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1. Introduction and Preliminaries 
ebiwFrbiF topology arises as a natural extension of classical topology when 

studying spaces equipped with a projection map onto a base space, allowing 
topological properties to be analyzed locally on fibers as well as globally. 
Functional separation, fibrewise normality, and their interactions with soft set 
theory and bitopological structures, highlighting the flexibility of fibrewise 
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methods in handling generalized topological spaces. The field of fibrewise 
topological spaces and their subsequent generalizations has been a subject of 
extensive research, with a focus on functional attributes and separation axioms. 
In this regard, the authors in [1] established the framework for types Nano-𝔾𝔾�g-
open sets within nano topological environments, while also examining the 
properties of Nano-𝔾𝔾�g-closed sets. Furthermore, research in [2] introduced and 
analyzed the fundamental behaviors of type C-open and C-closed sets, including 
a detailed exploration of their interior, closure, and boundary dynamics. Beyond 
these foundational sets, research in [3] explored the intersection of Supra Fuzzy 
Digraphs within the framework of related topologies. In the area of generalized 
mappings, the work in [4] introduced ωδ-Ο connected applications, providing a 
detailed study of generalized open sets categorized under ω and δ-Ο types. 
Furthermore, the investigated in [5] clarified the relationships between F-open 
and F-closed sets, contrasting their properties with standard regularly open and 
closed sets. Soft set theory applications were further advanced in [6] where the 
authors defined "sJsg-closed” sets using soft ideals and semi-open structures. 
Additionally, [6] presented new set classifications, specifically supra fan and 
supra delta fan sets, which are derived from specialized supra open topological 
environments. To enhance the study of regularity, [7] proposed the Rp and S-Rp 
spaces, characterizing them through a series of necessary and sufficient 
conditions that relate them to a redefined from of Hausdorff spaces. 
Additionally, the study in [8] introduced and explored fibrewise pairwise soft 
versions of classical separation axioms in bitopological spaces, including soft 
𝑇𝑇0, 𝑇𝑇1, 𝑅𝑅0, Hausdorff, regular, and normal spaces. Furthermore, research in [9-
11] defined and investigated various classes of fibrewise continuous functions 
including weak, closure and strong forms along with their respective 
compositions. the study also introduced and analyzed several ω-type topological 
concepts, such as ω-closed and ω-open sets, specifically within the framework 
of fibrewise spaces. In this context, the research conducted by authors [6] on ωpre 
−continuous functions provides significant insights into the development of 
continuity in generalized environments. Similarly, the findings by Nadhim et al. 
offer a substantial basis for the current investigation into the specific behaviors 
and interactions within fibrewise F-and C- topological spaces. As a way to start 
the classification in the fibrewise (Shortly, fib.wi.) a summary from, which is 
represented via the symbol fib.wi. sets across a specified set, referred to as the 
fundamental set. If   denotes the fundamental set, then a fib.wi. make over   is 
made up from set N and function       known as projection. Each point b 
from  , a fibre over b is a subset      1  �  from N, fibres might be empty 
as a result from no need for it surjectivity, and any subset  * from, we consider 
      1     ⋃      , in the other words       1          being 
the fib.wi. F-and C-open and closed from topological spaces. Now, we will 
present the following definitions that in our work. 
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Definition 1.1: [12] Suppose that   is topological space. The fibrewise 
topological space (Shortly, fib.wi. top. spa.) on a fib.wi. set N over   mean any 
topological on N for which the projection   is continuous. 

Definition 1.2: [13] A fib.wi. function      , is said to be fibrewise 
continuous if, for each point     (where     ), the inverse image of every 
open neighborhood of     .  
(a) A continuous if for every point     , where    , the inverse image 

from each open set from φ(g) is open set from g. 
(b) The function   is called fibrewise open if for every point     , the 

image of each open neighborhood         constitutes an open 
neighborhood of      in Hb.  

(c) Furthermore,   is categorized as a fibrewise closed if the image of every 
closed subset of    is a closed subset of Hb, for all    . 

Definition 1.3: [14] Let X and Y are fib.wi. sets over  , with projections 
                    , respectively, a function       is said to be 
fibrewise function (Shortly, fib.wi. funct.) if        , in other words if 
        for each point b of    

Definition 1.4: [15] We define a sub set A that is open in (X,  ) as an F-open 
set provided that the difference between its closure and the set itself, cl (A) - A 
results in a finite set. 

