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Abstract

This research presents an effective approach for resolving nonlinear differential
equations with mixed derivatives, focusing on the Ito problem. Unlike traditional methods
that require decomposing or transforming the problem into a system of differential
equations, our proposed approach directly tackles the problem’s complexity while ensuring
computational efficiency and precision. The Ito equation, recognized for its importance in
simulating many physical and stochastic phenomena, poses considerable challenges owing
to its nonlinearity and mixed-derivative terms. Our methodology uses this technique, which
decomposes the mixed derivative to derive partial solutions for the other derivative of the
equation, then leads to partial solutions for the equation itself, ultimately representing the
entire or approximate solution to the equation. This approach guarantees reliable, accurate
solutions while preserving the structural integrity of the original equation.
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1. Introduction

Differential equations are essential mathematical instruments for modeling
many natural events and engineering processes. They are employed to represent
dynamic changes across diverse systems, including physics, engineering,
economics, and biology. Differential equations are employed to analyze the
motion of objects, examine the spread of diseases, and forecast economic
actions.
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Finding the right way to solve each model is crucial. Many researchers
have developed effective methods to obtain analytical, approximate, and
numerical solutions [1-5]. Despite advancements in analytical and
computational methods for solving differential equations, significant challenges
remain in resolving certain complex patterns. Therefore, this research aims to
explore an improved approach for solving nonlinear differential equations with
mixed derivatives. Among these equations is the Ito equation, which generalizes
the bilinear KdV problem. Several studies have reformulated the Ito problem as
systems of differential equations and solved them using various analytical and
numerical methods. Methods such as the Darboux transformation [6], the
Riccati-Bernoulli sub-ODE method [7], the extended F-expansion method [8],
investigations of invariant tori in Ito-type stochastic dynamical systems [9],
numerical methods [10], and stochastic integral transformations for jump-
diffusion processes [11] have all been applied to study the Ito equation and
related models. This paper presents a modified approach for solving nonlinear
differential equations with mixed derivatives. The proposed method is explained
clearly to ensure simplicity in application and implementation. Through this
research, it is hoped that the developed approach will advance techniques for
solving nonlinear differential equations and enhance scientific understanding in
this area.

2. Fatima Method (FM)

In this section, we will present Fatima's method, Let's say we have a
differential equation that looks like this: [12], [13]

Lu(X,t) + Lyu(X,t) + Ly,u(X,t) + R(u(X,t)) + N(u(X, 1)) = g(X,t), X
= (xq, X5, ...)

Such that L;, Ly, Ly, represents the differential of ¢,x;, x; andt
respectively, are at the top level, where I can take on any value between 1 and n,
and so on. g(X,t) symbolizes a forceful or inhomogeneous term, R represents
the linear terms, N is a nonlinear analytic term. Remedies for u(X,t) are partial
solutions derived from the operators' equations Lyu, L,u and Ly,u. These
solutions are referred to as "partial." It has been determined that these partial
solutions are substitutable and ultimately converge on the same accurate answer.

It is assumed that the operator L;, of the minimal rank selected, should
adhere to the most recognized conditions.

L(X,t) = g(X,t) — Lyu(X, t) — Ly;u(X, t) — R(u(X, 1)) — N(u(X, t))
Applying L, ™!, then we obtain
u(x,y) =0+ L gX,t) — L Lyu(X, t) — Ly Lyu(X, )
—LRuX, ) — LN (u(X 1)

62
0t

Such that @, = u (X,0), if L =% ,Bo = u(X,0) + tu,(X,0),if L =
and so forth.
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The solving u is expressed in the shape of an infinite series in the format:
u(X,t) = ¥ u,(X1), such that uy = @, + L, *g(X.2)

Unpr = ~Le " Lyt (X.) = L Lyttn (X0 = L R (un (X, 8)) = L™ Ny
Concerning the term "nonlinear," N (u) is
N(u) = Yo Ny , Where N;, may be computed by

_ 1 [o*Nw)
Nie = E[ atk

ak
,where —u = klu,, k =0,1,2, ...
t=0 at

3. Modification for Fatima Method(MFM)

This section outlines the steps involved in modifying the Fatima method
[13], [14], [15], for solving DEs.

Consider the following nonlinear DEs as follow:

Leu(X,t) + Lyu(X, t) + Ly,u(X,t) + R(u(X, t)) + Nu(X, t)) = g(X, 1), X =
(xl' X2, ) (1),

where L, is the differential for the largest order in t, Ly represents the highest

order differential regarding x;,i = 1,2, ..., Ly; is the mix differential for the

highest order amidst the x; and ¢, Ris the remaining linear term for lower

derivatives, while .N denotes a mathematical term that is not linear, and the term

g(X,t) is a heterogeneous or pushing one. The partial solutions of u(X,t)

produced from the equations for operators Lyu, L,u and Ly,u yield partial

solutions that are comparable and converge to the exact resolution. However, the

choice of which operator Lyu or L,u or Ly; to utilize in solving the problem

mostly hinges on two factors:

(1) To minimize the computing workload, it is advisable to select the operator
of the lowest rank.

