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Abstract

In this paper, we introduce and study fibrewise h*-topological spaces over . We define
this class of spaces and investigate related notions, including fibrewise h*-closed sets and
fibrewise h*-open sets in h*-topological spaces over 2. Several propositions concerning these
concepts are established and proved. In addition, a substantial part of this work is devoted to
p.h*-topology and F.COp.h*-T-¢ in the setting of micro-topology. The results presented here
contribute to the development of the theory of fibrewise h*-topological structures and their
associated properties.
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1. Introduction and Preliminaries

To initiate the classification of fibrewise structures, we first summarize the
concept of sets distributed over a specific base space, denoted by the symbo
(F.®) and referred to as the fundamental set. Let 98 represent this fundamental
set. A fibrewise space over 8 consists of a total set W and a mapping 0: W—%
known as the projection. For any point b € &, the fibre over b is the subset
W,=g~1(b)S W. Because the projection % is not strictly required to be
surjective, it is possible for these fibres to be empty. Furthermore, for any subset
P *C B we consider the preimage §~1(2 *) alternatively denoted as W| & *
which forms a fibrewise set over % *. The projection for this space is
determined via the restriction of the original map g~ to W| & * [1-7].

This work contains, we were able to establish new ideas, such as fibrewise
h*-topological spaces, fibrewise h*-open, h*-closed from h*-topological
space.and fibrewise micro h*-topological spaces. Finaly for a universal set U,
the symbol U /R means the equivalence classes of U due to the equivalence
relation R, while the symbol Ty (H) means the nano topology of the subset H
related to the relation R [7]. Now, we will present the following definitions that
we need in our work.

Definition 1.1: [8] A subset X of a toplogical space (W, 1), is called h-open set
if for every non-empty set Uin W, U= W and U € 1, X < Int(XUU).

The complement of the h-open set is called h-closed. The family of all h-
open sets of (W, 1) will denoted by t".

Definition 1.2: A set X be h-closure is indicated by the symbol h-cl(X’), which
is defined as h-cl(X') = N{ Y; Y be h-closed, and XS Y }. A set X is h-interior
be indicated by the notation h-int(X'), which has the definition h-int(X) = U{Y:
Y be h-open and X2 UY}.

Definition 1.3: [9] Assume thatGand Xare topological spaces, then the
function ¥: G — ¥ is known as h- irresolute, if ¥~1(U) is h-open set in G for
every h-open set U in X.

Definition 1.4: Assume that G and H are fibrewise sets over B, with a projection
#c: G— B, and Py H > B, respectively. Function ¢: G— H is referred to as
fibrewise if 0 p=g;, Alternatively, if ¢(G,)c H, each from the points b
from .

Keep in mind that a fibrewise function ¢: G— H over & determined via
constraint, a fiberwise function @g«:Gg+—>Hg+ over #* from A.

Definition 1.5. [10] Assume that % is a topological space such that, the
fibrewise topology on fibrewise N over &, purpose whatever topology on N
where in projection § is a continuous.
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Definition 1.6: [11] A fibrewise function ¢: G— H, in which G and H are

fibrewise topological spaces over 4, the referred to as:

() A mapping is continuous if, for every point g € G, (where b € %), the
inverse image of any open set containing ¢(g).

(I) A mapping is open if, for every point g € Gp(where b € ), the direct
image of any open set containing g results in an open set containing @(g).

Definition 1.7: [12] If a projection % an open (resp., closed) function, the
fibrewise topological space over & the referred to as fibrewise open (resp.,
closed).

2. Fibrewise h*-Topological Spaces

This part provides explanations of the fibrewise h*-topology and various
topological characteristics that can be gleaned from it.

Definition 2.1: AssumethatGand ®&are topological spaces, then the
function ¢: G — X is known as h*-continuous if ¥~1(U) is open set in G for
every h-open set U in K.

Definition 2.2: Let % be a topological space. We define a fibrewise h*-
topological space denoted by the symbol (F.GD.h*-T-¢) on a fibrewise set W
over 4 as any topology assigned to W such that the associated projection map
$: W — R is h* continuous. Consequently, a fibrewise h* topological space
over B simply consists of a fibrewise set W paired with this specific topology.
For example, a h*-topological product # X T for each h*-topological
space T, may be considered as the F.GO.h*-T-¢ over &, making use from
comparable to the first projection and for each subspace from % X T.

