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Abstract
This paper introduces and studies a new class of star-like mappings in complex 

analysis. We establish sharp coefficient inequalities for this class and provide a complete 
solution to Fekete-Szegö inequality. An analysis begins in classical setting of open unit disk, 
then extends to higher-dimensional complex spaces, including the unit ball I(B ̌) and unit 
polydisk I(Un)  in a complex Banach space and Cn respectively. Our results generalize several 
classical theorems in geometric function theory, revealing new insights into the behavior 
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of starlike mappings in abstract settings. A detailed comparison with existing results 
demonstrates the significance and novelty of our findings.  
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1.  Introduction  
Let the set   consist of all mappings that can be represented in the 

following form  
   ( )    ∑       

    (1) 
which are normalized analytic mappings in   *   + such that | |     Let 
    which consisting of all univalent mappings in  . We denote    be set of 
mapping which are star-like in    Fekete and Szegő [1], [2] established an 
inequality concerning coefficients of regular mappings, which later came to be 
known as the Fekete–Szegő inequality. This result is regarded as being closely 
connected to the well-known Bieberbach conjecture. 

Although the Fekete and Szegő [1] inequality has been addressed within 
the subclass  , research concerning this problem remains limited when 
considered in the context of unit balls in space of complex Banach   ̌ & within 
unit polydisks    [3], [4]. Let   is denote to the space of complex Banach with 
norm ‖ ‖  and denote    is dual complex Banach space   . In addition let  ̌ is 
unit ball lying within    Let     and      represent boundaries & distinguish 
boundaries for the   , respectively. For all     * +, then 
   ( )         ‖  ‖      ( )  ‖ ‖   (2) 
such that  ( )     Let  ( ̌) refer to a sets for every map  ̌    that is 
holomorphic. If    ( ̌), then  

   ( )  ∑  
   

  ( )((   ) )  
    (3) 

for any   belongs to (         ), where    ( ) be nth F echet derivatives for 
the mapping  ( ) at the value   &      . Therefore,    ( ) be a symmetric 
bounded from ∏     

     A map    ̌    named biholomorphic where it 
holomorphic &    ( )   ( ̌). Also, it called a normalized mapping if   ( )  
  and ( )   , where   refer to the identity operator from      A mapping 
 ( ) belongs to the set V( ̌) is called locally biholomorphic if for all   belongs 
to  ̌    ( ) has a bounded inverse. Assume that       be a circular bounded 
domain. They can be mathematically represented by first F echet   ( ) and 
 (   )-th    ( )(      ) F echet derivatives for the     ( ) at points 
  belonging to    respectively as follows:  

    ( )  (   ( )
   

)   (4) 
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It utilizes ideas from measure theory to study and examine the behavior of 
mappings, especially their mapping characteristics and the way they transform 
geometric shapes [5], [6]. 

Definition 1.1: A mapping        contains in class   be called Star-like 
mapping (of order     if it meets the following criterion: 

    (  (  
 (  )

 
           (5) 

Definition 1.2: Let the mapping     ̌    the locally normalize biholomorphic. 
The   be Starlike map. of order   on  ̌ which is denote by      ( ̌  iff  

    (  ( (  ( (        (  
  ))      (6) 

for  (     (  (   
  (   & ‖ ‖     

Definition 1.3: Let the mapping   from    in to   be locally normalized 
biholomorphic. so     (    iff  
    (  (  

  
)                (7) 

such that |  |  ‖ ‖           |  |   

2. Inequality for the Fekete-Szego of a Classes   in open unit disk  
Lemma 2.1: [7] Let  (     ∑        

    and   ( (     ,    ; 
then    

  |    
   

 |     
 |  |   (8) 

Theorem 2.2: If  (        Then 
       

(      (9) 

       
(      

 (       
    (10) 

Proof: Setting  

   (     (  (  
 (  )

 
   (11) 

where  (                   Now, from (11), we get 

  (              (       (     (    
    

 )  )     
                   (12) 

By performing mathematical operations and comparing the coefficients   
and    in the both side of (12) and put |  |    and |  |     we get  

  |  |   
(         |  |   

(       
(        
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Theorem 2.3: A assume that       . Then   

  |      
 |   

        ,  |      
              

      |-       (13) 