(i) To speed up the evaluation of the solution's components, the lowest-order
operator ought to be of utmost- established conditions.

an

Presuming that the operator L,, = Sikionks

,n = ky + k,; the given initial

aklukzxi(X,t)

conditions otk = f,, fulfills the two selection criteria, where
t=0
akz d
ukzxi = mu an

d

|r ukzxi(X, 0) for L, = - (ky = 1)
aZ
fo= { Uy, (X0) + Ll (X,0) for Ly = ——, (ky = 2) ’

1 83
Upe, 2, (X,0) + Ly, (X,0) + ztzukle.(X,O) for L, = -, (ks = 3)

and so on.
Note : The initial condition may be as follows u(X, 0) = f.
To find the solution for equation (1) by MFM we follow these steps:
Step one rewrite the equation (1) as follows :
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Le (s, (X, 0)) = g(X,0) — Ly u(X) — Leu(X,0) — R(u(X.10) — N(u(X, 1))
ak1
@ Le =557

Step two applying the inverse operator of L,

Lt = [y f) [ () dt ...dt

k4 times

for both parties of equation (2), thus, we obtain:
Uy, X, ) = fo + L7 (g (D) — L, (inu(X,t) + Lau(X,0 + R(uX.D) +
N(ux, 1)) G)

Step three A Fatima technique allows for the deconstruction of the
variable u into an endless number of constituents
u(x! Y t) = Z%O=O un(Xst) = u0+u1+u2 + o, (4)
and an infinite series of N) can be used to express the nonlinear portion N(u),
that is

N(u) = XxZo Ni, (5)

k
The value of N, can be computed by N, = %[%] 6),
: !

where =zu = Kl k = 0,12, ..
Step four equation (3) becomes :

2in=0(Un)pyx; K1) = fo + E‘t_l(g(X' t)) - ILt_lei(Z%o:o u, (X, t)) -
Lo Le(Zio t (X0) = L™ (R(Zio ta (X,6)) = L (Do M) -

The constituents (up),y,(X,t), where n greater than or equal to 0 can
be calculated iteratively utilization the given relation:

(Ui (X, ) = fo + L (8(X, D) }
(Uit i K1) = =L Ly uye — L Lewe — L (R(uw)) — L (Ny), k = 0)
(7) where each The determination of a component can be achieved by utilizing
the component that comes before it.

Step five finally to find the elements u, (X, t), n greater than or equal to 0
of solution u(X, t) taking Ly' = [ [ ... [(.) dx; ... dx; to equation (7), a solution

k, times

that is presented in the form of a series has been derived.

4. Application

This method may effectively solve any problem, regardless of whether it is
linear or nonlinear, and involves a combination of derivatives. Here are two
examples that demonstrate this, the Ito equation is one of the two differential
equations with mixed derivatives that MFM will be used to solve in this section.
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4.1 Example

The authors in [14] used Heun's approach with the traditional 4th order
Runge-Kutta method to solve the Ito equation and obtained numerical solution.
In [16] other author used a Darboux transformation and also got the general
solution, authors in [17-22] used a three-soliton limit method to obtain solutions
regarding rogue waves (general solutions that obtained). Here, The MFM is
utilized to resolve the Ito problem, which is solved precisely, whereas various
techniques are applied to tackle this system. and got a numerical solution; that
is, the presented approach has been better than others.

Assume that the form of the Ito equation with (2+1) dimension is

Upe + Uggre + 6U U + 3UUL + 3Uyy f_xw uedx’ 4 uye — Suye = 0 (8),

with initial condition

u(x,0,t) = _?2 + 2sech?(x + 2t) , we can write the eq.(8) as follow
Uyr = —Ugp — Uggye — OULU + 3UL; — Uy f_xoo uzdx' + 5uy; , or as
uyt = _(utt + Usexext — Suxt) - (6uxut + 3uuxt + 3uxx f_xoo utdx,) (9)

uy, = —(R(w) + Nw)), (10)
where R(u) = Upp + Upyyr — SUyy and N(u) = 6u,u; + 3utly, + 3u,, f_xw U,
dx', Tt is possible to write the nonlinear part as a sum of nonlinear terms as
follows
N(u) =n'+n?+n® such that n' = 6u,u,, n*=3uu,, and n®=
3uy, f_xoo uydx’'
Lyu, = —R(u) — N(u) , such that L, = :—y,
When we integrate equation (9) with respect to (y), we obtaint
- - - - y
Ly 'Lyu, = —Ly"'R(w) — L, *N(u) , where L, ™" = [7(.) dy
ut(xay:t) - ut(x' 01 t) = _Ly_lR(u) - Ly_lN(u) =
u (xy,0) = u,(x,0,6) + =L, "R(u) — L, "'N(w)
Since u(x,0,t) = _?2 + 2sech?(x + 2t)
Letuy = _?2 + 2sech?(x + 2t), note that we’ll put the symbol @ instead of
(x + 2t) for ease of writing only.
From u, = _?2 + 2sech?@, we get

