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Abstract

A novel, computationally efficient technique is suggested to find exact solution
of nonlinear differential equations with order is fractional, This technique is extended to
fractional partial differential equations and demonstrates high accuracy of implementation.
Numerical experiments confirm its efficiency and reveal key advantages over existing
approaches: it obviates the need for Adomian polynomials in handling nonlinear terms, as
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required by the ADM, and eliminates the use of Lagrange multipliers characteristic of the
VIM.
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Keywords: Partial differential equations, ANNSs, Fractional equations, Decomposition method.

1. Introduction

Fractional calculus has become an indispensable framework for modeling a
wide array of real-world phenomena, including reaction—diffusion processes [1],
seismic-design considerations [2], water-wave propagation [3], control-
engineering applications [4], population-growth dynamics [5], decentralized
wireless networks [6], medical-science problems [7], fractional stochastic
systems [8], signal-processing techniques [9], diffusion mechanisms [10, 11].

Nonlinear fractional partial differential equations (NF-PDEs) extend
classical differential equations by incorporating nonlocal, power-law memory
effects of arbitrary positive order, making them indispensable for accurately
modeling complex phenomena across disciplines including engineering,
medicine, and applied science such: physics, applied mathematics, biology,
chemistry, and geology. Unlike integer-order models, fractional formulations
preserve hereditary characteristics and continuous functional values, enabling
deep insights into systems such as business dynamics, viscoelastic surface
behavior, psychological processes, human-love interactions, and well-being
models. However, most NF-PDEs lack closed-form solutions, prompting the
development of various analytical and numerical techniques. For example, the
authors employed a Galerkin with Legendre multi-wavelet approach to solve
fractional order modified KdV-ZK equation; other authors such author, utilized
a homotopy perturbation (HPM) with transform of type Sumudu framework for
spatial diffusion in biological populations; and other authors used an iterative
with transform method of type Sumudu for Cauchy reaction—diffusion problems
of time-fractional order. Transform-based variational iteration strategies have
been advanced by Authors. through the Elzaki-VIM combination, while
Dehestani and colleagues have proposed discrete Genocchi—Laguerre schemes
and Genocchi—Petrov—Galerkin methods for fractional order to address variable
order multiterm NF-PDEs and time—space independent variable Fokker—Planck
equations. More recently, demonstrated the efficacy techniques of homotopy
analysis (HAM) with residual power series and transform for NF-PDEs with
proportional delays.

Researchers have recently developed numerous numerical techniques to
solve various kinds of fractional order partial differential equations with
different dimensions. In got approximate solution for nonlinear fractional PDEs
by integrating the multi-Laplace transform with the Adomian decomposition
method (ADM). Further advanced this area by proposing an iterative algorithm
for TF-PDEs with proportional delays. Motivated by the broad applicability of
NT-FPDEs and the ongoing search for efficient solvers, the authors proposed
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efficient Transform (YTADM). Yang’s transform (YT) converts the fractional
differential operators into algebraic forms [6].

2. Basic Ideas of Suggested Method

In this section, we present basic concepts of ANN for TFPDE, including
struct-ure and formulations for ANN with initial conditions fractional order
equations.

ANNs [6] will be used to solve different types of extremely difficult real-
life.

To solve a problem using computational techniques, such as ANNs
approaches, it must first be well characterized. The general presentation of a 3-
lyers (FFNN) feed forward with signal input, m hidden neurons, and an output.

Consider the IVP for non-linear fractional (TFPDE) of order a,n — 1 <
asn

L{U(z, ) + TU(z,1) + QQU(z, 1)) = J(2,7) (1)
Depending on initial conditions:
k
U)o = D)k € (0,1, m) )
where L% (u) = ;t;';,n —1<a<n,is the Caputo fractional differential

operator of highest fractional order derivative depending on time variable ¢, u(z,
t) is unrecognized function must be determined, z is the space variable, ¢ is time
variable, R(u) is remind of the linear differential operator, g(z, t) is
inhomogeneous function and N(u) = f(u(z, t)) is non-linear term.

Uz, 1) = Uy (2) + 7 Uy (2) + 77Uy (2) + -+ = T T W (2) 3)
where,
1 oku(z,t)
Ue(2) = == emo “)

The next step is to determine the terms U, (n = 0,1,2, ...).
Now, applying the Riemann-Liouville theorem for integral operator of
fractional order « on both side of equation (1).

D+ [T Az + [[ o) = [[ Iz (5)
equation (5) becomes:

-1 k aku(z,r)

Az, 7) — ZZ:OF 2ok le=o = —JET () + Q)] +JEI (2, 7) (6)
Depending on Eq. (2) we obtain that:
Az, 1) = TA23 S fuC)~JETR(W) + N +JEg(z,0) ™
where:
JERQD) = JERER W@ E9] = Tio T (wie(2) s ¢4+ (8)

In Eq. (7) rewrite the nonlinear term @ (1), such the follow:
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o) = Zl?:o Ny t*
Such that:

1 9kN(u(z,t)
Ni(z) = o otk le=0 )

Thus:
JEN @) = JEZ70 Ni t4] = o Ne JE(ER) = T Ne i €4 (10)

Again, rewrite the nonhomogeneous part such as:

G(z,t) =J&(g(z, 1) = Xvoo gktk—}:

Where
1 9kG(z,0)

Ik = 0 ek le=0 (11)
Substituting Egs. (8), (9), and (10) in Eq. (7) to have:
k!

