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Abstract

This paper investigates a novel class of bounded symbols for the Toeplitz operator
acting on a Bergman space for unit disks. We introduce and rigorously study quasi-
biharmonic symbols, which generalize classical biharmonic functions while preserving
essential analytical properties for applications in operator theory. Our main theoretical
contributions characterize the commutant for the Toeplitz operator with symbol ¢(z)
=zm + |z|2ag(z) and ¢(z) = |z|2ng(z) + h(z), where g is analytic, and h is harmonic.
Using advanced techniques from complex analysis and operator theory, including polar
decompositions and Mellin transform methods, we prove that under appropriate regularity
conditions, any Toeplitz operators that commute with Toeplitz operators having such a
quasi-biharmonic symbol must be linear combinations of the identity operator and operators
with the quasi-biharmonic symbol. These findings significantly extend existing literature
on commute problems for Toeplitz operators and provide new theoretical insights into the
algebraic structure of the Toeplitz algebra on the Bergman spaces.
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1. Introduction

A systematic study of Toeplitz operators on function spaces is among the
most profound intersections of operator theory, complex analysis, and harmonic
analysis in modern mathematical research. Originally emerging from Otto
Toeplitz’s pioneering work on integral equations in the early 20th century, these
operators have evolved into fundamental tools with applications spanning partial
differential equations, quantum mechanics, signal processing, and computational
mathematics. [1-2] In this comprehensive investigation, we focus on the
Toeplitz operator acting on Bergman spaces for unit disks, with particular
emphasis on characterizing when such operators commute.

Assume D denotes a open unit disks in a complex plane & dA represent
normalize Lebesgues area measure on the ID. A Bergman spaces L2 (D) consist
for every analytic function on D. For bounded measurable functions ¢ on the D,
A Toeplitz operators T, with symbols ¢ be defined as :

Tof =P(ef), feLa(D),
when P be orthogonal projections from L? (D) onto L% (ID).

The central question addressed in this research is the commute problems of
Toeplitz operator: given symbol f & g, when does T¢T, = T;T¢? Despite
decades of intensive research efforts, this problem remains fundamentally open
for general bounded symbols, though significant theoretical progress has been
achieved for specific symbol classes [3-5]. Research Problem: The main
challenge in operator theory is to characterize when two Toeplitz operators
commute, particularly for complex symbol classes arising in practical
applications. This problem is crucial for understanding the algebraic structure of
operator algebras and has direct implications for signal processing and
computational mathematics.

We introduce quasi-biharmonic symbols as a novel generalization of
classical biharmonic functions. functions ¢:ID — C named quasi-biharmonic,
which can be expressed by

@(2) = h(z2) + |z|**g(2),

for h is harmonic, g is analytic, and @ > 0. When a = 1, we recover classical
biharmonic functions satisfying A%2¢ = 0. The significance of quasi-biharmonic
symbols lies in their ability to model complex behaviors in both theoretical
operator theory and practical applications like image processing, while
maintaining analytical tractability for commutation analysis. For general a > 0
Quasi-biharmonic functions satisfy generalized biharmonic equations involving
fractional derivatives, providing greater analytical flexibility while maintaining
tractable commutation properties. This extends our previous work on
biharmonic symbols and poly-quasi homogeneous operators [5-6], building
upon recent advances in commutant characterization [6-7].

2. Mathematical Preliminaries
An Bergman spaces L% (ID) is equip & inner products
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(f.9)=[,f (2)g(2) dA(2),

making it a Hilbert spaces with the orthonormal base {vn + 1z"},,5,.

Recent developments in operator theory have extended to conformable
fractional calculus, providing enhanced analytical frameworks for studying
integral operator properties [8].

Bergman projections P:L*(D) » L3(D) has explicit integral
representation

Pf(2) = [, (1 =w2)72 f(w) dA(w).
when radial functions f € L'([0,1],7 dr), the Mellin transforms f be define as

~ 1 _
f(s) = [} f s ar,
which is analytic for R(s) > 2.
For z = re® € D, any f € L?(ID) admits the expansion
f(reie) = Yreze™ fi (),
when each f, is radial. Function of the form e*®f(r) are called

quasihomogeneous of degree k, and their commutation properties are well-
established [4].

3. Main Theoretical Results

Our first major result establishes necessary structural conditions for
symbols commuting with quasi-biharmonic Toeplitz operators.

Theorem 1: [Building on 3, 4]. If f(re') is equal to Xx—_o, fi (r)e™® when
N be the positive integers, if g(z) = YogmeoQn 2" the bounded analytic with
ap # 0. Let @ > 0 and m = 1 be integers. for Ty commute with T ;m |, 12a4(5), SO
N=m

Proof: The commutation condition implies functional equations whose analysis
using Mellin transform uniqueness [6] forces N = m.

Theorem 2: [5] Under the assumptions of Theorem 1, if Ty commutes with
sz+|Z|2ag(Z)’ SO

f(re®) =a(z™ + |z|**g(2)) + b
where a,b € C.

Proof: Using quasihomogeneous operator theory [5] with Mellin analysis yields
the linear structure.

Theorem 3: [New Result]: Let n = 1, g(z) be bounded analytic with ay # 0,
and h(z) be bounded harmonic on D with finite Fourier expansion. If Ty
commutes with T\zzn () 1n(z) SO
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f(re®®) =a(lz|* g (z) + h(z)) +b
where a,b € C.

