 (2022).

	 [9]	 M. Matejdes, “On the selectors of multifunctions,” Mathematica Slo-
vaca, vol. 37, no. 1, pp. 111–124 (1987).

[10] 	S. A. Al-Ameedee and A. J. Obaid, “New results and application 
of differential quasi subordinations for higher-order derivatives of 
meromorphic multivalent functions,” Journal of Interdisciplinary Math-
ematics, vol. 26, no. 4, pp. 643–650 (2023), doi: 10.47974/JIM-1483. 

[11]	 M. H. Hadi, “Study of -Topological Space by -Binary Relation in Clus-
ter System,” Iraqi Journal for Computer Science and Mathematics, vol. 6, 
no. 4, p. 1 (2025), doi: 10.52866/2788-7421.1325.

		  Received November, 2025


