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Abstract

In this article, we present a novel space, said complex valued public metric spaces, and
show some of its properties. Examine the convergence of sequences in this space. We will
also demonstrate the standard F.IP theorems for mappings that are w-compatible.
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1. Introduction

Fixed-points (. P) theory is the best potent and interesting tools in current
mathematical analysis. It is a broad field of study in the mathematical sciences
that combines geometry, algebra, and topology. Although Banach [1] made a
contribution to this subject in 1922 by proving the F.IP theorem, sometimes
known as the Banach F.PP theorem, which has many applications in other
branches of science, and many researchers later developed the basic Banach F. P
theorem in different ways [2]-[4]. On the other hand, the F.[P Theorems for
multivalued mappings were examined by Nadler [5] in 1969. Nadler's [5]
contraction principle inspired numerous researchers to expand the concept in
different ways refer to [6]-[8]. Also, Bakhtin [9] first proposed the idea of b-
metric spaces. Subsequently, other researchers explored the theorems of F.[P
and common F.[P in metric spaces, as shown in [10]-[11]. They then began to
develop and extend it to multiple spaces, including b-metric space [12]-[13].

In 2006, some theorems for extensional mappings in G-metric spaces were
introduced by authors [14]. They proved the existence of common [F. [P and also
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proved its uniqueness for some mappings extensional in complete G-metric
spaces. In 2015, other Author [15], They defined a new spaces called the
complex-metric Gb spaces, and also proved some associated common F.P
theorems. The (F.PP) and its applications in different settings have been the
subject of numerous studies; see [16]-[24]. In 2014 the authors [25], presented
the F. P and common F. P theorems in CVM spaces.

Definition 1.1: Let @ and Hy a mappings. Then @ and H are said to be weakly
compatible if @ = Hoh implies @HH = HPh.

2. Main Results

We define a complex public metric space and several significant theorems
in this section.

Definition 2.1: Let U # @, M; ,M,:U X U - [1, ) are function and A:U X
UXU - Csatisty, Vh,{,3 € U

1) A(B,13) =0

2) If h=71=3, thenA(H,1,3) =0

3)  AM,13) = 41,30 = A10,3) = A(1,3.0) = 43,5, D = 4G, 1, H)
4y A®,13) <M (b, D(AD, 0, 0)) + Ma(1,3)(A(e,1,3)).

Then, we say that (U,A) the complex valued public metric ( CVPM)-
space.

Example 2.2: Let U+ @ and A:UXU XU - C defined as (h,1,3) =
4i(lb—U+1N—-3l+15—3D,b13€U.Then (U,A) is a (CVPM) - space.

Example 2.3: Let U+ @ and define A:UXUXU—>C by A3 =
(b =1+ -3+ Ib—3) +2i,¥h1,3€ U, then (U,4) is not (CVPM)-
space.

Definition 2.4: Let (U, A) is a (CVPM)- space, we say (U, A) has M-property if
satisfy:A(H,1,3) = A(h,H, ) >0,vhHh,{,3€ Uand b # .

Proposition 2.5: Let (U,A) be a (CVPM)—space has M-property,
forallh,|,3, ¢ € U, we have:

1) IfA(H,1,3) =0thenh =1=3

3) AG,LD < M(LD) + Mo (L DI D, D))

Proposition 2.7: Let( U, A) is (CVPM) _space. The follows are equivalent:
1)  {by} CVP-convergent

2)  A(Dy byb) > 0asm - oo

3) A(byb.bh) - 0asm > o
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Proposition 2.8: Let (U, A) a (CVPM)- space. The follows are equivalent:
1) {by} CVP _ Cauchy
2) Forallo>0 ,3my€N ; A(by bypby) <0,V nm=m,