Definition 1.5: [16] A closed set A within the topological space (X,  ) is 
categorized as F-closed if the set of its frontier points (specifically A - int (A)) is 
finite. 

Definition 1.6: [17] In a topological space X, an open sub-collection A is 
referred to as a C-open set if the cardinality of the set       – A is at most 
countable. 

Definition 1.7: [9] We classify a closed subset A within the topological space 
      as a C-closed set if the difference between the set itself and its interior, 
denoted by A -         constitutes a countable collection. In essence, this 
condition implies that A is a closed set whose boundary (frontier) does not 
exceed a countable cardinality.  

Definition 1.8: [10] Consider a mapping in: (X,  ) → (Y, ). This function is 
termed F-continuous if it satisfies the property that the inverse image        of 
every open set   in Y results in an F-open subset of X.  

Definition 1.9: We say that the function                 exhibits C-
continuity if the inverse image of any Y -open set   is a C-open subset of X. 
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Definition 1.01: Consider A mapping h from the topological space       in to 
      . We say that h is an F-open (resp. C-open) function if it carries each open 
subset U of X to an F-open (resp. C-open) subset in Y. 

Definition 1.10: We define a function h: (X,  ) → (Y,   ) to be F-closed (resp. 
C-closed) if the image of any closed set in X under h remains F-closed (resp. C-
closed) with in the space Y. 

2. Fibrewise F-and C-Topological Spaces 
This part provides explanations of the fib.wi. F-and C-topology and 

various topological characteristics that can be gleaned from it. 

Definition 2.1: Suppose that   is a topological space the fibrewise F-
topological space (Shortly, fib.wi. F-top. spa.) on a fib.wi. set N over   mean 
any topology on N for which the projection   is F-continuous. 

Definition 2.2: Suppose that   is topological space the fibrewise C-topological 
space (Shortly, fib.wi. C-top. spa.) on a fib.wi. set N over   mean any topology 
on N for which the projection   is C-continuous. 

Remark 2.3: fib.wi. F-top. spa.  fib.wi. C-top. spa.  fib.wi. top. spa. 
Generally, the implications in Remark 2.3 are not reversible. The following 

instances serve as counter examples. 

Example 2.4: To illustrate that the reverse of Remark 2.3 isinvalid, consider N 
and   as the set of real numbers   with the usual topology     Let 
                    be an identity projection. Although this mapping is 
continuity condition, it does not satisfy the F-continuity conditions. 
Consequently, N=  serves as a fib.wi.top.spa. But not as a fib.wi. F-top. spa.  

Example 2.5: Let        , with the usual topology   . We define the 
identity projection    as before. In this instance, while the projection remains 
continuous, it lacks C-continuity. Consequently, N =   qualifies as a fib.wi. 
topological space but fail to be a fib.wi. F-topological space.  

Definition 2.6: A fib.wi. funct.      , in which G and H are fib.wi. 
topological spaces over  , the referred to as: 
(a) F-and C-continuous (shortly, F- and C-cont.): if the inverse image of each 

               -open) in Hb is an F-open (resp. C-open) set in Gb. 
(b)  F-and C-open: if the direct image of every open set in Gb is an F-open 

(resp. C-open) set of Hb. 
(c)  F-and C-closed: if the direct image of every closed set in Gb is an F-open 

(resp. C-open) set in Hb. 
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Proposition 2.7: Let          a fib.wi. C-top. spa. fib.wi. function when N a 
fib.wi. F-and C-topological space over  , and   is a fib.wi. set that contains 
induced fib.wi. set F-and C-topology. Then for every fib.wi. F-and C-
topological space W, fib.wi. function  :     be continuous if and only if the 
composition          are F-and C-continuous. 

Proposition 2.8: Let         a fib.wi. function when N be fib.wi. F-and C-
topological spaces over  , and   is fib.wi. set that possesses F-and C- induced 
fib.wi. F-and C-topological spaces. If at all any fib.wi. F-and C-topological 
space W, the fib.wi. function         is open, surjection if and only if the 
composition         are F-and C-open. 

Proof:   Let λ be a fibrewise open surjection. Since U   W is open, its image 
 (U) is open in  . By the induced topology on   via , it follows that 
( o )(U)= ( (U)) is open in N. 

