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Abstract

The comparison of approximation functions between the two well-known operators,
namely, Devalle’e Poussion integral operator and the modified Lupas operator in the L,-
spaces will be established by utilizing the modulus for the continuities for the order one for a
function. A goal is to determine which one is the best approximation. spaces by utilizing the
modulus for the continuity for a order one for functions. A crucial part is to specify which
one is the best approximation.
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1. Introduction

The authors in [1] have presented an estimation of the best approximations
for the unbounded function by appropriate trigonometric polynomial for the one
variable in the weight spaces L (p,a) (X. They analyzed the uniform
convergence of modern operators of the function f by utilizing the asymptotic
behavior of the operators. Moreover, Authors in [2] have studied the
modification of Szasz-Mirakan-Schurer Kantorovich operators for functions
preserving the exponential form e”(-bx ),b>0. Other author in [3] analyzed the
approximation of functions in C by employing the Weierstrass approximation
theorem using Bernstein polynomials, the Jackson operator, the Fejer operator,
and the Landau operator, respectively. They have found which approximation
function is better. The best approximation of bounded functions with one
variable will be discovered by considering two operators, namely, the De Vallee
Poussin integral operator and the modified Lupos operators, and we have
compared the approximation by utilizing the De Vallee operator and the
approximation by utilizing the modified Lupos operator. It is obtained that the
approximation by De Vallee is better than the approximation by the modified
Lupos operator.

2. Main Definitions:
Definition 1: [4] Let W € Ly[a, b], define the modulus of smoothness of ¥ on
[a, b] by the following of § € [0,b —a],1 < P < o0

(J)(‘-P’ 6)P = Sup{”Ah l'IJ(E)”P |h| < 6! 6!6 + h' € [a, b]}

with the property that:
i.  w(¥,8)p is non-negative.
. w(W¥,8)p < w(¥,8,)p for §; < 6,, 61,6, > 0. (1)

. w(¥,48)p < A+ Dw(¥,6)p, 2>0.
Definition 2: [1] Let ¥ € C,,, where n € N, then:
Ol
W) = 22 " w(o[eos(5D] d 2)
Then V, (W, ) is called De-Valle’s integral Poussin operator.

Definition 3: [5] Let W be an integrable function on the [0, c0) & n is positive
integers, the:

M,(¥,8) = (n— D) X Prie (@) J, PP (D)dt 3)

is called the Modified Lupas operators where:

-1y &¥
Pn,k(f) = ( ) (1+§v)n+k

Lemma 1: [6] For m is positive integer, then m!! can be defined as shown
below:
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m1
il — 2 ﬁ/z r (% + 1) if misodd @
2" F(%+ 1) if miseven
Lemma 2: Let ¥ € Lp(X), X =[0,0), 0 < P < oo, then:
0@, 1§~ thy < 0 (PE5E) +o(w,8), 5)

Proof: If |& — t| < &, then by (1)(ii), we have:
By utilizing (1)(i), we obtain the below inequality:

_+12
oW, |E-thp<w (l}’, i ;l )P + w(¥,6)p, Otherwise |€ —t| > 5, we

similarly obtain
_ et
(¥, 1§~ tp < 0 (W, 1§~ e 557) (M)

As a result, we obtain (6).

Lemma 3: The below equality holds:

(m+k)!(n—-m-2)!

Jy €™ P (Ot = = 0 (8)
Note that P, ; (t) is described as shown below:
Pu(®) = GEE1)ER(L + )= ©)
Proof:
[ A T N Gt W N A C R I (10)

Let t=tan?6. If =0—>9=O,t=00—>9=g. Then t=2tané
sec?6df. Thus fow t"™P,, (t)dt can be rewritten in terms of the new

transformation as shown below:

mthnk (t)dt =2 ;{1+k—1 2(tan 0)2M+2k+1(gac @)-2n—2k+2 g
0 g 0

T n2m+2k+1
_ k—1+ (5 Sin 0 k—
=20 [ o Zrarery (cos )22 dg

— 2(Z+k_1) fOESl-an+2k+1 0 (COS Q)Zn—Zm—3 de (11)
Since we know that:
Z ein2a—1 2b-1 _ _manb
JZsin**71 6 cos?*1 0 df = Tm@rD) 12)

Comparing (8) and (9), we would then result in the below values of a and
b respectively.

a=m+k+1, b=n-m-1 (13)
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Then the integral fow t™P, (t)dt can be calculated based on the above
values of a and b respectively.