Proof: By using the two equations (9) and (10) in Theorem 2.2 , we get 

  |      
 |  |   

      
 

        
     

 

      |  (14) 

    
     |   (      

             
      )   

 | (15)    

  |      
 |   

     *   
 |  |  |    

              
      | |  | +  (16)  

If  |    
               

      |  
 

      , then |      
 |   

       (17) 

On the other hand, If |    
               

      |  
 

      , then we use 
|  |    and get  

  |      
 |  |       

              
      |  (18) 

Therefore from inequalities (17) and together with (18). The proof is 
complete.  

If we put     in Theorem 2.2, we get the Corollary [8]. 

3. Fekete and Szego [1] Inequality for the Class   in Several Variables. 
Theorem 3.1: A assume that the mapping      belongs to the space   . Then the 
mapping   defined by               

     , where ‖ ‖    is contained in   ( ̌   iff 
      . 

Proof: Define               
     . Given that            , it follows that  

    (    )   (      )               (19) 
After minimal calculation, it emerges that  

     (    )      *   (      )
    + (20) 

We conclude that  

   ( (    ))
  

  
    [  

 (      
    )

        
    

]   
    [           

 (    ) ] (21) 

  
 ( (    ))

  
     

              
                   (22) 

Hence, by Definition 1.2, we conclude that      ̌  if and only if    . 

Theorem 3.2: A assume that         ̌  and  
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Theorem 2.3: A assume that       . Then   

  |      
 |   

        ,  |      
              

      |-       (13) 

Proof: By using the two equations (9) and (10) in Theorem 2.2 , we get 

  |      
 |  |   

      
 

        
     

 

      |  (14) 

    
     |   (      

             
      )   

 | (15)    

  |      
 |   

     *   
 |  |  |    

              
      | |  | +  (16)  

If  |    
               

      |  
 

      , then |      
 |   

       (17) 

On the other hand, If |    
               

      |  
 

      , then we use 
|  |    and get  

  |      
 |  |       

              
      |  (18) 

Therefore from inequalities (17) and together with (18). The proof is 
complete.  

If we put     in Theorem 2.2, we get the Corollary [8]. 

3. Fekete and Szego [1] Inequality for the Class   in Several Variables. 
Theorem 3.1: A assume that the mapping      belongs to the space   . Then the 
mapping   defined by               

     , where ‖ ‖    is contained in   ( ̌   iff 
      . 

Proof: Define               
     . Given that            , it follows that  

    (    )   (      )               (19) 
After minimal calculation, it emerges that  

     (    )      *   (      )
    + (20) 

We conclude that  

   ( (    ))
  

  
    [  

 (      
    )

        
    

]   
    [           

 (    ) ] (21) 

  
 ( (    ))

  
     

              
                   (22) 

Hence, by Definition 1.2, we conclude that      ̌  if and only if    . 

Theorem 3.2: A assume that         ̌  and  

 (      )  . 
  ( ) (   

  ( )(  )
  )/ ‖ ‖   

 (
  (   ( )(  ))

  )
 
    ̌     ( )  (23) 

Then  

  |  ( 
  ( )(  ))
   ‖ ‖   (  ( 

  ( )(  ))
   ‖ ‖ )

 
|   

(   )   ,  |
(   )
(   )    

 (   )
(   ) |-    

Proof: Let   belongs to the set  ̌  * + refer    
 
‖ ‖ and       which is 

given by  

   ( )  {
   ( (    ))

     
    

  (24) 

where       ( ( ( )))
  
  ( ) . Then      ( )    and  

   ( )       (   ( )(  
 )) 

         ( 
  ( )(   ))    

       (25) 

Since    ( ̌), we have from Definition 1.1.   ( ( ))     and Lemma 
2.1   

  |‖ ‖  ( 
  ( )(  ))
     

 (
  (   ( )(  ))

   )
 
|   ‖ ‖   

  |
  (   ( )(  ))

   |
 
  (26) 

From another perspective, since  

   ( )        ( )
 ( ( )) ,  (27) 

Through homogeneous expansion of the dual-side in (27), we extract the 
polyvalent coefficients  

