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Abstract

In this paper, we will be discussing fuzzy statistically convergent in 2-norm in a fuzzy
2-normed Riesz spaces. We also define the notion of a Fsc’- Cauchy in fuzzy 2-normed Riesz
spaces and establish some basic facts.
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1. Introduction

The concept of statistical convergence is studied by Fast [1] and
Schoenberg [2]. The idea depends on a concept of density for subsets of N. A
notion for 2-normed spaces is studied in [3], [4], [5], [6], [7], [8], [9], [10].
There are many authors who study this idea to obtain results; see [11], [12],
[13]. Fuzzy Riesz spaces were studied in [14], which is an interesting and
important generalization of properties, and subsequently, fuzzy statistical
convergence in fuzzy Riesz spaces was discussed in [15], [16], [17]. In the past,
we introduced fuzzy statistical convergence in the norm of a fuzzy Riesz space,
and in this paper, we extend the work to fuzzy statistical convergence in the 2-
norm of a fuzzy 2-normed Riesz space and establish some basic facts. Some
properties for fuzzy statistical convergences are shown in norm fuzzy Riesz
spaces, also hold for fuzzy 2-normed Riesz spaces.
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2. Background, notations and preliminaries.

In this section, we recall some basic definitions and notions in 2-normed
spaces, and some facts related to fuzzy Riesz spaces will help us in establishing
our results.

Definition 2.1: The real linear space ¥ is a fuzzy ordered linear space if T is
foset & further T satisfied:

i. Foray,n, €I Stp.(ﬂl,ﬂz) >2 5 50, u(ﬂl’ﬂz) < H(ﬂ1 +fna,+f)
forallf € .

ii. If 8y, B, €T such thati(Ry,5;) >~ then [i(ay,ny) < [i(« Ay, ay) for
al0 < aeR.

Fuzzy ordered linear spaces are also called the fuzzy Riesz spaces (for
short: FRS).

Definition 2.2: Let & be a member of T. So, a positive part for #is 5, = #V 0
and a negative part a_ = (— &) V 0, the absolute value of &is | &#| = &V (— r).
Means that we can write & = &, — &_.

Theorem 2.3. [17] In an FRS, the absolute value has the following properties:
i. p.(|ﬂ +m|, |7l + |m|) > =

. Jar| = |ofl#l,

iii. (]Il — m], ln— ) >,

iv. |[a—m|=@®VE®) — (HBAR).

3. The Main results.

In the following theorems, we present some properties of the fuzzy
statistically convergent in 2-norm in a fuzzy 2-normed Riesz space (short F2-
NRS) (Z, ||,]l), as well as proof that we have the F2-NRS, is a 2-Banach fuzzy
Riesz space.

Definition 3.1: Let T be a real FRS, equipped with 2-norm ||e,e||. The 2-norm
on Iis called a Riesz 2-norm if &,m € Tthen p(|a, f|, |m, f]) >% implies that
|,'J.(||ﬂ, fll, I, ) > %for each nonzero f € .

Any FRS equipped with Riesz 2-norm is named F2-NRS. An F2-NRS is
also a Banach space.

Definition 3.2: The sequence (#)ey in the F2-NRS is a fuzzy statistically
convergent in 2-norm to & € ¥, when each € > 0, & nonzero f€ T, a set
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{t; eN: |.J.(£ , || A — &, f”) > %} have the natural density, which is zero. So write
Fock — lim|| m, — & ] = 0 or) Fsck ~ lim|[ m, ] = 111

Definition 3.3: A sequence (By)ien in F2-NRS(Z, [|e,¢||) named Fsc3- Cauchy
seq. in T for ¢ > 0 & nonzero f € I, there is Ns.t for every t,m = N, the set

{g,m eEN: |.-J.(E, || By — By, f”) > %} has natural density zero.

Theorem 3.4: If (8 )en and (8 )enbe two sequences in F2-NRS(Z, ||e,¢|]),

Then

1.

iil.

iv.

