
©

On a fuzzy statistically convergent in 2-norm (Fsc2
n- Convergent) in a 

fuzzy 2-normed Riesz spaces and some properties 

Shaimaa Abdul-Hussein Kadhim *
Shatha Abdul-Hussein Kadhim †

Mohammed Yahya Abed §

Department of Mathematics
College of Education for Pure Sciences
University of Kerbala
Karbala 56001
Iraq 

Abstract
In this paper, we will be discussing fuzzy statistically convergent in 2-norm in a fuzzy 

2-normed Riesz spaces. We also define the notion of a Fsc2
n- Cauchy in fuzzy 2-normed Riesz 

spaces and establish some basic facts. 

Subject Classification:  Primary 93A30, Secondary 49K15.

Keywords: Fuzzy statistical convergence in 2-norm, Fscn
2- Cauchy in 2-norm, 2-Banach fuzzy Riesz 

spaces, Fuzzy 2-normed Riesz spaces, Fuzzy sets, Normed spaces. 

*	E-mail:	shaimaa.a@uokerbala.edu.iq (Corresponding Author)
†	 E-mail:	shatha.abdulhussein@uokerbala.edu.iq 
§	 E-mail:	mohammed.y@uokerbala.edu.iq                                                               

Journal of Interdisciplinary Mathematics
ISSN:  0972-0502 (Print), ISSN:  2169-012X (Online)
Vol. 29 (2026), No. 5-B, pp. 1407–1415
DOI : 10.47974/JIM-2531

  

On a Fuzzy Statistically Convergent in 2-Norm (     - Convergent) in 
a Fuzzy 2-Normed Riesz Spaces and Some Properties  

 
Shaimaa Abdul-Hussein Kadhim *  
Shatha Abdul-Hussein Kadhim †  
Mohammed Yahya Abed § 

Department of Mathematics 
College of education for pure sciences 
University of Kerbala 
Kerbala 56001 
Iraq  
 
Abstract  
In this paper, we will be discussing fuzzy statistically convergent in 2-

norm in a fuzzy 2-normed Riesz spaces. We also define the notion of a      - 
Cauchy in fuzzy 2-normed Riesz spaces and establish some basic facts.  

Subject Classification: Primary 93A30, Secondary 49K15. 
 
Keywords: Fuzzy statistical convergence in 2-norm,      - Cauchy in 2-

norm, 2-Banach fuzzy riesz spaces, Fuzzy 2-normed riesz spaces, Fuzzy sets and 
normed spaces. 

 
 
 
 
 
 

1. Introduction  
The concept of statistical convergence is studied by Fast [1] and 

Schoenberg [2]. The idea depends on a concept of density for subsets of N. A 
notion for 2-normed spaces is studied in [3], [4], [5], [6], [7], [8], [9], [10]. 
There are many authors who study this idea to obtain results; see [11], [12], 
[13]. Fuzzy Riesz spaces were studied in [14], which is an interesting and 
important generalization of properties, and subsequently, fuzzy statistical 
convergence in fuzzy Riesz spaces was discussed in [15], [16], [17]. In the past, 
we introduced fuzzy statistical convergence in the norm of a fuzzy Riesz space, 
and in this paper, we extend the work to fuzzy statistical convergence in the 2-
norm of a fuzzy 2-normed Riesz space and establish some basic facts. Some 
properties for fuzzy statistical convergences are shown in norm fuzzy Riesz 
spaces, also hold for fuzzy 2-normed Riesz spaces.  
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2. Background, notations and preliminaries. 
In this section, we recall some basic definitions and notions in 2-normed 

spaces, and some facts related to fuzzy Riesz spaces will help us in establishing 
our results.  

Definition 2.1: The real linear space   is a fuzzy ordered linear space if   is 
foset & further   satisfied: 
i. For           s.t            

 
  so,             

               
for all    . 

ii. If           such that           
 
  then             

            for 
all      . 
 
Fuzzy ordered linear spaces are also called the fuzzy Riesz spaces (for 

short: FRS). 

Definition 2.2: Let   be a member of  . So, a positive part for  is          
and a negative part            , the absolute value of  is |  |          . 
Means that we can write          

Theorem 2.3. [17] In an FRS, the absolute value has the following properties:  
i.    |   | | |  | |   

 , 
ii. |  |  | || |, 
iii.    || |  | || |   |   

 , 
iv. |   |             . 

3. The Main results.  
In the following theorems, we present some properties of the fuzzy 

statistically convergent in 2-norm in a fuzzy 2-normed Riesz space (short F2-
NRS)    ‖   ‖ , as well as proof that we have the F2-NRS, is a 2-Banach fuzzy 
Riesz space.  