= Uy, = —8sech?@ tanh @,

Uy = —16sech*® — 4uy, tanh @
Ugx = 7 Uot

Ugxy = —4sech*@ + 8sech?® tanh*@

Ugxt = 2 Ugyy

Uoxxx = 32sech*@ tanh @ — 16sech?@ tanh3@

Uoxxxe = 64sech®® — 352sech* @ tanh? @ + 64sech®@tanh*@

1
2
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Since uy, = —Ly, "' [R(ug) + No(u)] , where

R(ug) = Uzt + Ugxxxt — SUoxe = and

Ny = n'y + n?y + n3,, where

nly = 6ug, Uy = 192sech*@ tanh? @,

n%y = 3ugly, = 16sech*® — 32sech?@ tanh?@ — 48sech®® +
96sech*@ tanh? @,

130 = 3Ugy [ UordX’ = —48sechS® + 96sech* @ tanh?®

then we get

Uy = _Ly_l[R(uo) + No(u)]

Uy, = y[24sech*® — 48sech?@tanh?® + 64sech®@ —

352sech*@ tanh? @ + 64sech?@tanh*® + 192sech*® tanh? @ +
16sech*® — 32sech?@ tanh?@ — 48sech®® + 96sech*® tanh? @ —
48sech®® + 96sech*® tanh?@],
so we getting the partial solution u;of eq. (10) after integrating with t and
assuming the integral constant as zero, thus

u; = —4ysech®?@tanh @ , since @ = (x + 2t), i.e

u; = —4ysech?(x + 2t) tanh(x + 2t),
also since

Uy = —L, " [R(uy) + Ny (w)], and from u; we get

Uy = y[—8sech*® + 16sech?® tanh?@]

Uiy = Eult]

Uiy = Y[32sech*@ tanh @ — 16sech?@ tanh®@]

Upr = [4Ug5x]

Uper = [2Ugx]

Uixxx = Y[325ech®® — 176sech*@ tanh?@ + 32sech?® tanh* @] Uy ypnr =
y[—1088sech®® tan @ + 16646sech*® tanh®*@ — 128sech®® tanh®@] ,

S0
R(uy) = Uggr + Uggant — SUpye > and Ny = :—y(nl0 + n?, + n3,) such that
:—ynlo = %6uxu,t = 6[uUgy ety + Ugrlly,] = y[144sech®@ —

768sech*® tanh3@]
;—ynzo = %3uuxt = 3[ugUyye + Ugxelty] = Y[—128sech*@ tanh @ +

64sech?@tanh®® + 384sech® tan @ — 192sech*® tanh® Q]

aa_yn30 = % Uy f_xoo udx' = 3[u0xx f_xoo Upe dX + Ugyy f_xoo Upt dx] =
y[480sech®® tan @ — 384sech*@tanh3@] ,
thus we get

Uy, = —L, ' [y(—192sech*® tanh @ + 96sech?® tanh*@ —
1088sech®® tan @ + 16646sech*@ tanh3@ — 128sech?® tanh>@ +
144sech®® — 768sech*® tanh3® — 128sech*® tanh @ +
64sech?( tanh3® + 384sech®® tan @ —
192sech®® tanh3® +480sech®® tan @ — 384sech*® tanh®@)]

After we integrate with respect to (y) and then to (t) we get
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2
U, = 3;—] [—4sech*® + 8sech?@tanh?@] , since @ = (x + 2t), i.e

2
U, = 3;—1 [—4sech*(x + 2t) + 8sech?(x + 2t)tanh?(x + 2t)] ,and so on
Since, u = Yy Uy =
u= _?2 + 2sech?(x + 2t) — 4ysech?(x + 2t) tanh(x + 2t) +

2

3;—] [—4sech*(x + 2t) + 8sech?(x + 2t)tanh?(x + 2t)] + -
u= [_?2 + 2sech?(x + 2t) + y;—y(%z + 2sech?(x +y + 2t)) +
y? 0% (-2 2
2 57 ( >+ 2sech*(x +y + 2t)> + ]t=0
Thus, u = _?2 + 2sech®(x + y + 2t), this is the Ito equation's precise

solution.

4.2 Example

The Kadomtsev-Petviashivili equation talks about nonlinear waves that
change slowly in a medium that spreads them out. It also talks about how
weakly nonlinear long water waves that move almost in one direction are
changed [9], [18], here we'll solve this equation.

