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Abstract

In This work, a neutrosophic q-Poisson’s distributions are use to estimate coefficients
of holomorphic functions associated with conic domains. Through the application for
Neutrosophic g-Poisson’s series, two novel subclasses for the function have been introduced,
and upper bound of coefficient |a,|, |a,] have been determined within these subclasses.
These findings provide significant insights into the use of Neutrosophic distribution tools
and contribute to the study of Holomorphic functions linked to conic domains.

Subject Classification: Primary 30C45, Secondary 30C80.

Keywords: Conic domain, Hadamard product, Holomorphic functions, Q-calculus, Coefficients
estimate.

1. Introduction
Let F denotes to family for every holomorphic function Y define in open
unit disks U = {2 € C: 7| < 1}, normalize by condition Y(0) = 0 & Y'(0) —
1 = 0. so, VY € T has Taylor series expansions for a forms:
YQ) =2+ X5, x", 2€U. ey
According to this, each functions Y € § have inverse maps Y~! that
satisfies the following conditions:
Y(YQ)=2 2€0,
and
YO @) =@, ol <n), n)=-
In fact, an inverse functions be
Y Y @) =@ —u,w? + 2un2 —u3)w3 — (513 — Suyns + w)w* + . (2)
Let C be the complex plane. A subsets G for complex plane C named
domain if it is open and any two point in G is connect by broke line segments in
G. The domain G is said to be simply connected if it has no holes.
Furthermore, we use the notation § C Fto represent a family for each

function which is univalent in U. For functions Y, g €%, the Y named
subordinated to g in U, and this relation is denoted by

YQ) <90,
where there is Schwarz functions @ (), holomorphic in U, where w(0) = 0 &

lw(®)| <1v) €U,sit
YQ =9(@®) foran2€U
Where a functions g be the univalent in the U, so we get a equivalences:
YQ) < gQ) = Y(©0) = g(0) & Y(U) < g(0). 3)

A function Y € ¥ is called strongly starlike of order §(0 < & < 1) if and
only if
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X' (10 4
o < (1_2) ) 4)
One can find that ([1])
X'Q) _ (1402)° X'\ _ 1+ 5
Yo (1—2) < (Y(z) ) Ty )

equivalently, this requirement may be expressed in the following form:
X' Q g
Jare (550)] < 5

The authors [2, 3] provide definitions for the this operators, while Exton
[4] was first to use g-differences operators D, to extend classes for S* in
quantum calculus. Additionally, (see [5, 6, 7]) were pioneer in applying
fundamentals (or q-) hyper - geometric function within Geometric Function
Theory’s. Since then, numerous mathematicians have conducted extensive
research in this area, significantly contributing to its development and
influencing several branches of mathematical analysis and geometric function
theory.

For example, [2] explored new applications for a this operators in relations
to g-Raina functions, [6] develop and explain the family for the star - shaped
function associate with symmetric booth lemniscates. For further details on the
theory of the q-calculus operator in, one can refer to works [8, 9, 10, 11]. This
research builds upon earlier studies in a fields of that employed g-calculus.

[12] introduced the g-derivatives operators D, for functions Y given as
equation (1) as follows:

YQ-Y(q) .
——, * 0
DY) =] o 270 (©)
Y'Q.if2=0
for g € (0,1). It is clear that
lim D, Y(Q) =Y'(),
q-1"
for Y given by equation (1).
The formula for g-derivatives for functions 7" as follows:
Dg2" = [n]2""', nEN, ™)
where
[nlg = Xk=1q*", [0];=0, ®)

be g-analogue for natural numbers (named a basic number n). It follows from
(8) that

1-q" .
[n]q = ’ llmq—>1_ [n]q =n, qE€ (0,1)

1-q
The following properties of the q-derivative operator D, hold:
DY@ 9] =Y(qDDe9(Q) + gD Y(Q), ©)

Dyla¥Y(@) +bg()] = aDY(Q) + bDeg(2), a,b€C,(5)

YT _ 9Q@DqYQ)-YQDq9()

a [@ B 9a9Q) » 9@@)gQ) #0. (11)
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The general Leibniz rule for the n-th g-derivative of a product is