Uz, 1) = RT3 fu@) — Do T (W) s 974) = S0 O s
Sieodis (12)

vjZznandwithn—1<as<n—-j=2n2a>n-1

ta+k +

1 9/A(zt) 19/uz,0) ek
W(2) = 5755 im0 = 5 2 [ZRZ i @) — B ey (T (We@) +
Q™  + ZI? 09k T =0V j 2 1 (13)
ki k-
Pl 01fk<]andat] (k it Tifk=]

Thus Eq. (12) becomeS'
u](z) [ Zk =j-n (n+k)'( ](Z)

M+ nik—j | v K e
+Nk) (n+k—j)!(t ) +Zk=0 Ik (k- ])| ]t 0 (14)
1 j—n)!
() =5 [~ G Ry + Nyy) + g5 5647
Hence
_ U- n) .
uj(x) - g] (R(u] n) +N n):] 2n (15)

Finally, substituting Eq. (15) in Eq. (3) to get u(x, t).

3. Clarifying Examples

In this section, some clarifying examples are presented about solving non-
linear PDEs have time independent variable with fractional order by using new
suggested method.

Example 3.1: Consider the non-linear equation with fractional order in time
independent variable:
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DEw(z,T) = wy,(2,7) — w,(2,7T) + w(z, T)w,(2,T) — w*(2,1) + w(z1),0
<a<sl

together initial condition: 2(z, 0) = e”, we noted that w= 2

It is clear that: T(A) = Ay, — A, + A , Q) = AW, — A?, g(z,y,t) =
0 then

g =0,Vvk=0,1,2,..
From ICs %, = e? . From equation (15) we get:
1-1)!
wy(z) = g1 + (T)(T(wo(z)) +Q0) = (Wozz — Wo; + Wy) + (Wowy, — WF)
=(2e?—e?) + ((e?)? —e??) = e
2-1)!
Ay (z) = g, + (2_,1)(7(911(2)) + Q1)
= %(C‘Uuz — Wy, + w) + (W1, + Wo, W1 — 20w1)

_ 2 2 2zy — 1
=(2e?—e?)+ (e** —e?* — 2e Z)—zeZ

3-1)!
As(z) = g5 + " (T (w2(2)) + 92)
21
=3 (W27 — Way + W) + (WeWy, + W11 + Wo Wy + W W1, — 2WewW, —
2wiw,)
2z 2z 2z 1
=Q2e* -e")+ (ez—!+ezz+ez—!+eZZ —262—!—2(322) =€’

Then by equation (3), we have:
2 3 2 3
A(z,7) =e? +e’t+e’ = +e? =+ = ez(l +TH=+—+ ) =
2! 3! 2! 3!
e?E; (1)
A(z,7) = e**".
A Comparison between exact and suggested solution is illustrated in Figure

1. The stability of proposed solution for different values of « is illustrated in
Figure 2.

60000 Exact

""" Suggested method
50000 (- 1

40000 - b

30000

U(x.1)

20000 - 1

10000 - 1

0 2 n 6 s 10
t
Figure 1

Comparing between exact and suggested results for Example 3.1
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a t=0.001
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Figure 2
Stability of suggested method for Example 3.1

Example 3.2: Consider the following homogeneous nonlinear equation and
fractional in time independent variable [5]:
DfU(z,7) + U(z, 1)U, (z,T) — U(z, '[)(1 —U(z, T)) =0,a € (0,1]
Depending on initial condition: U(z,0) = e™*
It is clear that: Q) = -, ,QQ) =UU, + U%, g(z,17) = 0then g, =
0,vk=0,1,2,
We denote U as w. From equation (9) we get:

_ 108%(w(z1)
Q@) =5—pn
13"9(w(z)
1! ott

1 9QU(z,1))
Ny(x) = ETZZT le=o = o Uy, + Uy Uy, + Uy Up, + Uy Uy, + 22U U, +
From ICs U, = e™% . By equation (15) we have:

U (2) = g1 = =L @) + Nyog) = 0= = (%) + (U Up, + %)) =7
WUy(2) = g, = 2 (T (Wamt) + Qo)
= 0+ = (%) + (o Ay, + Ay Uy, + 2%, A)) =7
Us () = g5 — S (T (Wsa) +Q5.0)

3!
=0 +§—:((—w2) + (Wy War + Wy W1, + Wy Wy + W1 Wy, + 2WowW, +

_ 2
lz=0 = Wo Wox + W§

Ny(z) = lz=0 = Wo W1x + W1 Wox + 20 Wy

1 _
2w, wl)) =€ z

4-1)!
41

Uy(x) = gy — (T (W4-1) + Qu—1)
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3!
=0- Z((_ws) + (Woz w3 + W1,W; + Wy, Wy + W3, W + 20, W3, +
1
2wy wZZ)) = Ze z
Then by equation (3), we have:

Az, 1) = Wp(2) + Ay (2)T + Uy (2)7% + U3(2)T> + Wy (2)T* + -
2 3 4 2 3
=e7+re it et t—elt e it = e_Z(1+T+T—+T—+---)
21 3! 4! 21
=e ?E; (1) = e7%*"; S0, A(z,1) = e ***

The difference between exact and suggested solution is clearing in Figure

8000
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""" Suggested method

6000
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f n A . L i i . f i . . i i " s : . . '
o] 2 a & a 10

Figure 3
Difference between exact & suggested solution for Example 3.2

4. Conclusion

The present study suggested a novel technique for deriving efficient
solutions of the nonlinear fractional differential equation. To validate and
demonstrate the method’s efficacy, two distinct examples are solved in detail.
The outcomes obtained through the proposed approach coincide precisely with
the established exact solutions, confirming its accuracy. Hence, this method
represents a promising tool for tackling a wide range of non-linear partial
differential equations have fractional order arising in diverse scientific fields and
dynamical systems across applied mathematics and engineering.
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