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Abstract

This article introduces some concepts on the soft topological soft group (Stsg). We
used a concept for the soft topological soft groups to construct the br-soft topological soft
groups, b-regular soft topology soft groups, as well as studied relationships between them.
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1. Introduction

Previous studies investigated soft topological spaces and introduced
several concepts, such as soft closed sets, soft subspaces, soft closures, and
neighborhoods of a point, together with their fundamental properties [1]. Later,
the notion of soft topological groups was established, and several of their
structural characteristics were examined [2]. More recently, center topological
groups were introduced, and various related properties were explored [3—4]. In
addition, the soft separation axioms associated with b-open soft sets were
developed, including investigations of soft br; (i =1,...,4), soft b-regular
spaces, and soft b-normal spaces [5].

2. Preliminaries
Definition 2.1: [6] If (¥, 7, E) is the soft topology spaces & (K, E) € SS(x, E).
the (K,E) named b -open soft sets where (K,E) € cl(in((K,E)) U in(cl
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((K, E )) while the complements named b-closed soft sets. A set for each b-
open soft set is denoted as BOS(x, t, E) or BOS(x) and a set for the b-closed
soft set be denoted by BCS(y, , E) or BCS(¥).

Theorem 2.2: [6]
(1)  Unions for the b-gpen soft set is b-open soft.
(i) Intersections of b-closed soft set are b-closed soft.

Proposition 2.3: [6] The open soft sets imply the b-open sof't.
Remark 2.4: The converse of (2.3) does not always have to be true, as below:

Example 2.5: Let y = {v, 0,03}, E = {e;, e;} & 7= {}, ?, (K, E)}, where

K(e1) = {v1,v5}, K(ez) = {vy,v3}.
"Let (H,E) defined by: H(e;) = {v;,v,}, H(e;) = {v,} is b-open soft set
but not open soft".

Remark 2.6: A set for the b-open soft set may fail to be a soft topology as
below:

Example 2.7: Let y = (v, 05,03}, E = {my, my} &t = {}, ?, (K, E)}, where
K(my) = {vy,v3}, K(my) = {v,,v3}.
Since the soft sets (H, E), (D, E):
H(my) = {vy, v}, H(v,) = {v}
D(my) = {v,,v3}, D(my) = {v4}
Are b-open sets, but their intersection isn’t b - open soft sets.

Definition 2.8: [6] If (K, E) € SS(x, E) & v be a soft point, then v® named:

(i) b-interior for the (K, E) where 3(D,E) € BOS(x) s.tv® € (D,E) € (K, E).

(i) b-closure soft points for the (K,E) when (K, E') n (D,E) + @ for all
(D,E) E BOS(y).

Theorem 2.9: [6]

i.  bSint(¥) = ¥, bSint(p) = ¢ and bScl(¥) = 7, bScl(¢p) = ¢.

ii. bSint((M,E)) € (M,E) & (M,E) € bScl((M, E)).

iii. bSint ((M,E)) U bsint((D, E)) € bSint((M,E) U (D, E)) and
bscl (M, E)) T bScl((D, E)) € bScl((M, E) T (D, E)).

iv. bSint((M,E) A (D,E)) € bSint((M, E)) A bSint((D,E)) and
bScl((M,E) A (D,E)) € bScl((M,E)) A bScl((D, E)).
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3. brt; —soft topological soft group

Definition 3.1: [2] If (K, E) the soft groups on G & T the soft topology on G,
so (G,t,K, E) named soft topological soft groups (Stsg) if (K(e), Tx())" is a
topological group on "K(e) V e € E, where Tk(e)" 1s the relativized topology on
"K (e) induced from t,."

Example 3.2: [7, 8] Let G = {i¢, (13),(23),(12),(123),(132)} "be the group
of permutations" on {1,2,3}, £ = {g1, 42, ¢5} and (K,E) the soft sets, where
K(g1) = {ic, (12)}, K(g2) = {ic, (13)}, K(g3) = {ic}.

Let "t = {6, G, (7{1, E), (f]-[z, E), (7-[3, E)}", where:

Hi(g1) = {igh Hi(g2) = {ich Hi(gs) =G
H,(g1) = {(12)}, H>(g,) = {(13)}, Ha(g3) =G
Hs(g1) = {ig, (12)}, H3(g2) = {ic, (13)}, H3(g3) = G
It is clearly that (K, E) is soft group over G.