PR = ZR=o(}), D57 Y@ 205 9(a*D), (12)
where the g-binomials coefficient are
n n]q
)y = Wy

with [n]4! = [Ik=1[k]4 and [O]q. = 1. Here, [n], is the g-factorial function, and
it satisfies

lim [n],! = nl
qu_[ ]q

limqﬁl'(:)q = (2)
We refer to [12, 13, 14] for additional properties of the difference operator
Dq. From (12), it follows that

DPYQ) =D (DYQD), DPYQ) =9, (DY YR), n=3. (13
Using (6) and (1), we have

Similarly,

DqY(Z) =1+ Z;?:Z [n]qanzn_lr (14)
and
Dy[2D,YD)] = DY Q) + 22PY (). (15)

A family for g-starlike function was introduce in [15] as follow:

Definition 1.1: The functions Y € ¥ named belong to a class S; where

ZEqY(Z) ™
- )>0,qe (0,1),2eU}. (16)

In the limiting case as ¢ — 17, a family S; reduces to traditionals classes

S;={rernr(BL2

S*.
The discrete random variables 6 named have a g-Poisson distributions
when it take values 0, 1, 2, 3, ... with corresponding probabilities.
_s 8eq_5 Szeq_s 83eq_5
T g’ 2g’ Blg

where § is parameters, eg be g-exponential functions define by

6 _ 6 6 & . _
¢ =1+ e 2y g = Zm=o7
and [m],! = [m],[m — 1], ---[2]4[1], is the g-factorial function see [16, 17,

18].

m] mlg’

For the g-Poisson distributions, a probabilities mass functions express by

eq
[m]q! !
The corresponding q-Poisson distributions series define as

P(6=m) = m=0,12, ..
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n-1,-H

w H'Te .
PQ =2+30 om, €eU.

[n—1]q!

The ratio test shows that this series has an infinite radius of convergence.
Building on this idea, neutrosophic theory’s offers the framework of dealing
with imprecise parameter. As an example, neutrosophic gq-Poisson distributions
extends a classical case by allowing an intervals - value parameters my (see [18,
19, 20]). Its probability mass function is
(my)ke, ™

RE(6 = k) = = t—,

k=012,..,

for N = d + Irepresent the neutrosophic statistically numbers&both
expectations & variance be my.
A neutrosophic g-Poisson distributions be

o, 2€el.

n-1,-Mg
(mx)"" e,

m
Mq(mx, 2) =2 + Zn=2 [n—l]q!

[18] The linear operator Bmx(Y(z)):? — ¥, define via convolutions
(Hadamard products), be the

n-1,"MX
(mx)"" e,

By (Y@) = Mg(m2) *YQ) = 2+ Eiep — - i—and", 2€U.

Historically, the conic domain y;, h = 0, was introduced by Alsoboh et al.
[18], Kanas [21] as

Yy = {u +iviu>hy(u—1)%2+ vz}. 17)

For fixed B, these domains represent a right half - plane h = 0, a parabola
b = 1, right branch’s for the hyperbola 0 <h < 1, and an ellipse h > 1 (see
also [22, 23, 24, 25]).

An extremal function of these conic region be:

_!b = Ov
1-%
1 1 1+Vz 2
-y {( cos h)lo 1\F} —,0=<bh<1,
py(2) = 2 (1oe 2 - (18)
b 1+n2(log1_ﬁ) ,h=1,
u(z)
1 NG dt b?
bz——ls <2K(h)f Vi-t2 \/1—52t2> + hz——l’b >1

where

E

u@ =+

2€U,

=

)
2
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K’ (h)
4K (h)

elliptic integrals for first type, & K'(h) = K (wll - bz) is its complementary
integral (see [26, 27]).
If py(2) = 1+ o0y + -+, it is shown in [25] that

and h € (0,1) is chosen such that b = cosh( ) so, K(h) the complete

8(cos™? b)2
n(1-h?)
8
o = Zh=1, (19)
I 2
L4hz(1+b)ﬁK2(h)
In recent years, several subclasses of holomorphic and bi-univalent
functions have attracted considerable attention. Inspired by these works, we
define two novel subclass for class ¥ and obtain coefficients bound for |a,|, |as|
for function belong to these subclasses.

0<h<1

h> 1

2. The Sets for Lemmas
To establish primary findings, we will need to use next lemma.

Lemma 2.1: [1] Let the function s(2) be given by
sQ =1+s512+52" +532° +,(8)
where s() belongs to the class P of all functions holomorphic in U and
R{s(2)} > 0 forall ) € U. Then
[spl <2, neN={123,..}. 21)
This inequality is sharp.

