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Abstract

This study deals with 3rd-order difference equations with alternating coefficients
(NDEAC) with a focus on studying the oscillatory properties of their solutions. An
additional sufficient condition can be derived to ensure continuity for the oscillatory solution
in equations. An applied example is presented to illustrate the theoretical result obtained.
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1. Introduction

The remarkable development was observed in study for oscillatory
behavior of solutions of neural difference equations with delay, especially when
there are positive and negative coefficients in the 1¥-and 2™ order equations (see
[1-3]). Some authors studied the oscillation and behavior asymptotic of different
types of delay equations, including [4-9]. In [9], the authors study oscillatory
behaviors for the solution for neutral-type linear’s difference equations, which
includes Alternating coefficients.

A ("Z'v - tv‘lv—a) + y‘«rT(‘lv—#) - ’&vT(QW—z) = Gv (1)
where
® A= Gy = Gv+1 ~ Qo
e y, %, ,C, areinfinite sequences with R numbers.
o y,t,ER", a$z€Z". F:R - R, satisfy ¢,F(g,) > 0.

It is worth noting that equation (1) belongs to the class of 2"*-order NDE.
In this paper, the oscillations in all finite solutions of 3™-order
(NDEAC)are studied:

A3 ("Z'v - v"lvzr—a) + y’vT(%v—#) - ’&v?(q)v—z) = Gv (3)
This research aims to derive novel sufficient condition that guarantee

oscillations for any solution for the equations (2). This study be based on
following assumptions:

(H) 2 S5 Sy g i < 00
(H,) 3 sequences {Q,}s.tA3Q, =C, & lim,_, Q, = 0;
(H3) 19 < F(g) < 4,49 , where 4, and 4, positive constant.

2. Sufficient Conditions for Oscillations of Equation (2)
Let

‘7(1/ = Qo ~ Lo Gv-ar (3)
Let the sequence ,, be defined as

Po =G0 —toGoa— L0 Xa S ey PiF (Gins) — Q0 $>7 (4

Theorem 2.1: Suppose that, 0 <%, <1, £y,;4 >4, and expectations
(H, — H3) hold on, moreover,

. &+1
minfy-.e, 72 S22 B0 12 (Roramg =90 > (555) 5)

F>p,we=v—(F—p—w—a)then all solutions to Eq (2) oscillate.

Proof: Let Eq (2) admit non oscillatory solution, let g, > 0,4 = v.Then,
Egs. (2), (3) and (4) we obtain A% @, = (Ryizep — %0 )F(Go—g) — Q0
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Ap, = (/f&4,+z_# - yv)T(%,_#) - Q,, Since lim,_, @, = 0, then for

1 large enough such that
AS(@U = (’kv+z—1f' - y’v)T(‘Zv—#) =0 (6)

Hence, from (6), We conclude that A2, is nondecreasing therefor Ag,,,
$, are monotone sequences, So either A2, < 0 or A%, > 0 for v > v, =
vy, Assume that A%, >0 it follows that Ag, >0 and &, >0 and
lim,_ §#, = ©, which implies that g, — o a contradiction. Hence, A2, <
0, So either A, < or A, > 0 for v = v, = v.
1. $,<0 and g, - —0. Since ¢,is bounded, and limsup,_ . g, =

h*,h* = 0, so it's there a subsequence {v;} so as to lim;_,v; = %, and

limj_,oo%,j = h*. From (4) we get

< sovj +tvj%1rj +#2 Za UZ] aZl =j+z—# Lq'i—z +ij

Since g, is bounded and by lemma (1.5.5) in [10] (X3, X%,
Zl —j4z—gRi < o0)and lim, @, =0 then we obtain Do; = Gvj-a <
/lfj + Q’l!]

SO —Gpja = Pu; t Qv , for large j, Go; > ©2 contradiction.

2.1: For Ap, >0,A%0,<0;Ap,,$,>0,v =>v, >v; then it's
there y > 0 so as to o, =y > 0 for v > v, = v . Since g, is bounded,
and liminf, ., g, = h, = 0, then it's {v;} S {v} so as to lim;_,,v; = o,
limj_,oo%,j = h,. From (3) we get,

2. ForAp, > 0,A’p, < 0A3p, > 0,we have two cases:

Go; 2V + o, @00 + 12 200 B 2o oy Ribivz + Qo » Gy >
Y+ %vj—a —&

Since ¢ is arbitrary, for every j > N (where N is a sufficiently large natural
number), we can conclude that when: g, > ¥ + g4, When considering
the limit when j — oo, we get h, = y + h, which contradicts itself.
2.2:ForA3p, = 0,A%0,, 0, < 0;Ap, >0, v > v, >y

Taking the summation of both sides of (6), from v to v + p,§ > p we get,
Z?w Aspvl = Z?tf( i+z—f ~ y’t) (‘h—#) then A%, > 7, Z::f(kiu—#'
—4:)q;—4 Taking the summation of both sides of above inequality, from
viov+w, f>w((7)

From (4) we get 9, 2 ~t,@y—q = Ximo Xina Tmfrg-g BT (12 = Qo
0o > —Gu_q — €, Since ¢ is arbitrary, for every j > N, we can conclude
that when: 0, > =g ,_, , G4 Z —Poratp

Substituting the last inequality in (7) leads to

AJOU + 72(2U+w v+p(kl+z —-f = y’i))&ov—(#—a—w—p) =0
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Based on theorem 2.1 ii in [10] and on relation (5), so lasted inequality
cannot has eventual negatives solutions, leads to contradictions.