Let's examine the 4th order nonlinear Kadomtsev-Petviashvili equation.

Uye — 6UU — 6(Uy)® + Uy + 3Uyy = 0. (12)

With IC: u, (x,y,0) = — % csc? (% (x+y)) coth G (x+y)).
This is one way to write Equation (12): u,, = N(u) — R(u), (13)
where N = 6(n' +n?) = 6(uty, + (Uy)?) and R(U) = Upyrx + 3Uyy
J .
Here (u) = o0 e
L(u,) = N(u) — R(u) , take L™ for both parties of the equation (13) to get
Uy = Uy (x,y,0) + L7H(N(u) — R(w))

Let ug, (x,y,0) = — i csc? G (x+y)> coth (; (x+y))
= Uy = %csch2 (% (x + y)), note that we’ll put the symbol ¢ instead of

(x + y) for ease of writing only.
So the uybecomes u, = %csch2 G 4 )
assuming that the integral constant is equal to zero.
since, Uy, = L7Y(Ny —R(uy)), where N, = 6n'y+6n?;,, and R(u,) =
Ugsexxx T 3Uoxx »
from u,, we get

Uoxx = Ugyy = iCSCh4 G {) + %Csch2 (; {) coth? G {)
e = e () ot (20 s () ok 1)

Upxxxx = gCSCh(’ (% {) + % csch* (% {) coth? (% {) +%CSCh2 (2 () coth* (2 ()
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nly = 6Uylipy, = Nty = zcsch6 (%() + %csch”‘ GZ) coth? G ()

n?y = 6(up,)? = n?, = zcsch4 G() coth? G()

Uy, =t Ecsch6 G{) + icsch4 G() coth? G() - icsch2 G() coth* G() -
e (0) -2t (o ()

gy = t[—eseh? (5¢) — 2esch? (5¢) coth? (3¢)] =

1 1 . .
U, =td [2csch2 (5 4 ) coth (E 4 )], after we integrate u,,, for x, by assuming
that when the integration constant is set to 0, what we get:

u, = 2tcsch? (1 C) coth (1 C) ie
u, = 2tcsch? ( (x+y)) coth( (x+y)>

Since u,y = L7*(N; — R(u,)), where N; = 6n'; + 6n?;, and R(u,) =
ulxxxx + 3u1xx

U, =t [—csch4 (% Z) — 2csch? G() coth? G()]

Uy =t [4csch4 (%() coth G() + 2csch? (% {) coth® (l()]

u
e[ ~2eseh® (1) ~ 11escht (2¢) coth? (17) — 2esch? (2¢) coth (17)|

Upppxx = L [17csch6 G() coth G () + 26¢sch* ( ) coth? ( ) +
2c¢sch? G () coth’ (% ()]

nt, = %[6uuxx] = 6[Ullyys + U] = 6UGU xx + 6U Ugry

nt, =t [15c'sch6 (%() coth G () + 12csch* (%() coth® G()]

n?, = E6(ux)2 = 12Ug, U,

n? =t [6csch6 G () coth G () + 12csch* G () coth® G (')]

Uy, = tz—z![4csch6 G () coth (% () — 4csch* (% () coth? (% () -
8csch? G () coth? (% () — 12csch* (% () coth (% ()]

Uy, = tz—z![—16csch4 (% () coth G () — 8csch? (% () coth? G ()]

Uy, = ;—T[—Scsch" (% () coth G () -8 (csch4 (% () coth (% () +
csch? (% { ) coth3 (% { ))], after we integrate u,, concerning x, and assuming the
constant of integration equals zero, we get:

U, = ;—2![4csch4 G () + 8csch? (é (') coth? (% {)], ie

U, = ;—2![4csch4 G (x+y)> + 8csch? (% (x+y)) coth? (% (x+y)>],
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and so on, from equation (4):
U= Yoo Un(x,y)
u= %csch2 (é (x+y)> + 2tcsch? (% (x+y)) coth (% x+ y)) +

;—2!<4csch4 (% (x+ Y)) + 8csch? G &+ Y)) coth” G (X+Y)>> T
= E csch? (; x+y-— 4t)>]t:0 +t [% (% csch? G x+y-— 4t)>>]t:0 +
oot -

t=0

The given response is close to the precise answer: u = %CSChZ (% x+y-—
4t)).

5. Conclusion

This study introduces an enhanced approach to the Fatima technique,
specifically designed to solve nonlinear differential equations that involve mixed
derivatives. This approach demonstrated efficacy in solving equations of this
nature, particularly in comparison to alternative methods such as the way for
decomposing A domain or iterative iteration method. This method was more
straightforward and concise in the solution steps and precise in reaching the
exact solution. Furthermore, it has the capability to effectively solve highly non-
linear equations that posed a challenge to solve without transforming them into a
set of differential equations, such as the Ito problem.
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