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Abstract

This work presents the new result obtained by studying many sequences space define
as positive functions. This functions are constructed to show the convergence of these spaces.
The space of these functions is studied, and it is shown to be linear, total, and complete
in a paranorm. Some new definitions and properties related to these sequence spaces are
introduced and discussed in this field.

Subject Classification: 46A45, 40A05.

Keywords: Sequence space, Positive function, Convergence, P-convergence.

1. Introduction

The concept of a sequence plays an important role in real analysis, where
many studies focused on summability methods with arithmetic mean; after that,
it was generalized by Cesaro as (C,k) —methods for the summability. To
achieve convergence for the sequence, in 1951, Fast [13] introduced
convergence for the sequence, and also in 1959, Schoenberg [10] independently
studied convergence. It found in Zygmund [11]. Further, it was studied and
proved in the sequences space and linked to summability by [14], Salat [12], and
introduced by Maddox [15], [20], Tripathy [16, 18].

In 1971, [2] defined sequence space in much more details; they established
each sequence space consists of subspaces isomorphic to 1,(1 < p < ). Thus,
each infinite-dimensional Banach space consists of closed subspaces isomorphic
to ¢, or some [,, positively of family for the space (see Lindenstrauss [1],
Milman [8]) in 1970. Further, the sequence space is a generalization of the [,
space.

E-mail: maysoon.azeez@ec.edu.iq

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2556

1598 M. A. NEAMAH

In 2004, a positive sequence space was further investigated from a
sequence space perspective, related to summability theory, in [5], [9], and many
others. In [6], some vector-valued sequence spaces were introduced by using
positive functions defined over a seminormed space in 2009. Later on, the
summability method was studied by more mathematicians, such as Tripathy and
Borgohain [4] in 2013.

A general concept for a single sequence is a double sequence, and all
double sequences are infinite matrices. The initial works on over double
sequences were done by Browmich [7] in 2005. Later, it was introduced at the
beginning of the nineteenth century by an eminent mathematician [17] in 1904,
where an investigation from summability theory was conducted by [3, 19-24].

2. Preliminaries

If (x,y) = (xk‘l ,yk‘l), the infinite array for elements (xk,l '}’k,z)' and 2
denotes the family of all C? sequences.

In this section, we defined positive functions M(x,y) In term for the
sequences space, as follows.

Definition 2.1: The positive functions M be the functions

M:[0,0) X [0,0) — [0,00) s.t M be continuous, nondecreasing, even, convex,
and satisfied follows condition:

1) M(0,0)=0.
2)M(,k) >0
3)If v,k - oo, then M(v, k) — o

Definition 2.2: A sequences (v,k) = (Vi ky,;) have limits ¢ denote as
lim(v, k) = ¢, provide if ¢ > 0, AN € N s.t |Vk,z — 4,1 — €| < €Vk,l>N.

Definitions 2.3: Doubles sequences (x,y) = (xk,l, J’k,z) named P — sequences if
Ve > 0,3IN € Nsit |(xi‘j = XeuVij— J’k,z)| <eVikjl=N.

Definition 2.4: The sequences (x,¥) = (xy,, Vi, )named bounded, if there is
positive numbers B s.t |(xk,z,}’k,z)| < B,Vk,l

We constructs the sequences spaces as:

7= (X Vicr) € 2: Ty T2y inf sup {M ('xz'”:y%'l')} <ol

for some p > 0

A spaces 7 with norms

I (xk,l,yk,l) l=inf {p > 0: Y52 X2, inf sup {M ('J%','y’%l')} < 1}_

Definition 2.5: If M the functions & p = (Pk,z) denote any factorable sequences
for the strict positive real number.
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We defined followed:
(o, y) €Y X2, infsup M(M M) o <o
-‘(p)z ’ k=1 4l=1 p ’ p ’
where p > 0
W2(M,p) =
1 beea—t] -t
€3t 5 g (2825 o)
when p > 0
WOZ(M! p) =
bl vl )
(,7) € 3:litmyp =37, T 1mfsup{< (e y7)> }=o,
where p > 0
Wi (M, p) =
el vl )™
X,y) € 2:su, infsu = = < oo,
() € 2: Suppp 7= Ty il inf p{( (et y}f)) }
where p > 0

For a function M(x,y),A = (C%,1,1) and py,; = 1, we now introduce the
following sequence spaces:

w?(M) =
—f —f
(x,y) € 2:limyy p, — Zk 120= 1mfsup{ (|xk; l'lyk‘;l; l)} =0 )
when p > 0
e M _
WOZ(M) = (x,y) €2 llmmn Zk 120 llnfsup{ ( P )}_ ’

for some p > 0

_ ey € visupy =, Sy infsup {m (2, )} < o

when p > 0

3. Some Important Result
Theorem 3.1: If H = supy, by 1, then 7(p) be linear sets over C2.

Proof: If (x,y) = (Xx1, ¥x,1) » (a,b) = (ax,;, by,;) be elements for 7(p) and let
(a, @), (B, B) € C? are complex numbers. We must funded some p; > 0 s.t

