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An analytical study of Fekete-Szegd bounds for star-like mappings
in the multidimensional polydisk J(4l") and a complex Banach space
3(B)
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Abstract

This paper introduces and studies a new class of star-like mappings in complex
analysis. We establish sharp coefficient inequalities for this class and provide a complete
solution to Fekete-Szego inequality. An analysis begins in classical setting of open unit disk,
then extends to higher-dimensional complex spaces, including the unit ball 3(3) and unit
polydisk J(41") in a complex Banach space and C" respectively. Our results generalize several
classical theorems in geometric function theory, revealing new insights into the behavior
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of starlike mappings in abstract settings. A detailed comparison with existing results
demonstrates the significance and novelty of our findings.
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1. Introduction

Let the set B consist of all mappings that can be represented in the

following form

fw) =w + Xas, byw™, D
which are normalized analytic mappings in U = {w € C} such that |w| < 1. Let
S C B which consisting of all univalent mappings in . We denote S* be set of
mapping which are star-like in U. Fekete and Szegd [1], [2] established an
inequality concerning coefficients of regular mappings, which later came to be
known as the Fekete—Szeg6 inequality. This result is regarded as being closely
connected to the well-known Bieberbach conjecture.

Although the Fekete and Szeg6 [1] inequality has been addressed within
the subclass S, research concerning this problem remains limited when
considered in the context of unit balls in space of complex Banach B, & within
unit polydisks €™ [3], [4]. Let T is denote to the space of complex Banach with
norm || ||; and denote I'* is dual complex Banach space T . In addition let B is
unit ball lying within ', Let U™ and d, U™ represent boundaries & distinguish
boundaries for the U™, respectively. For all € T'\ {0}, then

T(@®) =7 € T:IT = 1,7:.(8) = Itll, 2
such that T(t) # @. Let V(B) refer to a sets for every map B — [ that is
holomorphic. If f € V(B), then

f(s) = B0 = D) (s — ™), 3)
for any s belongs to (—& + t, t + € ), where D"f(t) be n™ Fiechet derivatives for
the mapping f(t) at the value t & Vn > 1. Therefore, D™f(t) be a symmetric
bounded from [, T — TI. A mapf:B — ' named biholomorphic where it
holomorphic & §~1(t) € f(%) Also, it called a normalized mapping if Df(0) =
I and (0) = 0, where I refer to the identity operator from I' — T. A mapping
f(t) belongs to the set V(B) is called locally biholomorphic if for all ¢t belongs
to B, Df(t) has a bounded inverse. Assume that G € C"be a circular bounded
domain. They can be mathematically represented by first Frechet Df(w) and
k(k = 2)-th D*f(w)(b*~1,.) Frechet derivatives for the f € V(G) at points
w belonging to G, respectively as follows:

Diw) = (322), )
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It utilizes ideas from measure theory to study and examine the behavior of
mappings, especially their mapping characteristics and the way they transform
geometric shapes [5], [6].

Definition 1.1: A mapping f: U = C contains in class J be called Star-like
mapping (of order «), if it meets the following criterion:

f(w)(f( )) >00<a<l. (5)

Definition 1.2: Let the mapping f: 8 — T the locally normalize biholomorphic.
The f be Starlike map. of order a on B which is denote by f € I (B )iff

-1r-a
Re (7} (t@(g(t)) g (t))) 0, ©

ta

tf(Tu(t)
for G(8) = T2 & Jlull = 1.

Definition 1.3: Let the mapping f from U™ in to C"be locally normalized
biholomorphic. so f € IJ(U™) iff

Re (Jl(‘”)) > 0,w € U \{0}, (7

such that |w;| = [[w]| = max;<m<p{lwn|}.

2. Inequality for the Fekete-Szego of a Classes J in open unit disk

Lemma 2.1: [7] Let p(W) =1 + Yoo b,,w™ € B and Re(p(w)) > 0, w € U;
then

|b, —3b2| <2 =21, I2 (8)

Theorem 2.2: [ff(w) € 3. Then
by = 3 ©)
by = (3{2@ +- (zfa)z 2. (10)

Proof: Setting

pw) =1 ()" (1)
where p(W) =1+ p; w + p,w? + -+, Now, from (11), we get

A+ 21w+ pow? +-) (1 + ab,w + (ab3 + “(‘;‘1) b22) WZ) .
= 1+2b2W+3b3W2 + . (12)

