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Abstract

An Emad-Sara transform be an effective mathematical technique for simplifying and
solving differential equations arising in applied mathematics and engineering sciences. By
converting differential operators into algebraic forms, this transform facilitates the analytical
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treatment of complex problems and improves solution efficiency. In this paper, the Emad-
Sara transform is employed to analyze Laguerre polynomials of arbitrary order, and several
of their transform properties are derived. Furthermore, the proposed approach is apply to
solutions for ordinary differential equation involving Laguerre polynomials, demonstrating
the practical utility of the transform in handling polynomial-based differential models. The
obtained results confirm that the Emad-Sara transform provides a systematic and reliable
framework for simplifying the solution process while preserving analytical accuracy. This
study highlights the potential of the Emad-Sara transform as a valuable tool for solving
polynomial-based differential equations and supports its applicability in mathematical and
engineering applications.

Subject Classification: 33C45, 44A10.

Keywords: ES-integral transform, Inverse estransform, Cryptography, Cryptosystem, Encryption,
Decryption.

1. Introduction

The Emad—Sara integral transforms was successfully apply in various area
for the engineering, natural sciences, and modern technology. Owing to its
mathematical structure, the transform provides an efficient framework for
solving linear differential equations, particularly by simplifying differential
operators into manageable algebraic forms [1]. Linear ordinary differential
equations with both constant and variable coefficients are commonly addressed
using different integral transform techniques, which allow solutions to be
obtained without explicitly determining their general forms [2—4]. In this
context, Laguerre polynomials of order n are traditionally analyzed using
classical transforms like as the Laplace’s, Elzaki, Aboodh integral transforms
[5-8]. This article, differential equations involving Laguerre polynomials are
investigated using the Emad—Sara integral transform. The proposed approach
demonstrates the effectiveness of this transform as an alternative analytical tool
for handling polynomial-based differential equation.

2. Basic Concept

2.1 Emad-Sara Integral Transforms
Where a map f(t),t > 0 has the exponentials orders and be the piecewise
continuous on any intervals, then Emad-Sara transforms [1] for the f(t) be

ES{f(H)} = T(m) = = [~ e ™ f(t)dt.

2
Emad-Sara integral transform [1] of some basic function are given by:

n!
ES {t"} = 3 wheren =0,1,2,3, ...
vty _ 1 .
ES{e¥'} = py— where v is a constant.
ES {sin(yt)} = ——~

n2(n2+y2)
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ES {cos(yt)} = n(n2y+y2)'
ES {sinh(yt)} = m
ES {cosh(yt)} = n(nzl—yz) .

ES{8(0)} = ﬁ

2.2 Inverse ES-Transforms

An inverse Emad-Sara transforms [1] for the some functional, function be
the

ES 1) =% n=0,123, ..

n!

- 1 i
ES™! {HZ(H_Y)} = e"',y is a constant.

ES™?! {;} = %sin(yt).

2 (n2+y2)
-1 1 =
ES {n(n2+y2)} = cos(yt).
-1 1 _1.
ES {n—z(nz—yz)} = Jsin h(yt).

-1 1 =
ES {n(nZ—yZ)} = cosh(yt).

2.3 Emad-Sara Transform of Derivatives
Supper that T(m) be Emad-Sara integrals transforms
ES{u(»)} = T(m), so:
1 —1(0)
ES{y' ()} = — + T ().

n —p 0 !
ES{n” (0} = 52 + mES{ (0)}.
In general:
ES(00) = 2+ wES( 160
H - 2 [ n)j.
2.4 Laguerre Polynomial
The Laguerre polynomial is defined by:

len _
La(0) = o (e™u").

3. Result

This section presents the analytical results derived using the Emad—Sara

transform. By employing its formal definition, several properties and
expressions are obtained, which are essential for the subsequent applications.