Pkl
i 2 infup {{ o (2ol foesud) 7

P3 P3
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Since (x,y), (a,b) are in T(p), M(x,y) be a function, there is some
positives p; & p, s.t

Pkl
YO S infsup {(M (|’;k1.z| ’ |3;k1.l|)> } < oo,

and

Dkl
Sy By infoup {(M (M,MD } <.

P2 P2

We defined p; = max{2|a|p;, 2|B|p2}. so
Pkl
YO T infsup {(M (|‘1xk,z+l3ak,l| ) |¢ZYk,z+ﬁbk,l|)> } <

P3 P3

Pkl
0 o - axy, Bay, ayy, Bby,
YO YO infsup {(M (| p:l|+| p:z|’| p:l| +| p:l|)> } <

Pkl
3 Li=1 LiZq infsup {(M (lxkﬂ ’ ka,z|)> }

Pkl

P2 P2

where 3 = max{1, 271}. Thus 7(p) be linear spaces.

Theorem 3.2: 7(p) be total paranormal spaces with para norms
Im (x, }’) =

Pkl et e\ n
inf 1P '/H;(Zlezf‘;linfsup{(M(%,%D }) <1t

kl=12,..
and H = max {1, supy oy, }-

Proof: It clear, g, (x,y) = gy(—x,—y). use Th. 1 for (a,a) = (B,8) = (1,1),
so:
QM((X: y) + (a, b)) = QM((x +a),(y+ b)) = gM((xv y) + (a, b)) <
9u(x,y) + gu(a, b), then
Since inf {ppk'l/H} =0 forx =0,y =0,s0,M(0,0) =0.
Conversely, if gy (x,y) = 0, so

PRl Pkl 1/H
inf{p gt (Z,;”zlz‘f’:linf sup {(M (M,MD }) <1;=0.

p b

Hence, for ¢ > 0,3p, (0 < p. <€) s.t
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Pkl Yu
(mes s mfup (22, b)) ) <0

Thus,

Dk, 1/H
(Z;?ﬂ Y, infsup {(M (|x5,z|’|y:.l|)> }) <

Pkl l/H
(mes i mfup (22, b)) ) <o

Suppose Xy, 5, # 0, Vs, # 0 for some m, t.
If ¢ — 0, therefore (M,M) - o0
€

€
So,

| | | | Pm,t 1/1‘1
(Z%ﬂ iz infsup {(M (%’@)) }> o

this contradiction. so, (Xp,, s, Ynm.s.) = (0,0), vm, t.
To shows the scalar multiplications be continuous.
Let (y,y) is the any numbers. from definitions of paranorm,

]

1
Pkl o o [vxe vyl NN
inf{P Hi| Yg=1 Xi=1 infsup M( p.' p,) <1
k,1=1.2,..
Then
1
Pkl o o [xial |yed NN
infd (vr) HI| Xps, N2, infsup M( ll r,) <1
k1=1,2,..
_p
where r = /y-

Since [y [Pkt < max(1, |y|") , therefore |y|"“i < max(1, [y|")u
Hence,

1 .
gurx,vy) < max(1, ly|") /u inf

Pk, Peral [yidl o 1/H
o (st ssinpou {( (31 22 ) ) <]

T T

k1=123,..
which converge to the zero as g, (x, y) converge to the zero in 7(p).
if (x,y) = 0 1in 7(p).
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For an arbitrary ¢ > 0, if N positive integers s.t

Pt
Yk=n+1 Xlen+1 infsup {(M (MJM)> } < gwhere p>0.

p b

This implies that

%
(Z?=N+1Z?O=N+1infsup{(M (%'%)> }) 55:

let 0 < |y| < 1, by use convexity for the M we obtain

Pkl
o) o) . Xf, Yk,
Zk=N+1 Zl=N+1 lnfsup {(M (| kllr%)) } <

p
el Dy )
oo [ee) . ) ) €
zkzNHzlzNﬂmfsup{leM( Ll ;l)) }<(;)H.

but M the continuous in [0, ) X [0,), so F(j,,j,) be continuous at 0. So
there exist 1 > & > 0 s.t |[F(jy, jo)| < gfor 0,0) < (i, jz) < (6,96).
If K the positive integers s.t |y, | < § for n > K, then when n > K,

il v\ | Yy .
(St s i (el ) )

Thus,

|]/ x | |V y | Pkl 1/H
(ZZ;lZf‘;l infsup {(M ("T“,"T"")> }) <¢, forn>K.
A functions M is represent in followed integrals forms
M(x,y) =[5 5 (F(£), h(s))dtds,
A kernel for M(x, y) are right-differentiable for t,s > 0,
f(0) =0,h(0) =0, f(t) > 0,h(s) >0, f, h are non-decreasing
f(t) > o ,h(s) > o ast,s - oo.