Example 2.3: Let W = {w, Wy, W3}. Ty = {d, W, {wi}, {Wa}, {Wy, Wa}, {W,
W3}}7 and & = {bl’ b25 b3}7 T8 = {(I)’ '%7 {b1}5 {bl’ bz}},‘[g = {(I)’ B5 {bl}’ {bZ}:

{b1, ba}, {ba, bt} If oyt W 5B o (W1) = by, 0y (W2) = by oy (W3) = bs. It
is clear that g, is F.GD.h*-T-c.

Example 2.4: Let W = {w, w,, w3}. T, = {0, W, {w1}, {w|, w3}}, and & =
{bl: b27 b3}: B = {d)a '%: {bl}a {bla bZ}}a Tg = {¢7 B’ {bl}a {bZ}a {bb b2}5 {b2a
bs}}. If oy s W 5B ; oy, (W1) = by, oy (W2) = bs, oy (W3) = b,. It is clear that
$w 1s not F.GD.h*-T-¢, while it is F.GD.-T-c.

Remark 2.5 Every fibrewise h*-topological spaces is fibrewise topological
space and visa versa is not true by above example:

Definition 2.6: If G and X are fibrewise h*-topological spaces over %, then the

fibrewise function ¥: G — X is known as:

(I) h*-continuous, when each point g € G,where b € &, inverse image from
any h-open set from y(g) be open set from g.
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(I) h*-open if for any point, g € G, where b € &, a direct image from any
open set from g is a h- open set from Y (g).

Let Y: G — X be a fibrewise function where §G is fibrewise set and Xis a
F.G.h*-T-¢c over #B. We could offer § the h*-induced topology, in the
conventional sense, therefore this must be a fibrewise h*-topology. We can say
to it, as the h*-induced F.GD. h*-T-c.

Proposition 2.7: Let : G — X a fibrewise function when X a F.GD.h*-T-¢ over
A, and G is a fibrewise set that contains induced fibrewise set h*-topology.
Then for every F.GD.h*-T-¢ W, fibrewise function 1: W — G be h*-continuous
if and only if the composition o A: W — X is h*-continuous.

Proof: Consider a diagram shown in Figure 1:

A 1%

Figure 1
Composition diagram

(Part if) Assume that A is h*-continuous. Let w € W,,, where b € & and
Y h-open set from (Yo A)(w) = n € X, inX. Since P be h*-continuous,
1 ~1(9)is an open and hence h-open [9] set containing A(w) = g€ G, in G.
Given that 1 is h*- continuous, then A ~1(y ~1(¥9)) is a h-open set include w
€ Wyin W and 1 ~1(y "1(¥)) = (Ao ) () is h-open set containing w €
Wyin W.

(Part only if) Assume that o A is h*-continuous. Let w € W,,, where b €
& and U h-open set from A(w)=g € G, in G. Since Y is h*-open, Y (V) is h-
open set containing P(g)= Y( A(W)) = n € X, inX. Since Yo A is h*-
continuous, then (Yo 1)~ (¥ (U)) =4 “1(U) is open set containing w € W in
w.

Proposition 2.8: Let 1: G— X a fibrewise function when X be JF.GD.h*-T-g over
A, and G is fibrewise set that possesses h*-induced F.GD.h*-T-c. If at all any
F.G.h*-T-¢ W, the fibrewise function 1: W— G is h*-open, surjection if and
only if the composition o A: W— R is h*-open.

Proof: Evident.
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3. Fibrewise micro h*- closed and micro h*- open from fibrewise micro h*-
topological spaces

Within this section introduces notions from fibrewise micro h*-closed, and
micro h*-open from micro h*-topological spaces, many micro h*-topological
properties from the resulting ideas are being investigated. During this research
the symbol p-closed (resp. p-open) means micro closed (resp. micro-open) see
[13]. The symbol p. h-closed (resp. p. h-open) refers to h-closed (resp.h-open)
set but in micro topological spaces.