Definition 3.1: Let   be a real FRS, equipped with 2-norm ‖   ‖. The 2-norm 
on  is called a Riesz 2-norm if      then    |   | |   |   

  implies that 

   ‖   ‖ ‖   ‖   
  for each nonzero    .  

Any FRS equipped with Riesz 2-norm is named F2-NRS. An F2-NRS is 
also a Banach space. 

Definition 3.2: The sequence          in the F2-NRS is a fuzzy statistically 
convergent in 2-norm to    , when each     , & nonzero    , a set 



FUZZY STATISTICALLY CONVERGENT IN 2-NORM � 1409

{          ‖       ‖  
 
 } have the natural density, which is zero. So write 

          ‖       ‖    (or)           ‖     ‖  ‖   ‖. 

Definition 3.3: A sequence         in F2-NRS   ‖   ‖  named      - Cauchy 
seq. in   for      & nonzero    , there is  s.t for every      , the set 
{            ‖         ‖  

 
 } has natural density zero. 

Theorem 3.4: If          and        be two sequences in F2-NRS   ‖   ‖ , 
Then  

i. If           ‖       ‖    and           ‖      ‖     then 
          ‖            ‖    and          ‖            ‖  
 . 

ii. If           ‖       ‖   , then           ‖  
       ‖   ,       

   
 
‖         ‖    and           ‖|   |  | | | |‖   . 

iii. If           ‖       ‖   ,           ‖      ‖    and       then 
   . 

iv. If           ‖       ‖    and           ‖       ‖   , then    . 

Proof:  
i. By assumption, therefore, for each      and nonzero 

    we have the sets {          ‖       ‖  
 
 } and {  

        ‖      ‖  
 
 } have both natural density zero. From this, we 

obtained that, {          ‖            ‖  
 
 }  {  

        ‖       ‖  
 
 }  {     

     ‖      ‖  
 
 }since the right- 

hand has natural density zero. Thereby the set {          ‖         
   ‖   

 } has natural density zero and the statement follows. Similarly, 

we have that           ‖            ‖   . 

ii. Since           ‖       ‖   , then for every    the set {  
        ‖       ‖  

 
 } has natural density zero for each    . Firstly, to 

show that           ‖  
        ‖   . For     , & nonzero   , we 

see that the set{          ‖         ‖  
 
 }  {          ‖    

   ‖   
 }. Therefore {          ‖         ‖  

 
 } has natural density 
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zero. Thus          
 
‖         ‖   . To prove assertion that       

   
 
‖         ‖   , we can use the same discussion at the above part. 

Finally, to prove that          
 
‖|   |  | | | |‖   . Since we can write, 

for every    , and nonzero   , {         ‖|   |  | | | |‖   
 }  

{         ‖       ‖   
 }  For     & nonzero   , then {        

 ‖|   |  | | | |‖   
 } have natural density zero. 

iii. Assume that          
 
‖       ‖     

         
 
‖      ‖    and       . By using (ii), implies that 

         
 
‖|   |  | | | |‖    and          

 
‖|  |  | | | |‖    

respectively. Consequently, for each     we write by using (i),       
   
 
‖|   |  |  |  | |  | | | |‖   . From hypothesis |   |  |  |   , we 

have that | |  | |   . 

iv. Assume that          
 
‖       ‖     

         
 
‖       ‖   , means that for every     , and nonzero 

   , the sets {          ‖       ‖   
 } and {          ‖    

   ‖   
 }. Consequently, by Theorem 2.7, we have {         ‖    

   ‖  ‖       ‖   
 }. It follows that, {       |‖       ‖  

‖       ‖| ‖             ‖   
 } Thereby we write that, {  

       ‖     ‖   
 }. Hence    .  

Theorem 3.5: If         ,         and         be a three sequences in F2-NRS 
   ‖   ‖  such that            

 
   

         
 
                       

   
 
‖     ‖  ‖   ‖ and          

 
‖    ‖  ‖   ‖, then          

 
‖    ‖  

‖   ‖. 

Proof: By Definition 3.2, we have that for every      and nonzero    , the 
sets    

 
   {       ‖       ‖     

 
 } and    

 
   {       ‖   

   ‖     
 
 } has natural density 1. It follows that        (

 
 )    (

 
 )  

{      (‖       ‖  ‖      ‖  )   
 } Since for every    , that 

           
 
   

         
 
   then by condition (i) of the Definition 2.6 we write 

                
       

              
 . It follows that for every    
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 , the set {       ‖      ‖ ‖       ‖  ‖      ‖   
 } for each     

Also the set      , for      & nonzero   , then {          ‖      ‖  
 
 } has natural density 1. Hence          

 
‖    ‖  ‖   ‖.  