Note: The sequence spaces named complete if each P — sequences be
convergent.

Theorem 3.3: If 1 < p,; < . Then 1(p) be complete para normed spaces with
Pily o Yoo Xkl [Vl i)y
guGe) = inf P /| Bl Bz infoup i M (4, 24) <1
kl1=1,2,..

Proof: 1f (x!, y!) the sequences in 7(p).
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Let 7,7 are fixed. so V% >0, 3N st gu(x'—x/,yt—y)) < %,Vi,j >

N.
Use definition for the paranorm, we obtain

. : . : Pkl
i, i) !
i1 Zity inf sup {(M("‘“ v D y’“')) }s 1,i,j 2 N.

gm(xi-xT)’ gm(yi-v7)

Since 1 < py; < 0, s0
Xl o i
sup {M | kL i k,l'l ’ |Yk,1 : yk,l_l <1
Iu(xt = x7) gyt —y7)
Hence one can find r > 0 with (g)rf (g) > 1and (g)rh(g) >1,
f, h are kernels associated with M, therefore,

M( | - x:i,z.| , Vi - }’zi,z_| ) <7 (Q)f (Q)
guxt = x7) gy (yt —y7) 2 2
50 (x!, ") be sequences in °.
Thus, when (0 < e < 1),3 N s.t
=2y -y <
By use continuity for M, find that

1/H

eho-a] phoosf )\
leg=1 Z?I:l infsup (M (M.M)> <1

P P

Taking infimum for such p’s, so

: k] oo\ V)
k,l - —
inf<p /H:< ’,XﬂZ’,":linfsup[(M(xk"%x,yk‘:%)) D <1;<e

Vi>N&j— o
Now, (x},y") € 7(p) & Mbe continuous, so (x,y) € 7(p).
This is completed a prove for a theorem.

Theorem 3.4: If p = (py,) is bounded Then class for the sequence space
W2(M,p), and the W& (M,p) & W,2(M,p) be linears space on C.

Definition 3.5: The function M (x, y) satisfies A-conditions each of value for the
x,y,if 3K > 0 st M(2x,2y) < KM(x,y),Vx = 0,y > 0.

Lemma 3.6: If M(x,y) the functions that satisfied A-conditions, & 0 <
8§ <ThenVx = 6,y = 6,50 M(x,y) = K% (x,y)M(2,2), when constant K > 0.

Theorem 3.7: For positive functions M that satisfied A,-conditions, then
1) (C%1,1) c W?(M).
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2) (€% 1,1), c WE(M).
3) (€3 1,1), € W2(M).
Theorem 3.8:
1) fo<infpr, <px; <1.s0
W?2(M,p) € W2(M).
2) If1<py; < suppy; < ©.so, WH(M) € W2(M,p).

Proof:
) If(x,y) = (X1 Vi) € W2(M,p), but 0 < infpy,; <1, so,

# k=1Xi=1infsup {M (("‘k.;‘*’ﬂ) ) (|yk,;—t’zl))}

1 . |k 1—41] Pl [yrei=t2] Pl
< %Z?:l Yi-1infsup {M (( ) ’ ( )

p p
Thus (x,y) € W2(M).
2) Letpg, =1,Vk &L, sup py,; < .

If (x,¥) = (X1, Vi) € W2(M). so, where 0 < € < 1, we have (0,0) <
(6,6) < (1,1),3N st

ﬁ k=1 2i=1 infsup {M ((lxk'lp_{ﬁ'), ('yk'lp_{)zl))} <e<l,

vm,n = N. So, we get

ﬁZLﬂzl Yn . infsup {M ((ka,z—m)r'k,z ‘ (|yk'l_{,2|)pkl)}

P p

< #Zkﬂl Yi=qinfsup {M ((lxk,;—f’ﬂ) ’ (|3’k.fo_[2|))}_
Hence, (x,y) € W2(M, p).

4. Conclusion

In this work, a new function is defined with certain properties; it's called a
positive function. Some results are presented that were obtained by studying
many sequence spaces defined by this positive function. The convergence of
these spaces is constructed and the space of this function is proved linear, total
and complete paranormed. Many good results and properties are established and
discussed in this study.
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