If Fscf — lign” B —&f| =0 and Fsci - lign”mg — | =0, then
Fsc2 — li{n” B VB —EV ), f|| = 0 gndFsc? — lién” B A — A, f|| =
0.

If Fsc2 — lign” B — & f|| =0, then Fscji — lign”ﬂE+ - Eﬂf*” =0, Fsc? —
il = = 0 and Fsck —tim| | g1 1] = 0

1f Fscf —lim|[ n, =&, f]| = 0, Fscf — lim[ls,— . £ = 0 and n; L s, then
£1 0.

If Fsch — litr;n” A, — & f]| = 0 and Fsca — li{n” -, f]| =0, then £ = .

Proof:

1.

By assumption, therefore, for each ¢ > 0 and nonzero

fex we have the sets {t; EN: }.J.(S, || R — &, f||) > %} and {t; €
N: }'L(s,”mj -y f|ph > %} have both natural density zero. From this, we
obtained that, {1; € N:pce, || m VvV —EVYf]) > %} c {‘g €
NeiiCe, || mg = &) >} u{t € N e, [|m, — W, i) > Zsince the right-
hand has natural density zero. Thereby the set {t; eN: }:l(£, || B VEr —EV
y, f”) > %} has natural density zero and the statement follows. Similarly,
we have that Fsci — lilr;n” A AEy —EAYf]| =0

Since Fsci — lign” B —Ef| =0, then for everye >0 the set {1; €
N: }.J.(E , || B — &, f”) > %} has natural density zero for each f € I. Firstly, to
show that Fsci — ligﬂllﬂ{ - &, f|| =0 Fore >0, & nonzerof € I, we
see that the set{t; € N: (e, | — &% 6 > %} c {‘g € N:ue, || By —
&flh > %} Therefore {t; € N:p(e, ||mf — &) > %} has natural density



1410 S. A. H. KADHIM, S. A. H. KADHIM AND M. Y. ABED

zero. Thus Fscf — lignllﬂ;* - E+'f|| = 0. To prove assertion that FscZ —
lim||a; —&7,f7|| =0, we can use the same discussion at the above part.

¢ p
Finally, to prove that Fsci — 11£n||| | — [EL, Ifl|| = 0. Since we can write,
for every £ > 0, and nonzerof € ¥, {‘g e N:p(e ||| = — &L 181 > é} c
{t; eEN: ;l(E, || R — &, f”) > %} For ¢ > 0& nonzerof € I, then {t; eN: }.J.(E
] = 1gL 1D > é} have natural density zero.

iii. Assume that Fscj — lign” B — &, fil=0
Fsch —li{n”mg -, f“ =0 and # L s, By using (ii), implies that
Pt = tim]]| ] ~ 16 1] = 0 and Fsc ~ lim] ] ~ 1,16 = 0
respectively. Consequently, for each f € T we write by using (i), Fsc2 —
1111;1”1||| ﬂg| A |mg| —EIA WL Ifl]| = 0. From hypothesis | &| A |m,| = 0, we
have that |E] A [§| = 0.
iv. Assume that Fscj — lign” B —§ fll=o0

scy — lim|| & — U, f|| = 0, means that for every € > 0, and nonzero
Fsci —lim|| my — . ff] = 0
feT, the sets {teNipce, || —&f) >3} and {teN:pce, | » -
Uy, f||) > %} Consequently, by Theorem 2.7, we have {g eN: Q(O, || B —
gfl = lm—wflD >3} 1t follows that, {ve N:p(l|[n, 5] -
|| e — U, f|||, ||E —ft+ B, f”) > 2} Thereby we write that, {'g €
N: 10, I — W, £lI) > 2}. Hence £ = .