Lemma 2.2: Let the function s()) be given by
sQ)=1+512+50% +532% + -,
and suppose it is subordinate to functions t()) are
tQ) =1+t 2+ 0% +t3° + .
If the function t(2) be univalent in U & t(U) the convex, so
[sp| < 1t;], m€EN. (22)

For a deeper review of more recent works, the reader is referred to [16, 17],
and [18].

3. Coefficient Bound for the Function Class iﬁ (o, A, my)

This part, investigate a coefficients bounds of function belonging to classes
iZ§ (a, A, mg). We aim to established explicit estimate for a initials Taylor
coefficient and explore their relationships under the defined q-differential
operators and associated conditions.
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Definition 3.1: A function Y € ¥ for a forms specified in (1) be included in the
function class ‘ICZ[ (@, ¢, my) if the following conditions are met: Y € X,

DB (YD) + 200 B, (YD) < [2y D] or

(DuBan (YD) + 20078, (Y2)) " < y(2) (23)

and

DBy (g (w)) + wZDgZ)Bmx (g (m))

o /o
<[y @)]" or (DB (9@) + TEDPB,, (9@)) " <py@). 4
where ),w € U and g is given by (2).

Theorem 3.2: Put the functions Y € ¥ of a forms describe in the (1) that belong
fo functions class iZf(a, ¢, my). Then:

2[2]4!
lay] < « jm] % (25)

qa(mx)zeq_mx (1+[2]qZ)—(a—l)([z]que;mx)z(1+()2’

and
((xch)z aoy[2]4!
az| < —m .
o ([zlqueq_mx)z(ﬂi)z [3lq(mx)2eq  (1+[21q7) (26)
Proof: Firstly, it is evident from conditions (23) and (24) that
DB (YQ) + 2007 B,0 (YQ) = [s@1%, 27)
where
s@ <pQ,
14524502 +530° 4+ <140y + (28)
and
DBy (9(@)) + BLD B,y (9(@)) < [py(@)]” (29)
Where
# (@) < py(@),
1+ oo+ p,@% + ;@ +- <1+ oyw+ . (30)
By virtue of (28), (30), and Lemma 1.2, it follows that
snl < |°b| and 1€l < |°b|- €19
By equating the coefficients in (27) and (29), we obtain
[2]gmey ™ (L + Daz = asy, (32)
[3] - a(a—1)
H:!(mx)zeq m"(l + [Z]qZ)a3 =as; +— s, (33)

_[Z]queq_mx(l + Da, = apy, (34)
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and
% 2 —my 0((0( 1)
21! (my) €q (1 + [Z]QZ)(ZaZ az) = agp, + 501- (35)
Based on (32) and (34), we find
51 = —f#1, (36)
2([21gmee; ™)’ (1 + 063 = (52 + 0). (37)

Subsequently, by combining equations (33), (35), and (35), we obtain

a(a D 2([2lgmey™) (140203
a? '

“( Wie, M1+ [2]40)ak = als, + 0,) +

2[3]a(my)?e, ™ (1 + [2]40)a3 = aZ[Z]q! (52 + £2)
+(a — 1)([2]queq_m“)2(1 + 0)2a3. (38)
Thus, we conclude
2 2[2]q'(52+502)
a; = v 39
2 2[3lqa(my)Ze, " (1+[2]148) (- 1)([2]qrnxe )(1+Z)2 (39)

Finally, applying (31) together with (39), we derive the desired estimate
for the coefficient |a,| as mentioned in (25).

By subtracting (35) from (35), we aim to prove (26). Consequently, we
observe that

2[3] - 2[3] _
Fq(!l(mx)zeq mx(l + [Z]qZ)a3 - W;(mx)zeq mx(l + [Z]qc)a%

= als; — 0,) + “52 (57 - D), (40)
As a consequence of (36), (37), and (39), we deduce that
af2]q!(s2-92) o?(s? +5<71)

as =

2[3]q(mN)2eq_mN(1+[2]q() ([Z]que ) (1+Q2 (41)

In conclusion, by using (31) along with (41), we achieve the required
estimate for the coefficient |as| as specified in (26).

