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Abstract

In this work, we use Krasnoselskii’s Theorem to prove an existence for the solutions
for delay differentials equation under new sufficient conditions and bounded by decreasing
functions.
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1. Introduction

A differential equation with a delayed argument in the state variable is
called a delay differential equation (DDE). DDEs are used in many disciplines,
including economics, biology, chemistry, engineering, and physics. In order to
find approximate or numerical solutions. Numerous writers focused on
analyzing qualitative traits such as oscillatory properties for a solution,
asymptotic behaviors, and stabilities [1-4].

In 2019, Mohamad and Sharba [5] studied solutions to the NDEs of the
following form.

(a®®m® —U®n(®)) -

VYOFEn®), ()7’ ®),7'(e®)) =0.
In 2020, Santra et al. [6] consider a differentials equation

WY E) + 7, Z; (DY (5;(5)) = 0, for E > kg

when o and ¢; is integer & function Z; , W & §; continuous.
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In 2023, Joddoa and Sharba [7] focused on finding an existing oscillatory
solution to DDEs. :

Ln) = - 2L, A (g (0 (F®)) + L0, Be(9)Gisn (Fe())

Investigating existences for bounded solution to a follows first-order non-
linear DDE is the aim of this study:

r() 20 = =byn* @) +a(In® (M) M

where

1) eand 0 < w < 1, is rationals prime number.

2) ab €C(lyo,),(0,)),r € C([yo,),(0,9)), Vy >y

3) TE Cl([]/O , 00 )IR )I M € Cl([YO , 0 )’:R )’T’(Y) > 0' M’(Y) > O:
limt(y) = limM(y) = o
Y- y—co

h1l. C(H,, H,) represent a sets for each continuous function; f: H; — H, witha

supermom norm ||. ||.

h2. wr(y) < a(y) S per(y) < b(y) < pusr(y), o, Mo ps # 0, are  positive
integer numbers.

Lemma 1: [8] If B be closed, and it is bounded, convex sets in X & S, S,, & X
the Banach spaces, Vx,y € B:— X,3 S;x + S,y € B, 4 solutions in B be the
Six + S,y = x. If S, be the contractions & S, be the completely continuous.

Theorem 1 [9, 10]: Assume that Y be an integrals functions on the E with
dominate {#.,} on the E , which means |#,(x)| < Y(x) on he E,¥Vn, & {#A,}
the measurables function on E. If {f,}— {A} the point - wise almost
everywhere on E, so E be the measurables finite sets & # be the integrables on
E such that limy,_, fEhﬂ = fE/L.

2. Main Results
Here provide the novel sufficient condition to prove Lemma 1 of the
solution of the equation (1).

Theorem 2: If h2 hold. & there is bounded function H,K € ([)/0 ,),(0, 00)),
s.t

(7'[(71)—7'[0’)

Kr)-XW)

7 KM@ dt < = (y 73 (FO) dE+K ),

(s 730" FO)AE+ W) < [T (ME®))dey = v, O)
75" @@®) dt < oo )

)20, vo<v<n @
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s0, eq. (1). Have solution bounded by a function #{ & X .

Proof: 1f1(E) = fyoo K¥ (z(k)) dE. Afterward, eq. (4), suggests that
limg_e, 1(E) = lim %3 (z(1)) dE = 0. (5)

Let (C([ 7o,%0), R), Il such that M1l = suP 0(V]then ¢ ([y,, 00), %)
be Banach, and let y c C([y,, ) ,R) define as:
Y ={nW):nQk) € Clyo ), R) with H(y) < n(v) S K¥),v > vo} (6)

here,  be the convex & closed. A definition for ¢@; & @: -
€ (['v0, ), R) by:

(@) = {fym%ne (M(F (t))) dt,  y=y,

(@1 (v1), Yo SV <71,

(@2 ¥) = { — [ T a®) dt Y F 1

(@) -KyD+KF¥)  vo<y<r1
Where @, and ¢, satisfies eq. (1). Vn,A € Yy & y > ¥4, so:
o b(E)

(@M@ + (@D @) = [0 pe (M(F(V) ) dt - [ 2237 (z(D)) at

Y r(®) vy r®
<z [0 (MFD)) dt = g, [7 2% (D)) dE

<ty [7 3 (MF®)) dE = g, [7 3 (2(D))
By eq. (3), we have
<z [ HY(FD) dE+HG) = po [7HY (7(D) db =K ()

VY € [¥o, V1], We have

(@M @) + (@D ) = (@) (¥1) + (@) (v1) — K (y1) + K (¥)
SKy) —K@y) + K@) =K@y).