Theorem 3.5: If (8N, (BN and (SE)EEN be a three sequences in F2-NRS
(&, lleel) such that ,u( By, By) > ,,u(mg, sy) >2 > for every LEN, Fsc? —
llgn” ayfl| = 166l and Fsch — ll§m||5p fll = N 5ll, then Fsci — llgn”mg' fll =
¢, I

Proof: By Definition 3.2, we have that for every € > 0 and nonzero f € I, the
sets KO ={reNpdln -6 >1} and K, ={teN:q(s, -
&6],9 >3} has natural density 1. It follows that K(e) = Ky (£) + K, (%) =
{'g eEN: u(” R — &, f” + ||S§ =g, f”, s) > g} Since for every te€N, that
;-1( By, BY) > %, ;'L(mg, Sy) > %, then by condition (i) of the Definition 2.6 we write
(R — Emy —§) > 4 iGm, — &, — §) >~ It follows that for every & >



FUZZY STATISTICALLY CONVERGENT IN 2-NORM 1411

0, the st {t € N:fi(|lmm, — &, || m — & £]| + [Is, — £6]) > 3} for each fe T
Also the set K(¢ ), for € > 0 & nonzerof € I, then {‘g eEN: L.I(E, ||m,; =g, f||) >

%} has natural density 1. Hence Fsci — li{ﬂ”mp fll = NI, f1l.

Theorem 3.6: Let (&) en be a sequence in F2-NRS(Z, ||e,¢|). The sequence
(BN is Fsci- Convergent if and only if for any ¢ >0 & nonzerof € I,

{t;, n eN: [t(s, | By — By, flh) > %} has natural density zero, where (By, )nen is a
subsequence of (8 )en such that Fsci — liTTlYl”Hgn. f” = 1<, fll.

Proof: Suppose that (B )y is Fsci- Convergent. Now to prove that when
€>0, {t;, n €N: }:l(S, || B — Hgn,f”) > %} have natural density zero
Consequently, when € > 0 & nonzero f € I, {t; € N: L'J.(S, || B — f”) > %} has
natural density zero, £ € I.

From this it follows that, {‘g,n € N: }'1(28, I By — th,f”) > %} =
{tneNpell(n -9+ E—r) M >3} < fteNie | » -5t >
“}+{n € N: (e, [[§ = my,, ) > 3} by Theorem 4.1 [2],

. 1 . 1

< max|{s € N:ie [l m = £) > 5} fo € NefiCe g, = 561) > 5]

implies, < max [0, {n eN: |,.J.(£, ||1=kgn -& f”) > %}]

Thereby, we obtain that Fsc — 1ir11n||ﬂgn,f” = |I&,fll. Then for ¢ >0 &
nonzero f € I, {n eEN: fx(s, ||Hgn =g, f”) > %}

Have natural density zero. So, we have where ¢ > 0,{@, n € N: L.l(s, || By —
By, f”) > %} has natural density zero and for each nonzerof € I. Conversely, let
for everye > 0 and nonzerof € I, so {'g,n eN: |,.J.(£, || By — ‘Hgn,f”) > %} has
natural density zero. To show that the sequence FSCA — litr;n” y, fll = 15 £l we
will write for everye >0 and nonzerof € I, the set {1; eN: |..1(28, || By —
&6 >3} ={one N e [|(ry - ny,) + (g, — ). 60D > 3} <{tne
N: Ll(a, || B — Hgn,f”) > %} + {n eN: ;.1(8, ”Hgn -& f”) > %} < max [{‘g, neE
N:iCe, || 7 = w6l > 3} {n € N: e, 1w, = 561D > 3}

< max [0, {n eN: |,-l(£, ”Hgn -t f”) > %}]
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Also, by (4) we have for every € > 0 and nonzerof € T, the set {t; €
N: L.l(Zs, || By — g, f”) > %} has natural density zero. HenceFsch — lign” Hy, f” =

1% 1.

