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1.  Introduction  
A differential equation with a delayed argument in the state variable is 

called a delay differential equation (DDE). DDEs are used in many disciplines, 
including economics, biology, chemistry, engineering, and physics. In order to 
find approximate or numerical solutions. Numerous writers focused on 
analyzing qualitative traits such as oscillatory properties for a solution, 
asymptotic behaviors, and stabilities [1-4]. 

In 2019, Mohamad and Sharba [5] studied solutions to the NDEs of the 
following form. 

    )    )     )     )) )  
                                                               )       )      ))     )   (   )))       

In 2020, Santra et al. [6] consider a differentials equation 

      )     )) )  ∑     )   (    ))    
   , for       

when   and     is integer & function            continuous. 
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In 2023, Joddoa and Sharba [7] focused on finding an existing oscillatory 
solution to DDEs. : 

   
 

    ( )   ∑   ( )  ( (  ( ))) 
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  Investigating existences for bounded solution to a follows first-order non-
linear DDE is the aim of this study: 

   ( )     ( )    ( ) 
 ( ( ))   ( )  ( ( ( ))) (1) 

where 
1)    and      , is rationals prime number. 
2)        (,      ) (    ))     (,     ) (    ))            
3)      (,      )   )     (,      )   )   ( )      ( )     

      
   

 ( )     
   

 ( )    

h1.  (     ) represent a sets for each continuous function;            with a 
supermom norm ‖ ‖. 

h2.    ( )   ( )     ( )   ( )     ( )             are positive 
integer numbers. 

Lemma 1: [8] If   be closed, and it is bounded, convex sets in   &   ,   , &   
the Banach spaces,                         , A solutions in   be the 
          . If    be the contractions &    be the completely continuous. 

Theorem 1 [9, 10]: Assume that   be an integrals functions on the   with 
dominate *  + on       , which means |  ( )|   ( ) on          , & *  + 
the measurables function on  . If *  +  * + the point - wise almost 
everywhere on  , so   be the measurables finite sets &   be the integrables on 
  such that        ∫     ∫    . 

2.  Main Results 
Here provide the novel sufficient condition to prove Lemma 1 of the 

solution of the equation  (1). 

Theorem 2: If    hold. & there is bounded function     (,     ) (    ))  
s.t 

    ( (  )  (  ) (  )  ( )
)                (2) 
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  ∫   ( ( )) 
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so, eq. (1). Have solution bounded by a function   &  . 

Proof: If  ( )  ∫   ( ( )) 
   . Afterward, eq. (4), suggests that  

         ( )     
   

∫   ( ( )) 
        (5) 

Let ( (,     )  ) ‖ ‖) such that ‖ ‖     
      

| (  )|,then   (,    )  ) 
be Banach, and let     (,    )   ) define as:  
  * ( )  ( )   (,    )  )       ( )   (  )   ( )     +  (6) 
here,   be the convex & closed. A definition for    &       
   (,     )  ) by: 
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Where    and     satisfies eq. (1).        &      , so: 
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By eq. ( ), we have 

     ∫   ( ( )) 
     ( )    ∫   ( ( )) 

      ( )  
   ,     -, we have 
(   )( )  (   )( )  (   )(  )  (   )(  )   (  )   ( )  

                              (  )   (  )   ( )   ( )  
So,       , yield: 
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By eq. ( ), we have 

     ∫   ( ( ) 
     ( )    ∫   ( ( )) 

      ( )  
    ,     -, from eq. ( ), we secure: 
(   )( )  (   )( )  (   )(  )  (   )( )   (  )   ( ) 
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So,                      . demonstrate    the contractions 
map on  .         for      : 

  ‖       ‖     
     

|                 |    

      
     

|∫     
     

 ( (    )) 
    ∫     

     
 ( (    )) 

   |          

      
      

|  ∫   ( (    )) 
      ∫   ( (    )) 

   |            

      
     

|  ∫   ( (    )) 
      ∫   ( (    )) 

   |        

      
     

  |∫   ( (    )) 
    ∫   ( (    )) 

   |               

By eq. (3), we have 
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Where,     
  

. Also for          . 
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By eq. (3), we have 
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Where     
  
 . This implies that 

  ‖       ‖   ‖   ‖    (11) 
Hence,    be the contractions functions on  . To shows    be completely cont. 
function, shown    be the continuous map. If            . but   closed, so 
            as    ,         For     , yield: 
‖                  ‖     

      
|                  | 
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     |  
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so, we have  

           ∫   ( ( )) 
         (31)  

Since |  
 ( ( ))    ( ( ))|     as   tend to    By dominative 

convergence theorem to Lebesgue, yield: 
          ‖(    )( )  (   )( )‖     (14) 
so    is cont. 

To shows    be relatively compacts, using theorems for the Arzelã-Ascoli 
[2]. To shows *       + be uniformly bound & equi-cont. on ,    -   From 
eq. (6), we have  *       + be the uniformly bound. To show *       + 
the equicontinuous on ,    )   

let     and for all    , by eq. (13), so          large enough:  

  ∫   ( ( )) 
  

    
   

                  (15) 

if     &                so 

  ‖(    )(  )  (   )(  )‖     
        

|(    )(  )  (   )(  )|  
 |(    )(  )|  |(   )(  )| 

   ∫  ( )
 ( )   

 ( ( )) 
  

    ∫  ( )
 ( )  

 ( ( )) 
  

     

     ∫   
 ( ( )) 

  
      ∫   ( ( )) 

  
        

      ∫   
 ( ( )) 

  
      ∫   ( ( )) 

  
     

      
 

   
   

 
   

   (16) 

For      and              we get 
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Finally, let     )     )
   )
   )

, then for any    ,            , by mean 

value theorem           )&     
     )

    s.t 

  |    )   )      )   )|  |( 
 
 
)    )  ( 

 
 
)    )|  

     |    )      )| 
                    |     )|      )         

If                    (18) 
Thus,           be equi – cont. & uniformly bounded sets.  
By lemma 1, We has solutions to eq. (1) that be the bounded by a function 

  &  . 

3. Discussion and Conclusion 
This work obtained the novel sufficient condition which proved a lemma 1, 

which in turn proved to us an existence for a solution. These solutions are 
bounded by decreasing function. The conditions that were obtained are ideal and 
effective for determining the no oscillatory property. 
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