From Theorem 3.2, we can note that by setting (= 1land (=0, we
respectively derive the following corollaries:

Corollary 3.3: Assume Y € ¥ is a function of a forms specified in (1) which falls
under functions class Zq): (a,1,my). Then:

[2]4'op
|a2| Sa —-m e 2’
2[3lgalmy)2e; "N (1+412]4)-4(a-1)([2lgmue; ")
and

(xop)” acp[2]g!
4([2]queq_mx)2 [3]q(mx)2e;m“(1+[2]q)'

las| <
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Corollary 3.4: Assume Y € ¥ is a function of forms specified in (1) which falls
under functions classes 1§ (a,0,my). Then:

|a | <a Z[Z]q!"b
21 = 2 -y —my 27
2[3]qatmy)2e, "= (a-1)([2]gmxe, )

and

(ach)z aop[2]g!

([Z]queq—mx)Z [3]q(mx)29q_rnx'

las| <

5. Discussion and Conclusion

This study employed a Neutrosophic q-Poisson distributions to
investigated coefficient problems for holomorphic functions related to conic
domains. By means for Neutrosophic q-Poisson series, two novel subclasses for
the holomorphic functions were defined, and explicit upper bound of coefficient
| a, | and | a; | were obtained. The results highlight the effectiveness of
Neutrosophic distribution techniques in geometric function theory and offer a
useful framework for further research on holomorphic functions associated with
conic domains.

References

[1] P. L. Duren, Univalent Functions, Fundamental Principles of Math-
ematical Sciences, vol. 259. New York, USA: Springer-Verlag (1983).

[2] E. H. Jackson, “On basic double hypergeometric functions,” The
Quarterly Journal of Mathematics, vol. 0s-13, no. 1, pp. 69-82 (1942),
doi: 10.1093/qmath/0s-13.1.69.

[3] E. H. Jackson, “XI.—On g-functions and a certain difference opera-
tor,” Earth and Environmental Science Transactions of the Royal Society of
Edinburgh, vol. 46, no. 2, pp. 253-281 (1909).

[4] H. Exton, g-Hypergeometric Functions and Applications. Ellis Horwood
Ltd./Halsted Press, pp. 1-347 (1983).

[5] A.S.Tayyah and W. G. Atshan, “A class of bi-Bazilevi¢ and bi-pseu-
do-starlike functions involving the Tremblay fractional derivative op-
erator,” Problems of Analysis, vol. 14, no. 2, pp. 145-161 (2025).

[6] A.A. Attiya, R. W. Ibrahim, A. M. Albalahi, E. E. Ali, and T. Bulboacs,
“A differential operator associated with g-Raina function,” Symmetry,
vol. 14, no. 8, p. 1518 (2022), doi: 10.3390/sym14081518.

[7] Q. A. Shakir, A. S. Tayyah, D. Breaz, L. I. Cotirla, E. Rapeanu, and
F. M. Sakar, “Upper bounds of the third Hankel determinant for bi-
univalent functions in crescent-shaped domains,” Symmetry, vol. 16,
no. 10, p. 1281 (2024).



1188

(8]

[9]

(10]

(11]

(12]

(13]

(14]

[15]

[16]

(17]

G. K. SAEED ET AL.

M. El-Ityan, T. Al-Hawary, B. A. Frasin, and I. Aldawish, “A new sub-
class of bi-univalent functions defined by subordination to Laguerre
polynomials and the (p, q)-derivative operator,” Symmetry, vol. 17,
no. 7, p. 982 (2025).

A. S. Tayyah and W. G. Atshan, “New results on (r, k, p)-Riemann—
Liouville fractional operators in complex domain with applications,”
Fractal and Fractional, vol. 8, no. 3, p. 165 (2024).

S. H. Hadi, M. Darus, and R. W. Ibrahim, “Third-order Hankel de-
terminants for g-analogue analytic functions defined by a modified
g-Bernardi integral operator,” Quaestiones Mathematicae, vol. 47, no.
10, pp. 2109-2131 (2024).

S. H. Hadi, M. Darus, B. Alamri, $. Altinkaya, and A. Alatawi, “On
classes of C-uniformly g-analogue of analytic functions with some
subordination results,” Applied Mathematics in Science and Engineer-
ing, vol. 32, no. 1, p. 2312803 (2024).

M. El-Ityan, M. A. Sabri, S. Hammad, B. Frasin, T. Al-Hawary, and F.
Yousef, “Third-order Hankel determinant for a class of bi-univalent
functions associated with sine function,” Mathematics, vol. 13, no. 17,
p- 2887 (2025).