(7

So, Vy = y,, yield:
(@M + (@) = [ 220 (M(F®)) dt - [ 222 (x(1)) dt

v r® Y r()
= [ (M) ) db— g [7 27 (2(1)) dt

= 73 (MFD)) dE — s [ 5 (2(D)) dE .
By eq. (3), we have
= [ K @O dE+ H () = i 7K (@ (D) db = H ()
Yy € [¥o,71], from eq. (2), we secure:

(@) + (@D ) = (@1 (1) + (@2 D) = K (y1) + K ()
FHG) -KG)+KFy) > H©) )
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So, @in + @A € Y,V 1,1 € ,n > A. demonstrate ¢, the contractions
map on . V1,1 € Y for y = y;:
lo1n — @12l = kSg@ol(cpm)()/) — (@D
~L1

= |25 (a(rCo)) e 735 (a(pco))

< sup |2 71 (M(F®)) dt =y [7 2 (M(FD))) dt|
< sup [ 7567 (MF®)) at - g 752 (M(F0)) et
< supiy |7 3¢ (MF®)) dt = [ #¢ (M(FD)) d|

By eq. (3), we have
< sup 2K () —HE)
yey M3
< M|ln — Al| )

Where, M = ﬁ—z Also fory € [yo, 11]-
loin — @il = sup [(@:1m)(¥1) = (@1 D (1)

YoV <11

= sup |70 (M) de = 7752 (MF®)) a]

< | w2 L7 (MF®)) dE = 1 7 2 (M(FD)) dt|
< 230 (MEM®)) dt = gy [ 20 (MFD)) ]
< w73 (MF®)) de = 7 30¢ (MF)) ) |

By eq. (3), we have

< Sup&U((h) —H )l
yey M3

< sup ﬁ In(y) — A()|

=

< Mlin =2l (10)
Where, M = Z—z This implies that

llo1n — @1 All < Mlln — All (11)
Hence, ¢, be the contractions functions on . To shows ¢, be completely cont.
function, shown ¢, be the continuous map. If n, = n,(y) € . but s closed, so
n:(y) = n(y)asy - oo,n(y) € Y. Fory > yy, yield:
I(@2n) () — (@2l = ysgzy) (@21 () — (@2 (V)
71

o b(t) o b(E)
< sup |- [ 25 (b ®) db+ [P 280" () dt |
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< sup. |2 [0 (x(®) dt = iy [ (2(D)) at|

< sup [us 790 (21)) dE =g f)7 30 (0) e
5uz;u3|f 7 (D) —K* ()] dt| (12)
so, we have

L7307 (x(D) dt < o (13)

Since |17Q’" (T(h)) — IKW(T(t))| — 0,as 4 tend tooo, By dominative
convergence theorem to Lebesgue, yield:

lim; , ol (@21n) (¥) — (@)Wl = 0 (14)

SO (p,, is cont.
To shows (, be relatively compacts, using theorems for the Arzeld-Ascoli
[2]. To shows {¢@,n : n € Y} be uniformly bound & equi-cont. on [y, o], From
eq. (6), we have {@,n : n € Y} be the uniformly bound. To show {@,n : n € Y}
the equicontinuous on [y, ),
letn € Y and for all € > 0, by eq. (13),so Iy,

?
o) &
L, ®@®)dt <=, v = v 7 v (15)
ife>0&ne@ T, >T, V., 50

y, large enough:

(21 (T) = (@) (TN = 5UP_ 1(@211)(T2) = (@m)(T1)]

Tp>T1 >k

< (@2m) (T + [(@2m) (T

oo b(k 0 b(t)
< [ 2O (e(®) dt+ [ 20 (e(0)) db

< wz f, 0¥ (t®) dt+ps [T 0 (z(®) dt
< uz Jp, } (t(®) db+ ps [ 1 (2(®) dt
S Hagy, T, = ¢ (16)
Fornevyandy, <T; <T, <y, we get
1@ (T) = @I = sup  [@m)(T) = (@ (T

V1S T1<T2< Y «

= sup B db - [ 2 am) d

NS Ti<Tp<y, 2 TO r®

< sup U |sz n"(z(t)) dt— fTi n*(z(D) dt |

NS TI<Tos V.
< ls fTTf n*(z(®)) dt < s fTTf K¥(z(b)) dt
< U3 i (T, —T1). so36, = é, s.t
[(@2m)(T2) — (@) (T < &if 0<T, =T <& 17)
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Finally, let F(y) = a(y) then for anyn € @, yo < Ty < T, < y;, by mean
()

value theorem 34, € (T, T,)& 62 = >0 st

(
(—) ()~ () (1)

[ (@) (T2) — (@,m)(T)| =

= |F(T,) — F(TY)|
= [F'U)I(T, = Ty) <&,
If 0<T,—Ty <6, < 4. (18)
Thus, {@,n : n € Y} be equi — cont. & uniformly bounded sets.

By lemma 1, We has solutions to eq. (1) that be the bounded by a function
H&K.

3. Discussion and Conclusion

This work obtained the novel sufficient condition which proved a lemma 1,
which in turn proved to us an existence for a solution. These solutions are
bounded by decreasing function. The conditions that were obtained are ideal and
effective for determining the no oscillatory property.
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