Definition 3.1: A function 1: G— R is called micro h*-closed function (p. h*-
closed) in which G and X are h*-topological spaces,when it is map micro h-
closed (p.h- closed) sets [10] onto (p.closed )sets. The collection of p-open, .

h- open a subset H will denoted by pg (H), g (H) respectively.

Definition 3.2: A function : G— X is called micro h*-open (p.h*-open)
function in which G and X are h*-topological spaces, when it is map p.h-open
sets onto [L-open sets.

Definition 3.3: A F.G p.h*-T-¢ N over & is known as fibrewise p.h*closed if
the projection £ is p.h*-closed.
Example 3.4: Let U = {x, y, z, w, q}, U/ R={w, z, y}, {x}, {q}}, H = {x, y}
C U.The Tx(H) ={ U, ¢, {x}, {X,y, z, W}, {y, z, w}}, then Mm={y} & Ty(H).
Then g (F) = {U, ¢, {y}, {x}, {x, v}, {x,y, 2, W}, {y, 2, wh} = ng"(H), so the
collection of p.h-closed setis { U, ¢, {x,v,2,q},{y,z w,q},{z, w,q}, { q}, {x, q}}-
Let # ={1,2,3}, %/ R ={{2},{1,3}},9 = {1,2} <&, then Tx(9)={ ¢,
#}.{2},{1,3}}, then fi={3}& T(9). Thus Hn(9)= {B, ¢, {23}, {1.3}, {2},
{3}}, hence the micro h-closed is the set {#, ¢, {1,3}, {1,2}, {2}, {1}}. Define

a projection §: (U, i (H))— (B, Hy(¥9)) such that P(x)= (=2, P(y)= 3,
$(z) = go(w)= 1, then the projection  is p. h*- closed, hence U is fibrewise .
h*- closed.

Proposition 3.5: Let i: G— X be a fibrewise p. h*- closed a fibrewise function,
where both G and X represent (F.GD. p. h*- T-¢) spaces over the fundamental set
2. If the space RN is fibrewise p. h*- closed, then G must also be fibrewise p. h*-
closed.

Proof: Consider a diagram shown in Figure 2:

g_l!/_.R

P o,

B

Figure 2
The diagram shows the relationship between X and G
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Assume that Y: G— KX be p. h*- closed fibrewise function and X is
fibrewise p. h*- closed such that the projection g: 8 — 2 be p. h*- closed. To
demonstrate that G a fibrewise p. h*- closed such that the projection g: G — %
be p. h*- closed. Suppose F be a p.h-closed sub set from G,, when b € A.
Given that 1 be p. h*- closed, then (F) be p. h- closed subset from &, since
$x be p. h*- closed, and each p-closed is p.h-closed [9] thereafter gox(Y(F)) be
u - closed in &, but @xW(F)) = (Px0P)(F) = 4(F) a p - closed in &.
Hence, g p. h*- closed and G be a fibrewise p. h*- closed.

Proposition 3.6: Assume that N a F.GD. p. h*- T-c over 4. Let N; fibrewise Q.
h*- closed from a finite covering for N, thereafter N a fibrewise p. h*-closed.

Proof: Suppose that N a F.GD.h*-T-¢c. over &, such that a projection §: N—> X
exist. For demonstrate that, # be p. h*- closed. Since N; be fibrewise p. h*-
closed, then the restricted projection §;: N; —> A is p. h*- closed for each
member N; of a finite cover of N. Let us assume that F is p. h*- closed subset of
N, thereafter, go( F) =U ;(N; N F), this be finite union from p-closed sets [10],
and  be p. h*- closed. So, N is fibrewise p. h*-closed.

Proposition 3.7: Let N a F.G. p. h*- T-¢ over 4, thereafter N be fibrewise p.
h*- closed if and only if for evey fibre N, from N, and any h-open set U from
N, in N, In existence an h-open set O from b, such that N, < U.