H. M. Srivastava, S. H. Hadi, and M. Darus, “Some subclasses of p-
valent y-uniformly type g-starlike and g-convex functions defined
using a certain generalized g-Bernardi integral operator,” Journal
of the Royal Academy of Exact, Physical and Natural Sciences. Series A:
Mathematics, vol. 117, no. 1, Art. no. 50 (2023).

M. El-Ityan, T. Al-Hawary, S. Hammad, and B. Frasin, “A new sub-
class of bi-univalent functions of complex order defined by the sym-
metric g-derivative and subordination,” Gulf Journal of Mathematics,
vol. 19, no. 2, pp. 111-120 (2025).

S. H. Hadi and M. Darus, “Differential subordination and superor-
dination of a g-derivative operator connected with the g-exponential
function,” International Journal of Nonlinear Analysis and Applications,
vol. 13, no. 2, pp. 2795-2806 (2022).

L. E. Jalil, M. El-Ityan, and R. H. Buti, “Geometric properties of neu-
trosophic g-Poisson distribution series through B, * operator,” Inter-
national Journal of Neutrosophic Science (IJNS), vol. 25, no. 4 (2025).

B. S. Jubeir, M. El-Ityan, R. H. Buti, and M. H. Hamza, “On class of
bi-univalent functions involving neutrosophic q-Poisson distribution
series,” International Journal of Neutrosophic Science (IINS), vol. 26, no.
3 (2025).



COEFFICIENTS ESTIMATE OF HOLOMORPHIC FUNCTIONS IN CONIC DOMAIN 1189

(18]

(19]

(20]

(21]

(22]

(23]

(24]

[25]

[26]

(27]

A. Alsoboh, A. Amourah, M. Darus, and R. I. A. Sharefeen, “Appli-
cations of neutrosophic g-Poisson distribution series for subclass of
analytic functions and bi-univalent functions,” Mathematics, vol. 11,
no. 4, p. 868 (2023).

O. Alnajar, K. Alshammari, and A. Amourah, “The neutrosophic
Poisson distribution applied to Horadam polynomial-subordinate bi-
univalent functions,” European Journal of Pure and Applied Mathemat-
ics, vol. 18, no. 2, pp. 5955-5955 (2025).

A. Alsoboh, M. A. Sabri, H. Almutairi, Y. AlI-Qudah, A. Amourah,
and A. A. Al-Magbali, “Coefficient bounds and Fekete-Szego in-
equalities for a subclass of bi-univalent functions defined via @ neu-
trosophic-Poisson distribution,” Neutrosophic Sets and Systems, vol. 91,
pp- 286-304 (2025).

S. Kanas, “Coefficient estimates in subclasses of the Carathéodory
class related to conical domains,” Acta Mathematica Universitatis Co-
menianae. New Series, vol. 74, no. 2, pp. 149-161 (2005).

S. Kanas and A. Wisniowska, “Conic regions and k-uniform convex-
ity,” Journal of Computational and Applied Mathematics, vol. 55, no. 1-2,
pp. 327-336 (1999).

S. Kanas and A. WiSniowska, “Conic domains and starlike func-
tions,” Romanian Journal of Pure and Applied Mathematics, vol. 45, no. 4,
pp. 647-658 (2000).

S.Khan, N. Khan, A. Hussain, S. Araci, B. Khan, and H. H. Al-Sulami,
“Applications of symmetric conic domains to a subclass of g-starlike
functions,” Symmetry, vol. 14, no. 4, p. 803 (2022).

M. S. Ur Rehman, Q. Z. Ahmad, I. Al-Shbeil, S. Ahmad, A. Khan, B.
Khan, and J. Gong, “Coefficient inequalities for multivalent Janowski
type g-starlike functions involving certain conic domains,” Axioms,
vol. 11, no. 10, p. 494 (2022).

S. A. Al-Ameedee and A. ]J. Obaid, “New results and application
of differential quasi subordinations for higher-order derivatives of
meromorphic multivalent functions,” Journal of Interdisciplinary Math-
ematics, vol. 26, no. 4, pp. 643-650 (2023), doi: 10.47974 /JIM-1483.

S. Khan, S. Hussain, and M. Darus, “Inclusion relations of g-Bessel
functions associated with generalized conic domain,” AIMS Math-
ematics, vol. 6, no. 4, pp. 3624-3640 (2021).

Received November, 2025