Theorem 2.2: Take 0<+t, <14, > #yy—y and (H;—H;), holds, in
addition

V3 £+1
Ui inf g 1 Dizi- Tyt plo Birziul o (Y7 )
- ti_ —f+a £+1

e=f—p—w—a,$>p+ w+a, Then all bounded solutions to Eq. (2) are
either oscillating or tend to zero.

Proof: Assume that Eq. (2) has a non oscillatory solution, let ¢, > 0,v = v.
Then, from Egs. (2), (3) and (4) we obtain A3gp, = —(yv - %Uﬂ_#)?’
(czv_#) < 0(9) Hence, from (9) we conclude that A%, is no increasing
therefor, Ag,,, §, are repetitive sequences, we assert that A%, > 0 forv >
v, = vy, nonetheless, A%, <0 for n=>n,, thus, A, <0 $, <0 and
0o, —® as v > From (4) we get —0, <t,q, o+ XioXjta
Y o PiF (Gi-g) + Qo

Since g, is bounded and by lemma (1.5.5) in [11]. (XZ-, X2,
Zl —j+z-p i < ), Q, is bounded then form the last inequality we conclude that

toGo-a t Xa=v Xje le —j+z—p #iF(@i-z) +Q, is bounded which is a
contradiction. So A%, > 0, hence either Ago,, > 0 or A, < 0

1. Ap,,ANp,>0,Ap, <0;
2: A’p,>0,Ap, <0,A%0, <0.

1: ForAp, >0,v = vy, o, > 0lim, £, = o, y, = o contradiction.
We have two subcases to consider:

2.1: Then it's there y < 0 so as to o, <y <0 for v > v, = v;. Since

4.1s bounded, and lim sup, o, g, = h. = 0 so {v}} so as to lim;_,,v; =

o, limj_,oo%,. = h,. From (3) we get,

G -— 4vj—a+722u vJZ] aZL =j+z— fﬁ'i@i—z‘Fij

For ) large enovgh £y, £i2a T fyoy Bidics + Qo) < .00, < ¥ +

Goj-a + & Since € is arbitrary, for every j > N, we can conclude that

when: Go; <V +Gyj-a » as j = oo, consequently h, <y + h, which

contradicts itself.

2.2 : g, > 0: Taking Summation to (9) fromv tov +p, 0 < p < f —a,

Taking the summation of both sides from v to v + w, # — a > w we get,
ASOv < fz Zv+w v+p(k1+z —-$ = y’i)q'i—# (10)

From (4) we get g, > §#, — &, Since € is arbitrary, we have g, > §,,
Substituting the last inequality in (10) leads to
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Based on theorem 2.1 i in [10] and on relation (8), it cannot have eventual
negative solutions, which leads to a contradiction.

3. Examples:

This section is devoted presenting a set of applied examples that aim to
illustrate the effectiveness of the main theoretical results, highlight the practical
applications of the study, and provide numerical support for presented proofs.

Example 1: Examine the difference equation:

3 1 1\ 5 (1\Y 5 _15(1\" 1\v
8 (a0 =G+ () )ao)+5(3) dos-Fae0=5(3) (-3)
wherea=1,f=4z3=1p=1,0=1,F(G,) = Gu. 42 = 2

The following criteria of theorem 2.1 can be found to be true:

o - i+p,5 5 (1) 1)2
liminf oo 25423 S S G =5 (3)) > ()

2 2
So, by theorem 2.1 each bounded solution oscillates, solution is g, =

1 v
(-2)
Example 2: Examine the DE:
1\ (1+e)* _e (1\Y (-1)?(3+3e2+e*
8(ae=(14(2)) goms) + B Ggus — e (2) gy = D)
—(n—3+6) _ (1+e)4 2
P -1 r+1yi+l € e 1
iminf 02 ;= BRI > ()
. . 1n\v .
So, by Th 2.2 each bounded solution oscillates, g, = (— ;) is such a
solution.

4. Conclusion

This study presents a set of sufficient conditions governing oscillatory
behavior for all finite solution of 3™-order delayed neutrals difference equation
with alternating coefficients. An analysis uses special mathematical sequences to
achieve this goal.
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