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Abstract

This article introduces the complex - valued public metric spaces, with some examples,
and study its properties as well as we have been proven an existence for the fixed points via
weakly types compatible maps and also study (CLR,)) and (EA) properties.
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1. Introduction

Generalized valued metric spaces are important in many fields, including
science, engineering, and economics [1]. Numerous authors have proposed
extraordinary generalizations of metric spaces, including [2]. In 1989,
researchers began to expand fixed-point (F.P.) theorems for metric spaces,
studying fixed-point theorems for multivalued mappings on complete metric
spaces [3]. In 2007, Agarwal, Regan, and Sahu [4] presented a contraction
mapping and proved that a mapping in a complete metric space has a unique
fixed point.

Many studies have been conducted on the F.P. and its applications in
various spaces; see [5], [6], [7], [8], [9], [10], [11], [12]. In 2011, Azam, Fisher,
and Khan [13] introduced the concept of complex metric spaces and proved the
existence of F.P. by contraction maps. In 2014, Mlaiki [14] introduced the
concept of complex S-metric space, which is a generalization of complex metric
space. In 2014, Mukheimer [15] studied F.P. Theorems in the so-called b-metric
space. The authors [16] presented an interesting study in which they discovered
a series of common F.P. theorems involving specific logical conditions in these
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complex spaces. We will present results that are considered an improvement and
generalization of many studies.

In 2014, the authors [17] studied common F.P. theorem in the complex -
value metric space as well as proved them via w-compatible self-maps.

we develop this work, introduced novel spaces as well as study common
F.P. theorems in a complex public metric space.

if € denotes to sets for the all complex number & ift; ,t, € €. A partials

orders t; < t, on the € define by t; S t, & Re(t;) < Re(ty) & Im(t;) <

Im(tz).
Definition 1.1 [18]: Let S # @, and the mapping A:S X S — ( satisfies the
following:
1) A(s,€) z0foralls, £ e Sand A(s, ) = 0ifand only if s = £
2) A0 =AES)
3) A SAG ) + At E) foralls, £t e S
Then A is called CVPM on S and (S, A) It is called the CVPM space.
Definition 1.2 [18]: Let S # @ and p:S XS - [1,0) be a function and
A: S x S — ( satisfies the following:
1) AGEOzZ0vs,te S&AGE=0iffs=¢
2) A0 =AES)
3) A S p, O[AG ) + At €)] foralls, £t e S
So (S, A) named the CV-extend metric spaces.
Definition 1.3 [19]: if S # @, p; ,p,: S X S = [1, ) the function & A: S X § X
S — ( satisfies the following:
1) A(s,8,€)>0foralls,fe S,8 # ¢
2) Ifs=ft=t,thenA(s5,£t) =0
3) A(s,5,0) S A, Et) foralls, 6t € Sand € # t
4 AGEY =AGLD =AES D) =A€LS) = AR 0 =AGES)
5) A £t) S y[AGLL) + A t)] foralls, ft,y e S
Then (S, A) is called CV.Gy-metric space.

Definition 1.4 [16]: A maps i & J named weakly type compatibles (w-
compatible) where are commuted at coincidences point.

Definition 1.5 [16]: A maps fi and J of are satisfy EA. property if 3 {5,,} in S s.t
lim,_ . 0%, = lim,_ 45, = q, for some q in S.

Definition 1.6 [16]: A maps fiand J satisfy (CLR,) property if 3 {§,} in § s.t
limy, o 05, = lim, o I5, = 5, for some § in S.

2. Main Results
We defined the complex public metric space and some important theorems



FIXED POINT THEOREMS IN COMPLEX PUBLIC METRIC SPACES 1163

Definition 2.1: Let S # @, p;,p5:S X S > [1,) be a function and A: S X S X
S — ( satisfies the following:

1) AG,ft) z0foralls, £t € S
2) Ifs=f=tthenA(s,£t) =0
3) AGEY =AGL0 =A€S YD =AELS) =AWGS 0 = AGES)
) AGEY 3 pu(sD(AGLY) + pED(ALED)
Then A is called CVPM on S and (S, A) It is called the CVPM space.

Example 2.2: if A:S XS XS > ¢ st A, €t) =ki(|s—€] +|E—t] + |5 —t|),
keN,s f,t € Sand p;,p: S XS > [1,), then (S, A) is CVPM- space.

Definition 2.3: if (S, A) is the CVPM- spaces, so S has
M-property if satisfy A(s,£,t) = A(5,5,€) > 0,vs,ft e Sands = €

Proposition 2.4: In any CVPM-space that has the M-property, then for all
5, £t € S it follows that: 1) IfFA(s,£,t) =0thens =f =1t

2) AG, 60 = [p2(68) + p2 (6 OIA(E S, 5))

Theorem 2.5: In any CVPM- space (S, A) has M-property if
1)  A(hs, Af Af) =

A(A8,75,75) ACREIETE) A(T8,RER6) A(T8,T67)
A(Ts, 3¢, I
91438, 98I + o, 1+ A(I8,7€76) 3 1+A@IsI696)
A(Rix,75,78) A(T8,676) A(T8,RE0E) A(RETETE)
41+ A@IsI676) 5 1+ A@IsIETE)

ii) f and J have (CLR,) property, iii) i & 7 the w-compatibles.
So each of i & 7 has common F.P.