1

ES{(H)} = T(m) = —

(o0}

_o ¢ ™ fGdt.

n=
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Therefore,
1 o0 _ _
ES{L,(w)} = = J=o® Lo [n' o (e “x“)] dn,
1 (o _(po _
:nlnz J‘M oe (m—1)n %8 n)] dK
== nz [(TE -1) fu . e~ (m—1x [d — (e—xxn)] dx]
Integrating again,
_(m-1)? oo (q-
CTnin? fM:Oe S [ dul— 2 dn 2)]dk
Also, integrating,
1 .o
(1:1! Tltg f){:o e~ (m-1)x (e—n Kn)dK,
_ (m-)"

© - _(1T 1)
P o€ ™™ du ES{ »«"}.
But, by the definition for the Emad-Sara 1ntegrals transforms,
1 o _
ES{f00} = oo €™ G dn = T(m).

Hence,

(T[ 1) ES{ n} M n!

tnt3

Hence,

n+3 °

ES{Ly (0} = S

4. Applications

Solving an Ordinary Differential Equation Using the Emad-Sara
Transform.

Application 4.1: Solve the differential equation % + 4y = L,(t), & y(0) =
0 ,y’(0) = 1, taking Emad-Sara transform on both sides, we have:

ES{y"'} + 4ES{y} = ES{L,(t)}.
Because Leguerre polynomial of 2" order is:

L,{t} = %(2 — 4t +t2).

Now,
2O YO | () + 41(m) = L,
S TT(m) + 4T(m) = Ol
(n? + 4)T(m) = T2 +n2,
T(T[) — (m— 1) 1

nS(n2+4)  m2(m2+4)’
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2 —2m+1+m? _ mi+m?-2m+1

T(m) =
™ 5 (M2 +4) nS(n2+4)
16 a3+16m2-321+16
(M) = —m7m™ ———
(™ 165 (2 +4) ’

3 1 1 3 24

—t——— - + .
16m3  4m5  2m*  16m(n2+4)  16m2(mZ+4)

T(n) =

Applying inverse Emad-Sara integral transform:
3 t?2 ¢t 3 3 .
y(t) = e + T 2z ECOS(Zt) + ZSIH(Zt).
Application 4.2: Solve the differential equation% +% = L,(t), the initials
condition y(0) = 0 ,y’(0) = 1, take Emad —Sara integrals transforms on both
sides, we get:
ES{y"} + 4ES{y'} = ES{L,(D}.
Because Leguerre polynomial of 15t order is:
Li{t}=1-t
VO _yO | o) - YO I G )
= —+m T(m) =t nT(n) = —
Applying initial conditions, we get:
2 1 1 3 1
M= G- et m ™ B w
Applying inverse Emad-Sara transform, so
2
y(t) = 2t — 1+e“—t7
Application 4.3: Solve the differential equation % + b? % = L,(t), with
initials condition y(0) = y'(0) = 0, taking Emad-Sara integral transform on
both sides, we get:
ES{y"} + b*ES{y’} = ES{L, (D)}.
Because Leguerre polynomial of 15t order is:
L{ = {1 -t}
2O YO w27 + [ -b* LD+ b2aT(m) = 2.

T2 T *
Apply initials condition, we have:

T(@) = - (1131b2) B (1131b4) + (1‘[41b2) + (11:41b4) - (nslbz) + 2 b* (11T+b2) +
1

2 b6 (m+b2)

Apply inverse Emad —Sara transforms:
©=-ioliptyt o1 g et
Y = T 6 T s T2 T 2p2 T e b6
Or

>
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1 1 1 1 t2 1 1, _p2
y(t):— ¥+§)+(b—2+b—4)t——+(—+—)e b7t
Or

Y(t)=(b_16+b_14)(e_b2t_1)+(b_16+b_14)t—%.

5. Conclusion

In this paper, the Emad—Sara integral transform of Laguerre polynomials
of order n has been derived and analyzed. The study demonstrates the
effectiveness of the Emad—Sara transforms as a systematic tool for handling
polynomial-based mathematical structures. An applicability for Emad—Sara
transforms in solve ordinary linear differential equation involving Laguerre
polynomials has been established. The obtained results confirm that the
proposed transform-based approach simplifies the solution procedure and
provides accurate analytical solutions with reduced computational complexity.
These findings highlight the potential of the Emad—Sara transform as a valuable
tool for addressing a broad class of differential equations encountered in applied
mathematics and engineering. Future work may extend this approach to partial
differential equations and other classes of special functions.
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