Proof: (Part if) Assume that N is fibrewise p. h*- closed such that, the
projection o: N— 2 be p. h*- closed. Suppose b € # and U is p.h-open from
Nj, in N, then N-U is p.h-closed in N, this means (N-U) is p-closed in &. Let
0= $B-p(N-U), thereafter O is a p-open set from b in % and Ny = g~ 1(0) = N-
$~H(p(N-0)) c U.

(Part only if) Assume that the assumption is correct and : N— Z.
Suppose F a p.h-closed subset from N, and b € #B-go( F) and any p.h-open set
U from fibre N, in N. Assuming they exist a p-open O from b, such that N, C
U. It is simple to demonstrate this O € B- g( F), thus B—gp( F) a pu- open in B
means g( F) p- closed in &, and g . h*- closed. Hence, N is fibrewise p. h*-
closed.

Definition 3.8: A F.GD. p. h*- T-g N over & a known as fiberwise p. h*- open,
if a projection  be p. h*- open.

Example 3.9: Assume U = {1,2,3,4}}, U/ R=1{{3,4},{1}, 2}}, £ =1{3,1}
U Tu(H)={,¢,{1},{3,4},{1,3,4} }let M={2}. Then pxz(H)= {UW¢p,{1,2},
(3,41,{1,3,4}, {2.341,{1}, 2}1=ng"(H). Let B = {x, y, z, W}, BIR={{w},
X34y, 23}, G ={z, W} B, then Tn(G) ={ B, $,{Wh{y, z},1y, 2, w}, then fi
={x }. Then {u(G)= {B, b, 1y, 2}, {y, z, W},{x}, {W},{w,x},{x,y,z} }. Define a
projection 2: (U, () — (B, tin(G)) such that p(1) = x, $(2) = w, P(3)=
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y, §£(4) = z, then the projection # is p. h*- open. Hence, U is fibrewise p.h*-
open.

Example 3.10: Assume U = {w;, wy, w3}, U/ R={{w}, {wo}, {w3}}, H =
¢ S U, thereafter Tx(H)={U, ¢}, let v={ w}}¢& Tx(H). Then px(H)=
(W, ¢, {wi}}, hence py"(FO={W, ¢, {wi}, {wows}}. If #={d.1,d2,d3},
BIR={{d1},{d2,d.3}}, 9 ={d1} S B, thereafter Tz(9)= { &, ¢p,{d.1}},
then fi={ d.2}& Tx(9). Thus Hyx ()= {B, ¢, {d1},{d2},{d.1,d.2}}. Define a
projection g: (U, gk (H))— (B, Hx(9)) such that go( w))=d.1, o( wy)=d.2, $(
w3)= d.3, clear that the projection  is not pu. h*-open while it is p-open.

Proposition 3.11: Let Y: G— X be p. h*-open fiberwise function, where both G
and N are (F.G. pu. h*- T-g) spaces over #B. Whether X be fibrewise p. h*-
open, thereafter G be fibrewise pu. h*- open.

Proof: Assume that : G— X a . h*- open fibrewise function, and X a fibrewise
p. h*- open such that the projection §y: X — B is u. h*- open. To demonstrate
that G is fibrewise p. h*-open such that the projection fg: G — & is p. h*-
open. Let O be a p.h-open sub set from G, where b € 2. Since Y is p. h*- open,
thereafter Y(0) be p - open subset from X, since £y a w. h*- open and each p -
open p.h-open [9], thereafter gx((0)) is pu- open in &, but L(Y(0)) =
($x0Y)(0) = $4(0) a p- open in B. Thus g, must be u. h*- open and G a
fibrewise p. h*-open.

Proposition 3.12: Let {N;} constitute finite family from fibrewise u. h*- open
spaces over %, thereafter the F.GO. p. h*- T-¢ product N=[]z N; also has p. h*-
open.

Proof: Assume that N=[[gN;a F.GD. p. h*- T-g over %, thereafter go:
N=[[g Nj> £ is exists. To demonstrate that € is p. h*- open. Since {N;}
constitute a finite family from fibrewise pu. h*-open spaces over &, thereafter
the projection ;: N;— & is p. h*- open for each j. Suppose O be a p. h- open
subset from N, then $(0) = o([Iz(N; N 0)) =]l #;(N; N 0), this is finite
product from p- open sets [11], and therefore g p. h*- open. Hence, the
fibrewise p. h*-topological product N=[[z N; is a fibrewise u. h*- open.

