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Abstract

This work provides a rigorous mathematical analysis of the relationship between
Hermite interpolation and function approximation, such that at a certain point A, € A , where
A, is the set of all collections A, := {a}L, of points @, such that-1 < a, < <o, <1,9€N.
Approximation polynomials (if possible) must interpolate the function and its derivatives,

Ui

where at such points the function value matches not only the polynomial but also its
derivatives. This kind of interpolation is known as Hermite interpolation also investigates
whether the interpolation conditions can be extended to derivatives of the functionf. The
accuracy of approximation does not just rely on the smoothness of f, but also the location
points of interpolation, such that the points in A, lie in the interior of the interval I = [-1, 1] or
on the boundary of interval I, and so depend on the odd or even for highest derivatives for
the f. With the points from Y, € Y, where Y, a sets for every collection Y,:= {y}}_, for the point
Y, such that -1 < y_ < .- <y, < 1. The interpolation condition of derivatives is more complex
than the usual approximation. In previous papers, we examined the interpolation condition
with positive and co-positive approximation. We do this condition under some constrains
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here we shall introduce a negative theorem for piecewise positive approximation with an
interpolation condition for functions in L, Space, 0 < p< 1.
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1. Introduction
In this paper, we need the following notations and definitions.
On] :=[-1,1], for 0 < p < 1,L,(I), be the function space on [ such that

Ly =Ly ={ f:1 > R IIfll = (J, IfIP) 7> < oo} 1], [2]

And let L{, = L{, (I) be the function space, those that are j — fold integrals
of L, (I) functions [8].

Let s € N, where N is the set of natural numbers. And Y a sets for each
class Yy = {y;};; for point y;, such that -1 < y; <-- < y; < 1.

So defined y, = 1 & ys41 = —1 & denoted as A (Y;) is function set f
which are non-negative near 1 and have 0 < s < oo sign changes at the points in
Y, for € [y, yy41], 7 =0,-+, s, such that (—1)57"f(x) = 0.

Particularly, A©® := A (Y,) is the set of functions that are non-negative
onl/.

The function f is said to be co-positive if f € A@ (Y, ). For f € L, (D),

A degrees for the unconstrained approximations for f be

E.(f)p =infi||f — Pn”p | P, € Py}
Co-positive approximation is the functions approximation f € A@(Y,) by

the polynomials that are co-positive with f, denote the co-positive polynomial
approximation degree of f is

EX(f,Ye)p =inf{llf = Pully | P € Po 0 AP (Y0} [3]
In particular, the positive polynomial approximation degree of f is
EX(f, Yo )p =inf{lIf = Pallp [P € AP (Yo) NP,). [3]
Where P, be space for the all polynomial that have degree < n.
if A4, a sets for the all collection A, := {ai}?zl for points q; such that —1 <
ag <--<a;<1,q€N.[4]
We denote by J,Sr) (f, A ) is the functions set satisfying the interpolation
constraint at points A, such that
IO(f, A) = (g € LD |fO(a) = gP(a)), forall @ € Agand 0 < i <7},

So the notation J,(f, 4,) = IS (f, A4 ), if 7 = 0. And R is the set of real
numbers. And ||||,, is L, — norm on I such that

Iflle = (f, IFIP) /P < oo, [1]
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In our work we need the following property:
Let g and f function in L, (I), such that g # 0,
then

1 o
llg + fll, < (llglty +11£115) o <op (gl + 1£1,). 11T )
And
. (f,.;Dp = 1:(f,.)p is T—modulus of smoothness of f inL,(I), such
that

Tt(f' 5)1) = Tt(fv 6; I)p(]) = ||wt(f! X; a)p"Lp(I)' ) = 0, [1]
where
S5 )
we(f, % 8), = sup{IAL(F, |y + S € [x = T x + 21013, 1]

is the local modulus of smoothness of fof order ¢.

Co-positive approximation, where the approximation polynomials are
required to maintain the same sign pattern as the original function, represents an
important branch of shape-preserving approximation theory.