Lemma 2.9: {h,} is (CVP)- converges toh & |A(h, by, b))l = O,asm -

Lemma 2.10: {b,} is (CVP)-Cauchy sequence < |A(I’)m, hrvhn)| - 0as
n],]’l—) e e}

Theorem 2.11: Let @ and o are maps of (CVPM)- space (U, A) satisfying the
following:

iy ®U c HU,
. A(®h,Hh,Hb) A(PHH
i) A@,BLPD < 5 A(HD, o], H) + 5, LD LCLULLD

A(H0h,@],e]) AR A(@h,Hoh,Hb) A(HDH,HHY) +
3 1 + A(Fob,H), 0] 4 1 + A(Hb,H|, b))

A(Hoh,@1,97) A(P1,H,HD
5T s ALY Y h1eU,where 0 < g +5,+ 83+ 8. +55 < 1.

iii) HOU is a complete subspace of U.

iv) Z?;nl] M;(1;, 1)w' = 0 as i > wand M,({;,1) = 1. Then @, Ho has a
coincidence element.Also, if @, b w-compatible. Then, Hb has a unique
the common F. P.

+

Proof: Let by € U. Then {Bh,} and {{,,} belong inU ; 1,y = FOhyq = @by, m =
0,1,2
A(1m+1'1m'1m ) =A( Phy+1 ) Py, Phiy ) < mA( b1, H)hm'H)bm) +
A(PYry + 1,F0Dry+1,H0Dry+1) A(PBry ,Hoby ,Fobry )

1+A(Hobpy 41 ,Fobpy Foby )
A(Fbry+1 Dby Phiy JA(FoDny+1 Fobry Fobry ) +
3 1+A(Hobpy 41 Hoby Foby )
A(Phry+1,H0Dmy+1,H0Dm+1) 4(Hbm+1 Hby Hby )

1+A(Fobpy 4 1 ,Fobyy ,Foby )
A(Hobny+1, Py DDy )A(Pbry Fobpy Fobyy )
1+A(Fobpy 4 1 ,Hobyy by )

S0, AClyss Ly 1oy )| <

14(Um+1 Ty A )AL Am—1 Am-1)l
e [T~y e vy el
[4Qm+1 L A DA Im—1 m—1 )|
[1+4(lm Am-1 -1 )] '
We can conclude that,A(lm 41 '1m+1) < a)A(‘lm_l ™ ,‘Im)

< w? A(Tm—z'lm—l'lm—l)'" v 0 A0, 1)
Now, r all n > mn,

&2

&4 +

&s

&4



1194 M. H. FAYYADH AND Z. H. MAIBED

Ay o) < Ma(ly ) (A (T g 2 lyin)
+ Mz(in'lq) (A(1m+1 'Tq !111))
AQy o) < Ma(ly 1) (A iyss o))
+ [M1(1m+1 :LI)A(THJ+1 'lrr]+2 '1rr]+2)
+ [M1(1m+2i1n)A(111]+2 »lm+3 '111]+3)] +
+ [M:I(c[q—l llq)A(Tq—l :111 'Iq)]]

A=3 M (1) A0 L 1) = Al ) = 0.

Hence, {“[,n} is a Cauchy sequence in HOU. But HOU is the complete a
subspace of U, thus 3e € HU; 1, » eas m - oo If £ € Hle. Then
H¢ = e. Now, to prove &¢ = e Putting ) = £ and { = b,_; in (ii), we get,
A(D?,e,e) < 0, by (1) of proposition (2.5) , implies that ¢ = e. and hence ¢
is the point of coincidence between @ and H. Now, since @ and H are weakly
compatible, so, e = @®¢ = H¥, implies that, ®e = PH¥Y = HPL =
He.Now, to prove Hhe = e. If He # e. We have, |A(e, Foe,Hoe)| < (g, +
33)|A(e, Hoe, Hoe)|, which is a contradiction.

3. Discussion and Conclusion

Some properties of metric spaces were proven, along with the study of
sequence convergence and Cauchy sequences. Convergence equivalences and
Cauchy's equivalences were proven, as were common F.P for weakly
compatible mappings. A unique common F. [P was obtained.
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