Now:

Ty, = {ic,{(12)}, {ic, (12)},0, G}, 7, ) = {ic,{(12)}, {i6, (12)}, 0}
Ty, = {ic,{(13)}, i, (13)}, 0, G}, ¢, ) = i, {(13)}, {ig, (13)}, 0}
Te, = {0, G}, ¢, = {ic, B}

Then (G, 1, K, E) is Stsg.

Definition 3.3: The (Stsg) (G, t,K,E) named bt, —Stsg iff (K(e), Tr(e)) is
bt, —space forall e € E."

Example 3.4: If G = (Z,+),E = {e;, e,}, T the discrete soft topologies on G &
(K,E) the soft sets where: K(e;) = {0},K(e,) = Z, the set of even integer
numbers.

So, (K, E) the soft group over G.

Te, = Te, = Te = {S:5 € Z}, Tg(e,) = {0,{0}}, then (K(e1),Tr(,)) is a
topological group.

Tk(ey) = £5:S € Z,}, then (K(e;), Tg(e,)) is a topological group.

Therefor (G, 1, K, E) be Stsg.

Since (K (e1), Tk(ep))& (K(€2), Tk(e,)) are bty —space, then (G,7,K, E)is
bz, —Stsg.

Proposition 3.5: Let (G, 7,K,E) be a Stsg s.t (K(e),t,) is bty —space for all
e € E, then (G,71,K, E) is bty —Stsg.

Proof: Let (G,7,K, E) be a Stsg such that (K (e), t,) is bt, —space.
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"Since the property of bt, —space is hereditary, then (K(e),Tk()) is
bty —space for all e € E, therefore (G, ,K, E) is bty —Stsg".

The converse of (3.5) does not always have to be true, as below:

Example 3.6: Let G = (Z,,+,),E = {e;,e;} & 1={0,G}, K(e;) = {0} =
K(e,), then (K, E) is soft group over G".

Te, = Te, = {8, 25}, Tk(ey) = Tk(epy = {9, {0}}, then (K(ey), Tx(e,)) and
(K (e2), Tk (e,)) are topological groups.

Since (K(e1), Tk (e,)) and (K(e;), Tg(e,)) are bty —spaces, then (G, 7, K, E)
is bty —Stsg, but (K(e), 1,) isn’t bt, —space.

Definition 3.7: A Stsg (G,7,K,E) is called bty —Stsg iff (K(e),Tx(e)) is
bt, —space forall e € E.

Example 3.8: If G = (R, +),E = {e;, e,} and T be a discrete soft topology on
G,R,K(e;) = {0} = K(e,), then (K, E) is soft group over G.

Te, = T, = {M: M S R}. Tg(e;) = {M: M S R}, then (K(ey), Tg(e,)) is a
topological group and Tk(,) = {®,{0}}, then (K(e;), Tx(,)) is a topological
group. Therefor (G, T, K, E) be Stsg.

Since (K (e), Tg(e)) is bty —space V e € E, then (G, 1, K, E) is bt, —Stsg.

Definition 3.9: A Stsg (G,7,K,E) is called bt, —Stsg iff (K(e), 7)) is
bt, —space Ve € E."

Proposition 3.10: Let (G,7,K,E) be a Stsg where (K(e),t,) is bt, —space
Ve € E, then (G, 7,K,E) is bt, —Stsg".

Proof: Let (G,7,K,E) be a Stsg such that (K(e),t,) is bt, —space, then
(K(e),tk(e)) is bt, —space Ve € E, hence (G, 7,K, E) is bt, —Stsg.

The conversely of (3.10) does not always have to be true as below:
Example 3.11: If we have G = (Zg, +4), E = {e1,€,}, & (K,E) the soft set s.t
K(e;) = {0}, K (e;) = {0,4}, then (K, E) is soft group over G.
Let v = {B, Zg, (M, E), (M, E), (M3, E), (M, E)}, where:
M (e1) = {0}, My (e;) = {0}
M;(e;) = {0,2,4,6}, M, (e;) = {0,1,4}
M (er) = {4}, M3(ez) = {4}
M,y(er) = {0,4}, My(ey) = {04}
Te, = {25, 0,{0},{0,2,4,6}, {4}, {0,4}}. 7(e,) = {{0}, 2},
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To, = {Z5,0,{0},{0,1,4}, {4}, {0,4}}. Tx(e,) = {0,(0},{4},{0,4}), then (K(e,),
Tk(ep)) and (K (ez), Tg(e,)) are topological groups. Therefor (G, 1, K, E) be Stsg.

"We can see that (K(e), Tg(e)) is bt, —space Ve € E, but (G,1,K,E) isn’t
bt, —Stsg".

Proposition 3.12: Every bt; —Stsg is bt, —Stsg.