Theorem 3.7: Let (By)en be a sequence in an F2-NRS(Z, ||s,o||). A sequence
(B)en is Fsci- Convergent iff there are subsets such as o ={t; < t; <
L) © Nsto(p)=1&Em=¢

teP

Proof: Assume that (#)en is Fsci- Convergent to an element & Put ¢ =
© 1 1 ~ . 1 1

{te NG llm =58 > 3} and ¢ = e Nenll| m = 1L D > 3}, (2 2, )

From this we have that §(o¢) = 0. AndJ; 2 I, 2...2 J; D Jyq 2...8(Jp) =

Lisy2,3,..

=8

lim &, .
Conversely, to prove that t-o ° We will assume that the

te3f
sequence( &)y is not convergent tog. Thereby there is € > 0 and nonzero
fe g, the set{‘g eN: ;.1(8, || A — &, f”) > i} In particular, we can write for every
€ > 0 and nonzero f€ I, the set J(g) = {1; eEN: u(” B — &, f”,s) > %}, also

WG, &) >, g1, 2,3, .. From this, it follows that 8(S(e)) = 0.

So we obtain that J; c J(¢). Implies that §(J;) = 0. Therefore %1_)12 B E.
tep
Conversely, assume there is p ={t; < t,<...} € Nstd(p)=1&
'!Hpo B = E, that is, there is k € N s.t for € >0 & nonzero f € S,f{(” By —
tep

g, f”, €) > i, for everyt = k. Consequently, so g(g) = {1; eN: |,.J.(8, || By —

£ > 2} C N = {tis1 < twz <.} Thus ((B((e)),0) > 2. Hence Fsc? —
lign” a ]| = 15511,

Theorem 3.8: Let (®)ien and (8 )en be two sequences in F2-NRS and & € T.
lima,=¢ g4pq Fscr— lign”mg -0, f|| =0 then Fsci— lign” B + f, f|| =

t—oo

1S £1I-
Proof: Let gl{g By = E, ie., Elirg” B — §, f” =0
Also, from Fsci — lign”mg —0,f]| =0, where e > 0,
{‘g EN: L.I(E, ||mg, f||) > %} have the natural density which is zero for each

f € T. Now, put Fscp — lign” Ry Ty, fll = 1. fll so for & > 0 & nonzero fex,
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{‘g eN: ;l(s, ||( B+ ) — U, f||) > %} have natural density zero. Consequently,

whene > 0 & nonzero f € T |11£n|| a— U] + {g € N: p(e, ||mm, ) > %} =0.

So, for € > 0&nonzero f € T max [hgn” B — U, f”, {t; eN: ;.1(5, ||mg, f”) > %}] =
0 that is max [hgn” B — U, f”, 0] = 0, using (9) which implies that %Lrg” B —
y, f" = 0. Hence gl}g # = 1. But ]lirg” B — & f” = 0. Thus, E=1.

So, we get the required which Fsci — li%n” A+ ff| = 18 1],

Theorem 3.10: Let (T, ||o,¢||) be a F2-NRS. If a sequence (#)en in Tis Fsch-
Convergent, then (®)ep is Fsci- Cauchy.

Proof: Suppose that (#)ey is Fsci- Convergent to an element § € T. Then for
every € > 0, we have F; (g) = {1; eN: }.J.(E, || B — &, f”) > %} has natural density
zero for each f€ ¥, and if i € N is chosen so that the set F, (g) = {t; €
N: u(g, || B —§, f”) > %} has natural density zero for each f € I. Put F;(¢) =
{t;,i eN: L.J.(E, || B — B, f||) > %} for each f € T. Then we have F3(g) & F1(§) U

F,(). Hence 8(F3(€)) < 8(F1(5)) + 8(F,(2)) = 0. Therefore (#)ey is Fsc2-
Cauchy.

Conclusion

This paper introduces and investigates fuzzy statistically convergent
sequences in 2-norm within fuzzy 2-normed Riesz spaces. The concept of
Fsc_n?-Cauchy sequences is defined, and fundamental properties are
established. These results contribute to the development of convergence theory
in fuzzy functional analysis.
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