←Conversely, if     is fibrewise open, then for any open U  W, the 
image  ( (U)) is open in N. Given the induced structure of   and the 
surjectivity of  , this implies   is open. 

3. Fibrewise F- and C-Closed (Res., F- and C-Open) Topological Spaces 
This section introduces and explores the properties of Fibrewise F-closed 

and C-closed topological spaces, defining them based on the closure properties 
of the projection map. 

Definition 3.1: 
(a) A fib. wi. F-top. spa. over   is called fibrewise F-closed topological space 

(Shortly, fib.wi. F-clos. top. spa.) if the projection   is F-closed. 
(b) A fib.wi. C-top. spa. over   is called fibrewise C-closed topological space 

(Shortly, fib.wi. C-clos. top. spa.) if the projection   is C-closed.  

Proposition 3.2: Let  :     be F- (resp. C-) closed a fib.wi. function in which 
  and   are fib.wi. F- (resp. C-) top. spa. over  . When   a fib.wi. F- (resp. C) 
closed, thereafter   a fib.wi. F- (resp. C-) closed. 

Proposition 3.3: Assume N a fib.wi. F- (resp. C-) top. spa. over  . Let    
fib.wi. F- (resp. C-) closed from a finite covering for N, thereafter N a fib.wi. F- 
(resp. C-) closed. 

Proposition 3.4: Let N a fib.wi. F- (resp. C-) top. spa. over  , thereafter N be 
fib.wis. F- (resp. C-) closed if and only if for every fiber    from N, and any F- 
(resp. C-) open set   from    in N, In existence an F- (resp. C-) open set   from 
b, such that      . 
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Definition 3.5:  
(a) A fib.wi. F-top. spa. over   is called fibrewise F-open topological space 

(Shortly, fib.wi. F-open. top. spa.) if the projection   is F-open. 
(b) A fib.wi. C-top. spa. over   is called fibrewise C-open topological space 

(Shortly, fib.wi. C-open. top. spa.) if the projection   is C-open.  

Proposition 3.6: Let  :  �  be F- (resp. C-) open fib.wi. function, when   
and   are fib.wi. F- (resp. C-) top. spa. over  . Whether   be fib.wi. F- (resp.  
C-) open, thereafter   be fib.wi. F- (resp. C-) open. 

Proposition 3.7: Let {  } constitute finite family from fib.wi. F- (resp. C-) open 
spaces over  , thereafter the fib.wi. F- (resp. C-) open. top. spa. product 
N=∏     also has F- (resp. C-) open. 

Proposition 3.8: Let  :  �  a fib.wi. function, when   and   are fib.wi. F- 
(resp. C-) open top. spa over  . Let      :     �     . If       are 
F- (resp. C-) open and   is fib.wi. F- (resp. C-) open, thereafter   itself is F- 
(resp. C-) open. 

Proposition 3.9: Let  :  �  be a F- (resp. C-) continuous fib.wi. surjection, 
when   and   are fib.wi. F- (resp. C-) open. top. spa. over  . If   a fib.wi. F- 
(resp. C-) closed (resp. F- (resp. C-) open), then   are fib.wi. F- (resp. C-) closed 
(resp. F- (resp. C-) open). 

Proposition 3.10: Let N be a F- (resp. C-) open. top. spa over  . Assume that N 
a fib.wi. F- (resp. C-) closed (resp. F- (resp. C-) open) over  , then     are 
fib.wi. F- (resp. C-) closed (resp. F- (resp. C-) open) over   for every F- (resp. 
C-) subspace�   from  . 

Proposition 3.11: Let N be a fib.wi. F- (resp. C-) open. top. spa. over  . 
Suppose that    �a fib.wi. F- (resp. C-) closed (resp. F- (resp. C-) open) over   , 
for any member    from F- (resp. C-) open covering from  , thereafter N are 
fib.wi. F- (resp. C-) closed (resp. F- (resp. C-) open) over  . 

4. Discussion and Conclusion 
This study focused on the properties of fibrewise F- and C-topological 

spaces, where F denotes finite structures and C denotes countable ones. By 
examining the influence of finiteness and countability on topological structures, 
our findings provide a broader perspective compared to authors [1]. The results 
show that this framework effectively extends classical topological concepts and 
provides a solid foundation for future research in fibrewise topology and its 
applications. 
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