Proof: Suppose (G,t,K,E) be b, —Stsg, then (K(e), tk(e)) is bty —space
ve € E

Then (K(e), Tk(e)) is bty —space Ve € E

Hence (G, 7, K, E) be bty —Stsg.

Proposition 3.13: Every bt, —Stsg is bt; —Stsg.

Proof: Suppose (G,7,K,E) be bt, —Stsg, then (K(e),tx() is bt, —space
ve€E

Then (K(e), T(e)) is bt; —space Ve € E

Hence (G, 1, K, E) be bt; —Stsg.

Theorem 3.14: Every bt, —Stsg is bty —Stsg.
Proof: By proposition (3.13) and (3.12).

Definition 3.15: A Stsg (G, 7, K, E) is called b —regular Stsg iff (K (e), Tx(e)) is
b —regular space Ve € E.

Proposition 3.16: A Stsg (G,7,K,E) is b —regular if (K(e),t,) is b — regular
spaces Ve € E.

Proof: 1f (G,7,K, E) the Stsg and (K(e),t,) is b —regular space V e € E, then
(K(e),tk()) is b —regular space Ve € E, hence (G,7,K,E) is b —regular
Stsg".

The converse of (3.16) does not always have to be true, as below:
Example 3.17: Let G = (Zg, +3), E = {ey, €5, €3}, let (K, E) be a soft set where
K(e;) = {0}, K(e,) = K(e3) = {0,4}, then (K, E) is soft group over G.
Let v = {@, Zg, (M, E), (M, E), (M3, E), (M, E)}, where:
M (e1) = {0}, My (ez) = {0} My (e3) = {0}
M;(e) = {0,2,4,6}, M (e;) = {0,1,4} M, (e3) = Zg
M (ey) = {4}, M3(e;) = {4} M3z(es5) = {4}
M,(e;) = {0,4}, My (e;) = {0,4} M, (e3) = {0,4}
Te, = {Zs,0,{0},{0,2,4,6}, {4}, {0,4}}. T¢(e,) = {{0}, 0},
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Tez = {ZSr @r {0}' {0;1’4}1 {4}' {0;4}} TK(QZ) = {Q); {0}1 {4}r {0;4}}
Tey = {Z5, 0, {0}, {4}, {0,4}}. Tk (e,) = {@,{0}, {4}, {0,4}}
Then (K(e;), Tx(ep) is a topological group V e € E. Therefor (G, 7, K, E)
be b —regular Stsg, but 7, be not b —regular space V e € E.

4. Discussion and Conclusion

We introduced a concept for the soft topology soft groups. and studied the
relationships between them, such as:

1) Every bty —Stsgis bty —Stsg.
2) Every bt, —Stsg is bt; —Stsg.
3) Every bt, —Stsgis bty —Stsg.

References

[1] M. Shabir and M. Naz, “On soft topological spaces,” Computers &
Mathematics with Applications, vol. 61, no. 7, pp. 1786-1799 (2011).

[2] S.Nazmul and S. K. Samanta, “soft topological soft groups,” Math-
ematical Sciences, vol. 6, no. 1, p. 66 (2012).

[3] E.Y.Habeeb and S. H. Hamzah, “Quotient and product of center to-
pological groups,” Mathematical Modeling of Engineering Problems, vol.
10, no. 6, pp. 2291-2296 (2023), doi: 10.18280/mmep. 100645.

[4] E.Y. Habeeb and S. H. Hamzah, “Center group actions and related
concepts,” Open Engineering, vol. 14, no. 1, p. 20220512 (2024).

[5] S. A.El-Sheikh and A. M. A. El-latif, “Characterization of b-open soft
sets in soft topological spaces,” Journal of new Theory, no. 2, pp. 8-18
(2015).

[6] S.A.El-Sheikh, R. A. Hosny, and A. M. A. El-latif, “Characterizations
of b-soft separation axioms in soft topological spaces,” Inf. Sci. Lett,
vol. 4, no. 3, pp. 125-133 (2015).

[71 H. B. Shelash, H. H. Ahmad, and A. J. Obaid, “On characterizations
of some subgroups of the dihedral group (D2n),” Journal of Discrete
Mathematical Sciences and Cryptography, vol. 26, no. 4, pp. 1157-1162
(2023), doi: 10.47974/JDMSC-1553.

[8] A. Sezgin and A. O. Atagiin, “soft groups and normalistic soft
groups,” Computers & Mathematics with Applications, vol. 62, no. 2, pp.
685-698 (2011).

Received May, 2025