Previously, some papers introduced the study of the constrained positive
and co-positive approximation. They proved direct theorems for functions in
Lyp[a,p) @and Cla, b], using polynomials of degree < n,n € N.

Then, for strength, we need to prove that the direct theorems are in terms
of w; not w, or w;, i = 3, The authors [5] in introduced a negative theorem to
strengthen the above results.

Then in [6], [7] he authors proved direct theorems for interpolating
polynomials. The above works lead us to answer the question: Can we prove
direct theorems for positive and co-positive interpolating approximation without
any conditions, or what conditions are needed for this? This leads us to
introduce [8], and find conditions to have interpolating positive and co-positive
approximation for functions in Ly[o47, 0 < p < L.

We study positive and co-positive approximations under an interpolation
constraint. Also, we prove a direct theorem for positive intertwining. Here we
strengthen our result in [8], and prove a negative theorem for co-positive
approximation for functions in the L%,_O < p <1, space.

2. The Main Result.
Theorem 2.1: For anyny € N,D > 1,& for positive real sequences (X,)nen
which is converge to zero, and B € [0,1), there exists f = f, € L%, (H,n e

N,andn = ngy,s.t f =0on [—1, _1/2], f=0onl, and for any polynomial
P, € P,,, which is non-negative on (B — %,ﬁ + %) and satisfies f(B) = B,(B),
50

_2 PR
If = Pull, > DXyn~ 73 1,(f",n70),,
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Proof: ifn >C(1—p)™ %, and ¢ = n_4/3, where C is positive constant greater
than 1.
And define

0,iff<x<pB+e¢
h(x) = S(x),ifx < B,
S(x) +e&tifx=>p+e,
where S(x) :=3(x — f)* — 4e(x — B)3.

See that h € L}, s0
we = O il
with §'(x) = 12(x — B)% — 12e(x — B)? = 12(x — B)*(x — B — ¢€).
And, define
0xel-1,-1,]
fG) = hCM (6 [T/, 7Y 4])x e (TY5.71y),
h(x),x € [_1/4,1],
where M (x; [a, b]), is a function s.t
_ M (x;[a,b])
M (1; [a,b])
Where M (x; [a,b]) := [* h(u; (a + b)/2, (a — b)/2) du,

M(x) := M (x; [a,b]) :

2 _ 2 _ g2 —
h(x; xo,d) — { exp(d /((x xo) d )'x € (xo d' xO + d)r
0, otherwise,
and [a,b] € [-1,1]. If x < a, then M(x) = 0, and h(x;xy,d) = 0, and M (x)
. M@[ab]) _ ~
= M anD = 1,Ifx = b,andIfa < x < b, then 0 < M(x) < 1.

Now let us estimate ||[f" — S|[,, on [B, B + €]:

1
! ! ! ’ /
1 =Sy, g = 1Sl oy = (S 1GNP dx) ™

1

= (726~ pree—p - ol ax),

= ([F* 11267 - 218 + Y — B - ) dx)p

= (120 — Bx? — ex? — 2Bx? + 2p%x + 2pex + frx — B° — o) dx)s

since B, > 0,8 €[0,1],¢ € (0,?),Assume Be =C,

we get

IF" = S"llppy), < 12 (SFF“@3P + BPx?P + Px?P + 2PFPXP + 20 2P +
”

1

20D FPXP + PP + [P + P 2P )dlx )P
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3p+1 2p+1 2p+ 2p+
:12(" R e A “ 4
3p+1 2p+1 2p+1 +1

ﬁZp [;3px +ﬁ2p£px|ﬁ+$)
- 12 ((ﬁ+s)3”+1 e B+’ | p (BT | oy 2v P Bre)?PHt

3p+1 2p+1 2p+1 2p+1

(B+e)PHt (B+e)P+t (B+e)P*t
+2Pp2P o T BrEr B T B* (B +¢) +
pEen(p 4 ) — BTG p BT oy BTy 0P