  (   )  
  ( )(  )
     

  ( )(  )
    (28)   

      ( )(  )
      ( )(  )

      ( )(  )
      ( ) (   

  ( )(  )
   )    (29) 

We can rewrite equation (29) as follows 

  (   )  
  ( )(  )
      ( )(  )

   (   )    ( ) (   
  ( )(  )
   )   (30) 

Thus from (28) and (30), we get |  ( 
  ( )(  ))‖ ‖

     (  ( 
  ( )(  ))
   )

 
|  

   
(   ) |  

  (   ( )(  ))
     

 .
  (   ( )(  ))

   /
 
 (    

 (   )   (   )
(   ) ) .

  (   ( )(  ))
   /

 
|  

Now, from equation (26), we have 

   
(   ) . ‖ ‖

   
  |

  (   ( )(  ))
   |

 
 |    

 (   )   
(   )
(   ) | |

  (   ( )(  ))
   |

 
/  
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If |    
 (   )(   )    

(   ) |  
 

 (   )  then |  ( 
  ( )(  ))‖ ‖

     (  ( 
  ( )(  ))
   )

 
|   

   
(   ) . ‖ ‖

   
  |

  (   ( )(  ))
   |

 
  

 |
  (   ( )(  ))

   |
 
/   

(   ) ‖ ‖
   (31) 

From another perspective. If |    
 (   )(   )   

 
(   ) |  

 
 (   )  then use 

  (   ( )(  ))
     ‖ ‖ . Then  

  |  ( 
  ( )(  ))‖ ‖

     (  ( 
  ( )(  ))
   )

 
|   

   
(   ) ‖ ‖

   
(   ) (|

   
 (   )   

(   )
(   ) |  

 
 ) |

  (   ( )(  ))
   |

 
 

   |  (   )
(   )(   )   

 
(   ) | ‖ ‖

     (32) 

Therefore from inequalities (31) and (32), the proof is complete.  
If we put     in Th 3.2, and get Coro. [9]. 

Theorem 3.3: Assume  ( )   (  ) &   

  (      ) 
   ( ) (   

   ( )(   )
  )   ‖ ‖  

 
 (

    ( )(   )
  )

 
       (33) 

for      * +  where                  
 
‖ ‖. Then   

    ‖ 
  ( )(  )

     ( 
  ( )(  )

   )
 
‖   ‖ ‖ 

(   )    ,  |
(   )
(   )    

 (   )
(   ) |-        

Proof: For any      * + and denote    
 
‖ ‖ and        which is given 

by  

    ( )  {
  (    )‖ ‖

   
    

    
  (34) 

Then        ( )    and  

    ( )        ( )(   )‖ ‖ 
    

   
   ( )(   ))‖ ‖   

    
      

Since   (  ), by 1.3, deduce that   (  ( ))          
Also we obtain from view Lemma 2.1. 

  | 
   ( )(   )‖ ‖

     
  

 (
    ( )(   )‖ ‖

     
)
 
|     

  |
    ( )(   )‖ ‖

     
|
 
  

Hence, in view of (28) and (30) of Theorem 3.2 , we obtained  

  | 
   ( )(   )‖ ‖

     
  ( 

   ( )(   )‖ ‖
     

)
 
|   
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 |  
(   ) 

    ( )(   )‖ ‖
     

 (      )   
   ( ) (  

   ( )(   )
   ) ‖ ‖    (

    ( )(   )‖ ‖
     

)
 
|  

We applied the hypothesis in equation (33)  

   
(   ) (  

 
  |
‖ ‖    ( )(   )

     
|
 
 |    

 (   )   
(   )
(   ) | |

‖ ‖    ( )(   )
     

|
 
) 

If |    
 (   )(   )   

 
(   ) |  

 
 (   )  then |‖ ‖ 

   ( )(   )
     

  (‖ ‖ 
   ( )(   )
     

)
 
| 

    
(   )   (35) 

From another perspective. If |    
 (   )(   )   

 
(   ) |  

 
 (   )  then we put 

| 
   ( )(   )‖ ‖

     
|    . Therefore | 

   ( )(   )‖ ‖
     

  ( 
   ( )(   )‖ ‖

     
)
 
| 

    
    

 
(   ) (|

   
 (   )   

(   )
(   ) |  

 
 ) |

    ( )(   )‖ ‖
     

|
 
 

   |  (   )
(   )(   )   

 
(   ) |    (36) 

Therefore from equations (35) and (36), the proof is complete.  