Lemma 4: [7] The following integral equation holds:

z on g, _ T+3T()
_g(cos #dt = —20— (14)
where I' is Gamma function.
Proof: Zi(cost)?ndt = 2 JE(cos t)**(sint)® dt (15)
2
Comparing with (9), it would result in 2a —1 = 2n and 2b —1 =0 and
then a = 2n2+1 , = % . Thus, the integral in (20) can be rewritten in terms of the

values of a and b respectively and by (4), as shown below:

—(zn_l)”\/ﬁ if nis odd

& n réEHrg) e | e
f (cost) dt = 2— 2572 = = :
A+ T @n-DM 2T if nis even
(2n)!

(16)

4. Main Results

Theorem 1: [8] Let W € C,,(X), X =[—m, ], n €N, then the following
inequality holds:

V(9,8 = 9] < =0, 2 (17)
Proof: From (2), one can obtain:
h(W,8) -¥(©) =

Then|V, (W,&) —¥P(&)| <

(2n)”
@n-D!2n

f lP(i:)[cos—] dt—‘{’(f) (18)

2n)! 1 é+m
(Zn—l)” 2n’é-m

[P (t) - lp(<§)|[COS—] "t 19)

em!t ¢
Vo (8,) = WO < G550 [T w (P, |t — €Dplcos =9"a Qo)
By utilizing (1)(iii), we obtain the below inequality:
Hence:
( )ll 2n
V(. &) = ¥ < (2121n1)u zln ’\/‘)P f&n It — Sc|\/_+ 1] COS—] dt

(21)
I _g.2n
< (z(ii)l)!!iw(‘{’,%)P{fszlt—Elﬁ[cos%] dt + [{*T[cos = q°" qe
(22)
=& 1 T
— , then duzzdt. If t=¢&—m, then u=-—:. If

Assume that
t=¢&+m, thenu =

T
2
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Then the right side of the inequality (19) can be rewritten as shown below:
w (‘P, i) {fzn 2|ulvn[cos u]* du + 2 [%[cos u]*" du}
Vn/p U3 -
(23)

! 1

RHS = (2n-1)" 21

By (16), we obtain the below equality:
RHS= 70w (qj’ i) {% 2|ulvn[cos u]?" du + (2n-1u \2m}
valp VT

@n-0!" 2w n)!
Hence:
_ (@mn 1 1 z 2n 1 1
R.H.S= (Zn_l)”nw(w, \/_) _Elulx/ﬁ[cosu] du + \/_a)(q’, ﬁ)p 24)
R CZOLEN e 2n
< [\/_ E—— nlul(cosu) du]a)( 'w/ﬁ)p (25)
. (2n)!
Since Z—_ < 2+/n . Then
Eﬁ sinu (cos u)?" du = g% < ﬁ (26)
h < [=+2 0w (¥.5)
Then RHSS [=+2 1o (¥, 5) 27)
1
V,(W,é) —¥ S—a) Y=, 2
(W, ) — ¥l (&), (28)
(¥, 8) =¥l < o (¥.5) | (29)

V, (¥, &) is the best approximation from n is odd.

Lemma 5: [9] Let X = [0,0),¥ € C[0,),¢ € X. Then M, (¥, &) is given in
terms of the infinite series shown below:

M, (¥,8) = (n— 1) I, B [T w(t)dt... (30)

with the below properties:

(D Mp(1,9) =1 (2) My (£,8) = § + a(§) B) My (t%,8) =& + B(§)
Proof: Starting with (1):
My(1,¢) = (Hanzk o G (31)

Since € € [0, ), then — E [0,1], we use the below identity:

o (ntk—1 e e\ 1 (1"
Zizo(" Ty =@ =y)” (1+§)n (1 1+§) - (1+§)n( 148 )
1 N—n _ n _
(Hg)n (M) (Han( +O"=1 32)
We prove (2). Starting with the below infinite summation:
My(t,§) = (n = D o By fy Big tdt (33)
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By (8), one can obtain the below equality.

_ o p(&) k+D!(n-1-2)! (5) (k+1)k!(n—-3)!
Mp(t,8) = (= D Xm0 Pk~ = @~ D k=0 Pk e sy

= o P e+ 1) = (T kS + 2o B ) = (g + 1) = 2
=f+%§§=f+a@) (34)
Provided that the function a(§) is given as shown below:
a(f) = &1 (35)
To prove (3), we start from the below equality'
My(6,6) = (n— D EPo B Jy Paid 7t (36)

By utilizing (8), we get the below equality:

_ o €3] (k+2)!(n—4)!
Mn(tlf) - (n_ 1) Zk OPnk kl(n-1)(n-2)(n—-3)(n—4)!