Proof: By condition(ii), 3 {§,,} in S s.t lim,,_, A%, = lim,,,I5, =J5 , § €S.

From (i),
A(RS,75,78)A(AS 1, T51,51)
A(RS, A8, A8,) S @1A(35,75,,75,) + @, 1+A(73‘7S:'7S:) -

AT A8, 052)A(T8T50,T87) ACBS,T8,78)A(T8, 787, T57) AT, 887, 057) A(ASp,T50,759)
1+ A(IS.75,959) 41+ AUSTISIS) 5 1+ AUIST5.95)

Asn - oo,we get
A(fx,75,75) 3 0,A005,75,75) + @, —A(“i'jjiz:i;g“)
A(T5,35,95) A(T5,95,7%) A(0%,75,75)A(T5,75,95) A(75,75,95)A(75,75,95)
3 14 A@IsI8T8) 4 14 A(I8I8T8) 5 14A@sISTS)
i.e. A(hx,J5,95) < 0, by (1) of proposition (2.4), we obtain is = Js.
Now, consider A = fAs = J5.So, hJs = Jhs, implies that, hA = AJs =
Jhs = JA.
Now, To prove JX = X. If not.From (i), we have A(XJAJA) =
A(hs, A%, AZ)

P3
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A(hS,75,75) A(AA,IA,IX) A(I8,6%,61)A(I8,97,9K)
<
< 0 A0S, IK TR + @, YO e
A(h8,95,95)A(I8,9K,9K) A@ISALADARLILIN)
4T F AUSIRIN) ST IrAUsTI) @, AR IK,TR) +
AKIZLIN)AKIZIX)

3 1+ ARIAIN)
[ARIX TR < @|AR IR ITD)| + @4

Since |1 + A(X,JA,TX)| > |A(K, TA, JX)|, then
AR, TR, IX)| < (@1 + @3)|A(K TR, TR)],

So, ¢, + @3 = 1, which is a contradiction. i.e., A is the common (F.P) of f
and J.

[AGLIAIR) | |ARLIXIR)|
11+ AGIALID)|

Theorem 2.6: In Any CVPM- space (S,A) has M-property if the condition (iii)
of theorem (2.5) satisfied and the following:

i) hAS c 7§,

i)  A(hs, A 6f) =

A(fi8,75,75) ACREIETE) A(IS,RE,AE) A(TS,TETE)
A(Ts, 98,7 —_—r —_— e
P08, 3670 + ¢, 1+ A(I8,7€76) 3 1+A@Is3696)
A(RS,T8,75) A(TS,IETE) A(T8,RE,AE) A(REIETE)
414 A@IsIE70 5 1+ A@sIE90)

iii) hand 7 satisfy (EA) property, iv) 7S be the closed subset for the S.
s0 fi & J has the common (F.P).

Proof: By condition (iii), 3 {§,,} in S such that
lim, 0%, = lim,_, 35, =q,q€S.(23)
But, 7S is closed in S. So, lim,, _, , 5, = I\, for some | € S.
we have lim,, _, , s, = JL.To prove Al. = JL . From (ii), we have

AL ILIV)ARS,,T50,957)
A(RL, sy, 05, ) S @187, T8, T8,) + @2 = ULJSZJS:) =+

A(IL085,08,)A(ILT87,,T57) + ACALILIV)AIL TS0, Tx7) AL 087,085, A(AS,,957,950)
3 1+ AULISHLISY) P T AL IS 5 1+ A@LIS0,T8n)
Asn — oo, we have

AGAL, 7L, L) < @, AL TLTL) + @,

ACALILI)A@LILIL) A(ILILI)AILILIL)
1+A(9L7L,91) Y3 agum

ABLILIVACLILIL 5A(7L,7L,7L)A(7L,7L,7L) = 0, So.AAL 7L, 7L) < 0

t s 1+ A(ILILIL) 1+ A(9LILIL)

From (ii), we get

A(flﬁL, AL, fl]«:) < (plA(jflL, 7, jlﬁ) + 0, A(RALIALIAL)A(AL,ILIL)

1+ A(AL,9L,9L)

+ o, AUBLALADARLILIL) ACRALIALIAL)A(IAL L, IL) A(IAL,ALAL)ARLILIL)
3 aGRLL 4 1+ AC7ALL9L) 5 1+ A@ALILIL)
ACRAL,ALALACRALTLIL)

= @,A(AAL AL AL) + ¢s

]

1 + A(RAL,ILIL)
|ACRALALAL) [|A(AAL,ALAL)|
|AGRAL, AL, AL < @1 |AGRAL, AL, AL)| + g3 =2 Em
Since |1 + A(AAL, AL, AL)| > |A(RAL, AL, AL)],
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|ACAAL,ALAL) || ACRAL,ALAL)|
| ACRAL,ALAL)|

So,|A(AAL, AL, AL)| < ¢ |A(AAL, AL, AL)| + ¢4
implies that, ¢; + @3 = 1. Hence hAlL = AL = JAL.

3. Discussion and Conclusion

We obtained some results in our study of common F.P. theorem in the
complex-value public metric space, when the unique common (F.P) point was
obtained for w-compatible mappings, and the two properties (CLRy) and (EA)
were used.
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