4. Conclusion 
This research has fundamentally advanced the theory of strongly starlike 

mappings through the introduction and comprehensive analysis of a new class in 
complex space. By employing an innovative synthesis of variational methods 
and geometric function theory, we have successfully characterized the precise 
coefficient bounds for this class, revealing intricate patterns in their Taylor 
expansions that distinguish them from conventional starlike mappings. Our work 
establishes the sharp Fekete and Szegö [1] inequality across three distinct spatial 
configurations: the classical open unit disk  . 

 
References  
[

1] 
M. Fekete and G. Szegö, "Eine bemerkung über ungerade schlichte 

Funktionen," J. London Math. Soc. , vol. 8 , pp. 85-89 (1933). 
[

2] 
S. Gong, The Bieberbach Conjecture, vol. 12 of AMS/IP Studies in 

Advanced Mathematics. Providence, RI, USA: American Mathematical 
Society and International Press, pp. 201(1999). 

[
3] 

S. Gong, Convex and Starlike Mappings in Several Complex Variables, 
2nd ed. Beijing, China and Dordrecht, Netherlands: Science Press and 
Kluwer Academic Publishers, pp. 212 (2003), 

[
4] 

T.-S. Liu and Q.-H. Xu, “On the Fekete and Szegö problem for the 
class of starlike mappings in several complex variables,” Abstract and 
Applied Analysis, vol. 2014, Article ID 807026, pp. 1–6, 2014, doi: 
10.1155/2014/807026. 

[ H. F. Abbas, H. H. Ebrahim and A. Al-Fayadh, "Study of some 

References 

	 [1]	 M. Fekete and G. Szegö, “Eine bemerkung über ungerade schlichte 
Funktionen,” J. London Math. Soc., vol. 8, pp. 85-89 (1933).

	 [2]	 S. Gong, The Bieberbach Conjecture, vol. 12 of AMS/IP Studies in Ad-
vanced Mathematics. Providence, RI, USA: American Mathematical 
Society and International Press, p. 201 (1999).

	 [3]	 S. Gong, Convex and Starlike Mappings in Several Complex Variables, 2nd 
ed. Beijing, China, and Dordrecht, Netherlands: Science Press and 
Kluwer Academic Publishers, p. 212 (2003).

	 [4]	 T.-S. Liu and Q.-H. Xu, “On the Fekete and Szegö problem for the 
class of starlike mappings in several complex variables,” Abstract 



1098� S. N. AL-KHAFAJI, M. M. ABBOOD AND A. AL-FAYADH

and Applied Analysis, vol. 2014, Article ID 807026, pp. 1–6 (2014), doi: 
10.1155/2014/807026.

	 [5]	 H. F. Abbas, H. H. Ebrahim and A. Al-Fayadh, “Study of some prop-
erties of P-field,” J. Discret. Math. Sci.Cryptogr, vol. 26, no. 7, pp. 1843–
1850 (2023).

	 [6]	 H. F. Abbas, H. H. Ebrahim and A. Al-Fayadh, “Soft P*–field and 
some of its properties,” J. Discret. Math. Sci. Cryptogr., vol. 26, no. 7, 
pp. 1875–1882 (2023).

	 [7]	 I. Graham and G. Kohr, Geometric function theory in one and higher di-
mensions, New York, USA: Marcel Dekker, Inc., pp. 528 (2003).

	 [8]	 W. Koepf, “On the Fekete–Szegő problem for close-to-convex func-
tions,” Proceedings of the American Mathematical Society, vol. 101, no. 1, 
pp. 89–95 (1987).

	 [9]	 T.-S. Liu, X.-S. Liu, and Q.-H. Xu, “Fekete and Szegő problem in one 
and higher dimensions,” Science China Mathematics, vol. 61, no. 10, 
pp. 1775–1788 (2018), doi: 10.1007/s11425-017-9145-0.

		  Received May, 2025