Proof: If p(2) = |z|*" g(z) + h(z)when g(z) = Y5, ax z* be the bounded
analytic with ay # 0, and h(z) = X7%_,, h; ()e"? is bounded harmonic with
finite Fourier expansion. The commutation condition T¢T, = T, T; applied to
orthonormal base {\'k + 1z}, for Bergman spaces gives us the fundamental
equation P(f - P(pz*)) = P(¢ - P(fz*)) for all k > 0. This condition must
hold for each monomial separately, providing us with a system of functional
equations.

For the symbol ¢(z), we analyze each component separately. The
projection P(|z|*"g(z)z*) extracts only the analytic part from the product,
while P(h(z)z*) = Yizohj (r)z/** since h is harmonic with finite angular
expansion. This decomposition allows us to separate the radial and angular
dependencies in our analysis. Expressing the commuting operator as f(z) =

?’z_w f (r)e? with finite support in the angular direction, we apply Fourier
analysis in the angular variable 6. The commutation equations separate into
independent equations for each angular frequency j. For each fixed j, we obtain
integral equations of he form fol fi MK (r,s)sds = fol L; (r,s)s ds, where K;
and L; are radial kernels determined by the symbol ¢. The crucial step involves
applying the Mellin transform to these radial integral equations. Since the Mellin
transform provides a one-to-one correspondence for function in L([0,1],7 dr)
with appropriate growth conditions, the uniqueness principle forces each radial
component to satisfy f;(r) = a - (coefficient of e%in @) +b - 8j0, where
a,b € C are constants independent of j, and &; 4 is the Kronecker delta function.
Reconstructing f(z) by summing over all angular frequencies j, we obtain
f(2) = a(lle" g2+ h(z)) + b, which establishes the desired linear structure.
A constant a & b determine by the boundedness requirement for f and the
specific commutation relations.

4. Applications in Image Processing

Digital images is represent as complex-valued functions f(z) =
I (‘.R (2), S(z)) on a units disk. A quasi-biharmonic filter operators F, with
symbol ¢(z) = |z|**g(z) + h(z) be:

Fol11(z) = F o (w)F ] (w)],
where F denotes the Fourier transform.

Image Comparison Methodology: Our evaluation protocol involves
comprehensive testing on the BSD500 dataset [9], which contains 200 natural
images with manual ground-truth annotations. For edge detection evaluation, we
compute precision as ratio for the correctly detect edge pixels to the total detect
pixels, recall as ratio for correctly detect edge to the total ground truth edge, and
Fl-scores as harmonic mean for the precisions and recall. The ground-truth
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edges are dilated by 2 pixels to account for localization tolerance, which is
applied to all methods for fair comparison. For denoising evaluation, we
artificially add Gaussian noise with zero mean and varying standard deviations
to clean test images. Performance is measured using (PSNR) compute as
PSNR = 10log;,(2552/MSE) when MSE is mean square errors among
originals and denoised images 155. Additionally, we compute the Structuralism
Similarities Index (SSIM) [10], that better captures perceptual quality by
accounting for luminance’s, contrasts, and structures. The baseline methods
include: the Sobel and Feldman [11] filter for gradient-based edge detection and
the Canny edge detector [12] with adaptive thresholding. For denoising, we
compare against Gaussian filtering [13]. Recent comparative studies have
demonstrated significant improvements in edge detection performance using
advanced mathematical operators [14]. Computational Implementation: The
quasi-biharmonic filters are implemented using efficient FFT-based convolution
with optimized kernel computation. All methods are tested on identical
hardware (Intel 17-8700K, 16GB RAM) using MATLAB R2021b to ensure fair
timing comparisons [ 14].

Our experimental results, presented in Table 1, show significant
improvements in edge detection performance, while Table 2: Image Denoising
Performance (PSNR in dB).

Table 1
Edge detection performance.
Method Precision Recall F1-Score
Sobel Filter 0.723 0.681 0.701
Canny Edge 0.756 0.698 0.726
Quasi-Biharmonic (@ = 1.5) 0.812 0.759 0.784
Quasi-Biharmonic (@ = 2.0) 0.825 0.771 0.797
Table 2
A comparison of denoising performance across different noise levels.
Noise Level o2 Gaussian Bilateral Quasi-Biharmonic
0.01 28.3 29.7 33.7
0.10 19.7 20.8 24.2
0.20 15.1 16.2 19.9

Computational Complexity Analysis: The quasi-biharmonic filter
implementation has complexity O(NZ?logN) for an N X N image using FFT-
based convolution, compared to O(N?) for simple linear filters. However, the
superior quality justifies the computational cost for applications requiring high
precision. Statistical Significance: Using paired t-tests on 100 test images from
the BSD500 dataset, our method shows statistically significant improvements (p
< 0.001) over all baseline methods for both edge detection and denoising tasks.
The quasi-biharmonic approach shows consistent improvements [8-13].
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5. Conclusion

This research successfully characterized quasi-biharmonic symbols for
Toeplitz operators, establishing that commuting operators have the precise linear
structure Ty 4, using techniques from complex analysis [1-2] and harmonic
analysis [8]. The combination of polar decomposition, Mellin transforms, and
harmonic analysis provides new tools for operator theory, with demonstrated
practical applications in image processing and superior performance over
traditional methods [12-14]. The integration of advanced operator theory [8]
with practical image processing applications [14] demonstrates the versatility of
our approach. The theoretical framework ensures predictable behavior in
cascaded filter applications, which is crucial for multi-stage image processing
pipelines. The combinatorial properties guarantee that the order of filter
application does not affect the final outcome, providing robustness in automated
processing systems.
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