In other words, the category from fibrewise p. h*- open spaces has a
finitely multiplicative. In reality, Proposition (3.12) holds true for infinite
families if each member from the family is fibrewise nonempty in the sense that
the projection is surjective.

Definition 3.13: Let G and X be micro spaces. A function ¥: G — X is termed p-
h*- irresolute, if for every p-h- open set U in X. its preimage ¥ ~1(V) is p-h-
open set in G.
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Our next three findings apply equally to fibrewise p. h*- closed and
fibrewise . h*- open spaces.

Proposition 3.14: Let : G— X be a p. h*-irrosolute fibrewise surjection, when
G, and X are F.GD. p. h*- T-c over A. If G a fibrewise p. h*- closed (resp., w. h*-
open), then X is fibrewise p. h*-closed (resp., . h*- open).

Proof: Assume that P: G— R is p. h*-irrosolute fibrewise surjection and G is
fibrewise p. h*-closed (resp., p. h* -open) such that the projection g: G — %
is p. h*-closed (resp., p. h*-open). To demonstrate that X is fibrewise p. h*-
closed (resp., pt. h*-open) such that the projection g : X— A is p. h*-closed
(resp., w. h*- open). Let C be a p. h-closed (resp., p. h-open) subset from X,
when b € #. Since ¥ a . h*-irrosolute map, thereafter 1 ~1(C) is p.h-closed
(resp., p.h- open) subset from G, since §; is p. h*-closed (resp., p. h*-open),
then fo5(1~1(C)) be p - closed (resp., p- open) in B, but P ~(C)) =
(50901/)'1)(6) =g« (C) is p -closed (resp., u -open) in AB. Hence, £y a pu. h*-
closed, (resp., i. h*- open), and X is fibrewise u. h*-closed (resp., u. h*-open).

Proposition 3.15: Let N be a F.G. p. h*- T-g over . Assume that N a
fibrewise p. h*-closed (resp., u. h*- open) over &, then Ng- is fibrewise p. h*-
closed (resp., . h*- open) over B*for every p-closed (resp. p-open) subset from
B.

Proof: suppose that N be a fibrewise p. h*-closed (resp., u. h*- open), such
that the projection :N— % a p. h*-closed (resp., p. h*-open). To demonstrate
that Ng+ is fibrewise p. h*-closed (resp., p. h*-open) over B*; the
projection fog+: Ng= — B* be p. h*- closed (resp., u. h*- open). Let C be a p. h-
closed (resp., pu. h-open) subset from N, then C N Ng+ p. h- closed (resp., p. h-
open) in Np+[12,13], and §5:(C N Np+) = 9( C N Np+) = ( C) N B* which be
p-closed (resp., u- open) set in B*. Hence, g« wn. h*- closed (resp., pu. h*-
open), and N+ is fibrewise p. h*-closed (resp., p. h*-open) over B*.

Proposition 3.16: Let N be an (F.GO. p. h*- T-) space over &. If Ng; is a
fibrewise p-h*-closed (resp., p. h*-open) space over B; for every set B; in a -

open cover of & then N itself is fibrewise p-h*-closed (resp., pu. h*- open) over
B.

Proof: Let N be F.(D. p. h*- T-g over &, then projection §:N— 2 exists. For
demonstrate that & a p. h*-open. Since NB). is fibrewise p. h*-open over B;,

thereafter projection #3;: NBj —B; be u. h*-open for every member B; from an
p-open covering from . Assume C is a p.h-open subset from N, thereafter go(
C)=V g)B(NBj N C), this is a union from p-open sets, and so & is p.h*-open.
Hence, N be fibrewise p. h*-open over 2.
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4. Conclusion

Topological spaces have been presented in a wide variety of ways over the

years. Considering transparency leads to a number of intriguing issues. We
present p.h-open sets, p.h-closed sets and p.h*-continuity in fibrewise p.h*-
topological spaces in this article and look into some of the fundamental
properties. Its significance is important in many fields of mathematics and
related sciences. Future research will expand on this and add some uses.
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