3p+1 2p+1 2p+1 2p+1 p+1
1

(B)?pt  (p)3ptl 3p+1 2p+1 B+£)5
Pept? 7 14 — 14 14
2re p+1 p+1 B B € |13

< 12((B + €)% + (B + &)PPH 4+ €7 (B + )P + 2P (B + £) PP+
+2P(B+ PTT+2PP(B+ P+ (B PT+ (B + o)

+eP(B+e))P
< 12((1+1+2”+2”+27’+1+1)(B+£)+£”(2”+1+1)(ﬁ+£))%,

1 1

<12(10e+4 s)v = 12(1011517) + 12(4reP) < (48)vsp < (48 )Ps
Now estimate 7,(f',n™"),,
s.t

T4(f"n_1)p[—1,‘8 C(p) ”f(s)” R < C(p)

when C (p) be constant depend on p & it positive, so follows froms the behavior
' -1 1.2

of S'(x) on | /4,1], and the smoothness of f on [ 1, 8], then

7Ol yzay < O

Also we have

n(F Yy = (= S,y < COIF - S, < Cp)(a8 e
Hence
w(f',n Y, =max{C() =, CPIe} = Cp) . ()
Then estimate ||h(x) — S (x)Ilp[—1 /a] such that

1h = Sl = IS hpigpeer = (J3 1(SC)I dx)?

1

= (I BG =Bt —te(x - B dx )’

since B, >0, €[0,1],¢ € (0, g),Assume Be =C
we get
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h = Sllyp-1, 1 < ([37G7 (x = B* + 47€P (x = f)*F) dx )P
= (3” f:+g(x — B)* dx + 4P¢P flf+£(x - B)3P dx)g

1

_ (3P (x_ﬁ)4P+1 |B+5 n 4P£P (x_ﬂ)3P+1 ﬁ+5)5
4ap+1 B 3p+1 B
1
_ (3P (£)4P+1 _ 0 + 4P€P (£)3P+1 _ O)E
4p+1 3p+1
1
_ (3P (£)4P+1 o0+ 4_P (8)4P+1 _0|ﬁ+£)5
4p+1 3p+1 B
1 1 1
< (3P +4Pe)p < (3e + 4e)p = (7T &)P = Tpe: A3)

Suppose there exist a polynomial P, € P, is non-negative on (,8 - %, B+
), satisfy £(B) = Pu() = 0, and,

IP,(x) = F(Oll, < DXyn” /3 1,(f,n7h),. 4)

By using (1), (2) and by the estimates (3) and (4)
we get:

1) = SCOMlp[-17,,1)
1
< 2P 1RGO = FOMpj-1/,1) + NAG) = S p-17,.1)
< 27! (DXnn_Z/3 nu(f\n Dy + 7%8)
<25 (DXnn_z/ sC)n~* + 7%£>

< 25! (DXnn_M/SC(p) + 7%2). (5)

By Markovs - Bernstein inequalities [9] on the [_1/ 4 1], and by (5)
we get

1BY = 8" llpj=1/,.) < €L = B) 1By = Slly[-1/,.1,
<c(1-pyi2r ( DXyn5C(p) + 7%5)'

where pn(")(ﬁ) =SOPB)=0,i=01and B(B+¢€) =0,
we have

1< e R(B-)—SE+al =[] (B +e-RI®) - 5" (O] d,
<t IR = ",
=B +e— IR = 5"l
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1_1 —-14 l
<Ce3(1-p)12F (DXnn 13 C(p) + 7Pg),

1 _ 1
<Cn*(1-p)12pt ( pX,n cm) + 755),

by taking n to be sufficiently large we arrive at a contradiction.

3. Conclusions

Interpolation constraints add additional complexity, especially when
combined with shape-preserving requirements. We extend the study of
polynomial approximation with interpolation constraints-particularly positive
and co-positive approximations to include the framework of L,, spaces, 0 < p <
1.

The quasi-normed and locally non-convex structure of these spaces poses
significant analytical challenges, as many of the traditional techniques available
in the normed setting p > 1, are no longer applicable. Direct theorem for
interpolating positive and co-positive approximation on L}, quasi normed spaces
is impossible in general under certain condition we make this possible then we
strength our result by a negative theorem.
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