Theorem 3.6: Let          be a sequence in F2-NRS   ‖   ‖ . The sequence 
         is      - Convergent if and only if for any      & nonzero   , 
{           ‖         ‖  

 
 } has natural density zero, where          is a 

subsequence of          such that          
 

‖     ‖  ‖   ‖.  

Proof: Suppose that          is      - Convergent. Now to prove that when 
   , {           ‖         ‖  

 
 } have natural density zero 

Consequently, when      & nonzero    , {         ‖       ‖   
 } has 

natural density zero,    . 

From this it follows that, {            ‖         ‖  
 
 }  

{            ‖                 ‖  
 
 }  {         ‖       ‖  

 
 }  {         ‖       ‖  

 
 } by Theorem 4.1 [2], 

    [{      (  ‖       ‖)   
 }  {      (  ‖       ‖)   

 }] 

implies,     [  {         ‖       ‖   
 }]  

Thereby, we obtain that          
 
‖     ‖  ‖   ‖. Then for      & 

nonzero    , {         ‖       ‖   
 }. 

Have natural density zero. So, we have where     ,{           ‖    
     ‖  

 
 } has natural density zero and for each nonzero   . Conversely, let 

for every     and nonzero   , so {           ‖         ‖  
 
 } has 

natural density zero. To show that the sequence          
 
‖     ‖  ‖   ‖. We 

will write for every      and nonzero    , the set {          ‖    
   ‖   

 }  {            ‖                   ‖   
 }  {    

       ‖         ‖  
 
 }  {         ‖       ‖   

 }     [{    
       ‖         ‖  

 
 }  {         ‖       ‖   

 }]  
    [  {         ‖       ‖   

 }]. 
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Also, by (4) we have for every     and nonzero   , the set {  
        ‖       ‖   

 } has natural density zero. Hence         
 
‖     ‖  

‖   ‖.  

Theorem 3.7: Let         be a sequence in an F2-NRS   ‖   ‖ . A sequence 
         is      - Convergent iff there are subsets such as   {         
   }      s.t        &       

   

     .  

Proof: Assume that          is      - Convergent to an element  . Put    
{          ‖       ‖   

 } and    {       ‖       ‖     
 
 }              . 

From this we have that        . And                           
                 

Conversely, to prove that       
    

     . We will assume that the 

sequence         is not convergent to . Thereby there is     and nonzero 
   , the set{         ‖       ‖   

 }. In particular, we can write for every 

    and nonzero    , the set      {       ‖       ‖     
 }, also 

         
 
                 . From this, it follows that          .  

So we obtain that        . Implies that        . Therefore       
   

     .  
Conversely, assume there is   {            }      s.t        & 

      
   

     , that is, there is     s.t for     & nonzero    ,   ‖    

   ‖     
 , for every   . Consequently, so      {         ‖    

   ‖   
 }    {             }. Thus                

 . Hence       
   
 
‖     ‖  ‖   ‖.  

Theorem 3.8: Let          and         be two sequences in F2-NRS and    . 
   
   

      and          
 
‖      ‖   , then          

 
‖        ‖  

‖   ‖. 

Proof: Let       
     , i.e.,       

‖       ‖     

Also, from          
 
‖      ‖   , where     ,  

{         ‖    ‖  
 
 } have the natural density which is zero for each 

   . Now, put          
 
‖        ‖  ‖   ‖ so for     & nonzero    , 
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{         ‖            ‖  
 
 } have natural density zero. Consequently, 

when    & nonzero    |   
 
‖       ‖  {     

    ‖    ‖  
 
 }|   . 

So, for    &nonzero       [   
 
‖       ‖ {     

    ‖    ‖  
 
 }]  

  that is    [   
 
‖       ‖  ]   , using (9) which implies that       ‖    

   ‖   . Hence            . But       ‖       ‖   . Thus,    .  

So, we get the required which           ‖        ‖  ‖   ‖.  

Theorem 3.10: Let    ‖   ‖  be a F2-NRS. If a sequence          in  is      - 
Convergent, then          is      - Cauchy. 

Proof: Suppose that          is      - Convergent to an element    . Then for 
every     , we have    

 
   {          ‖       ‖  

 
 } has natural density 

zero for each    , and if     is chosen so that the set    
 
   {  

        ‖       ‖  
 
 } has natural density zero for each    . Put       

{           ‖        ‖  
 
 } for each    . Then we have          

 
    

   
 
  . Hence               

 
          

 
     . Therefore          is      - 

Cauchy.  

Conclusion 
This paper introduces and investigates fuzzy statistically convergent 

sequences in 2-norm within fuzzy 2-normed Riesz spaces. The concept of 
Fsc_n²-Cauchy sequences is defined, and fundamental properties are 
established. These results contribute to the development of convergence theory 
in fuzzy functional analysis. 
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