——— 5% P8 (k? + 3k +2)

(Tl 1)(n 2)

& © P& o p®

mc:k Oij ke? +Zk=0Pni (3k) +22k=0pn§<>
(E*n2 4+ né2 4+ né 4+ 3n+42) + &2

_ 1
T (n-1)(n-2)
an&?4né—28243n42

= EZ + n2-3n+2 = 52 + ﬁ(f) (37)
The function B(§) is given by the fraction:
B(E) = 4né?+nf-282+3n+2 (38)

n2-3n+2
Theorem 2: [10] Let ¥ € Ly (X), X = [0, ), then
[W(©) — M, (¥,, )| < 30(¥,/BE) — a(®), 39)
Proof: By (5),
W(E) - WD) < 0¥, 1€ty < (@, 1€ — £ £, < w(w, 2D,
Provided that § > 0, and |€ — t| > §. By (1),
w(E) - WD) < 0¥, “;t)z)P +w(¥,8); <o (¥, “;)2 5)P +w(¥,8),

(40)
By utilizing (1)(iii), we get the below inequality:
< EX 4 Do, ), (41)
By (1)(),
< (E241) 0,0 + w(¥,6)p < (EL +2) w(w,6),
<2+E -2, 8)p (42)
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Then we obtain the below inequality:

W(E) = My(¥,,§) < 2+ My(§ — )26 (¥, 8),

= Q2+ 8M, (8% - 2&t + tH))w (¥, 8)p

= [2+657282 = 572 (26(¢ + a(®))) + 672 + BEN]0 (Y, 8)p

= [2+ 67282 — 267282 — 267 2¢a(§) + 67282 + 5 2B (D)]w (¥, 6),

= [2+ 292201 (,5), , Put s = BE) - 2£a(®) (43)

Then § can be calculated based on the values of a(§) and B(§)
respectively.

n2-3n+2 n-2 nZ-3n+2 n-2

2 _ 2 2 _ 2 2
5= \/4nf tnE-2§243n+2 Zf(zfu) _ \/4115 tnE-2§243n+2 (45 +zf) (44)

If§ - 0as n —» oo, then:

[W(§) = M, (W, )| < 2+ D (¥, V/BE) - 28a(®), < 3w(¥,8),.
Thus, M,,(¥, ) = ¥(&) as n = oo. This completes the proof.

5. Discussion and Conclusion

In this research, we compared two operators (17, 39) to determine which
yields better approximations of functions. It was found that (17) gives a better
approximation than (39) after comparing (17) and (39).

6. Future Work

The same concepts in this research can be applied to other fields and other
function operators; for example, see [7-9].

References

[1] A.H. Zaboon and S. K. Al-Saidy, “Multiplier approximation of func-
tions by g-Bernstein-Kantorovich operator,” Journal of Physics: Confer-
ence Series, vol. 1897, no. 1, p. 012055 (May 2021), doi: 10.1088 /1742.

[2] A. A. Auad and M. M. Khrajan, “Approximation of unbounded func-
tions by trigonometric polynomials,” Journal of Education College, vol.
2, no. 25, pp. 1411-1422 (2017).

[3] A.H. Zaboon, R. F. Hasan, and A. H. Alwna, “On approximation of
functions by means of Weierstrass theorem,” Journal of Interdisciplin-
ary Mathematics, vol. 28, no. 3-A, pp. 963-970 (2025), doi: 10.47974/
JIM-2075.



1246

[4]

[5]

(6]

[7]

(8]

[9]

(10]

R.F.HASAN ET AL.

V. K. Dzyadyk and 1. A. Shevchuk, Theory of Uniform Approximation
of Functions by Polynomials. Berlin and New York, USA: Walter de
Gruyter (2008).

H. S. Jung and R. Sakai, “Approximation by Lupas-type operators
and Szédsz-Mirakyan-type operators,” Journal of Applied Mathematics,
vol. 2012, Art. no. 546784, pp. 1-28 (2012), doi: 10.1155/2012/546784.

K. Ito, Ed., Encyclopedic Dictionary of Mathematics, vol. 1. Cambridge,
MA, USA: MIT Press (1993).

R. F. Hassan, S. K. Al-Saidy, and N. J. Al-Jawari, “One-sided multi-
plier approximation of unbounded functions,” Al-Nahrain Journal of
Science, vol. 25, no. 1, pp. 41-44 (2022).

P. Patel, V. N. Mishra, and M. Orkcii, “Some approximation proper-
ties of the generalized Baskakov operators,” Journal of Interdisciplinary
Mathematics, vol. 21, no. 3, pp. 611-622 (2018).

H. J. Ali and S. I. Mahmood, “New generalizations of soft LC-spac-
es,” Iraqi Journal of Science, vol. 63, no. 11, pp. 4890-4900 (Nov. 2022).
C.J. de la Vallée Poussin, “On the approximation of functions of a

real variable and on quasi-analytic functions,” The Rice Institute Pam-
phlet, vol. XII, no. 2, pp. 1-68 (1925).

Received May, 2025