By performing mathematical operations and comparing the coefficients w
and w? in the both side 0f(12) and put |p,| < 2 and |p,| < 2, we get

2a
|b,| < and |bs| < G- a) -2

(2
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Theorem 2.3: 4 assume that (W) € 3. Then

_ 2 (4—a) _ 2(3-a)
|b; —obs| < max{l,'(z_a)2 T

2
o },a €C (13)

Proof: By using the two equations (9) and (10) in Theorem 2.2 , we get

|b; — ab3| = |(3 @ z(za—a)p% _0(2;—7?1)2 (14)

- (32) o2 + G ~ o) 71 (1s)

by — ob3| < = [2 =S P + | — 0 = 1, 2] (16)

If e~ O < 3oy then Ibs —ob3| < 1 (17)

4—-a 1

Ga ) G(z—a)Z then we use

On the other hand, If
|p1] < 2 and get
» g

1
2(3-a)’

2(4-a) 4

by — o3| < [ 20— 2 (18)

Therefore from inequalities (17) and together with (18). The proof is
complete.

If we put @ = 1 in Theorem 2.2, we get the Corollary [8].

3. Fekete and Szego [1] Inequality for the Class J in Several Variables.
Theorem 3.1: 4 assume that the mapping §(t) belongs to the space S . Then the

mapping G defined by G(t) = HG®) o pore llull = 1is contained in 5 (B) iff

RGN
f(t) €.
P T@u@®) _
roof: Define J(t) = 0 . Given that G(t) =t J(t), it follows that
D(6(®) = t({DI®)) +¢J(@®), €T 19)
After minimal calculation, it emerges that
DJ(6)
D(G(®) = J(0) [¢ + 12X (20)
We conclude that
¢ (o( (t))) 4 (T _ [ £ 4 LG o
J(t) 12001 a® o(6(0)
-1
((dG®)) G%® i)
t® RO 22)

Hence, by Definition 1.2, we conclude that G € J(B) if and only if f € I

Theorem 3.2: A assume that {(t) € I(B) and
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(Z—:j):n(szf(O)( M)) lell = £ (BEOENY ¢ e 5,7, e 7(0) 23)

21
Then

HEO(E2) (R@*O)(E2)) (-0 203-a)
31|t|3 ( 2! t)|2 ) ~ (3-a) max{1,|(2_a)z (2-a)? ]

Proof: Let tbelongs to the set B \{0} refer t, =
given by

i L and »: U — Cwhich is

Txo (J(Nto)) n %0,

pm) = [ n (24)
1 n=20
where 5 = ¢1°¢ (iD(g(t)))_l G%(t) . Then p € B, p(0) = 1 and

_ Tro (D2J(0)(t3) Ty (%I (0) (tK )1
pm) =1+—=— +oed S

Since f € 3(B), we have from Definition 1.1. Re(z(n)) > 0, and Lemma
2.1

4o (25)

3 3 2 2 TH(D2g(0)(t2
||t|m(203{(o)(t ) _%(Tt(m JZ(!O)(t ))) | < 2llell* =2 i(0% ( )|* 26)
From another perspective, since

1-a-a
I® = S @7)

D(G®) ’
Through homogeneous expansion of the dual-side in (27), we extract the
polyvalent coefficients

(a2) SO _ P00 o
D37(0)(¢3) _ D3J(0)(¢?) D3f(0)(t D27(0)(t?)
e +D%(0) (¢ ( T) ' (29)
We can rewrite equation (29) as follows
(a =TI - 2O 4 (3 024(0) (2D 3o

Thus from (28) and (30), we get

RE@HOED _ (Tthf(o)(tz)))z
3! 2!

J— 1 —
T (@-3)

2(2-a)? g (2—-a)?

H(29() 1 (Tt(bzﬂ(o)(rz))>2 N ( 4-a (3-a) ) (Tt(ﬁza(o)(tz)))z‘

3! 2 2! 2!
2)

Now, from equation (26), we have

1 |Tt ZDZJ(O)(tZ))

2 2
- L <2||t||4 -] ( 7(029(0)(t?))

2!

| 4—a  (B-a)
2(2-a)? (2—a)?
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| 4 1 1 OO (©0)(2))
-0 2-ay _2(3—a)’then 3! 0( 2! ) <
2 2
1 41 || | 1|nE@0E)| | 2 .
o) <2||t|| S *3 > =G lth* G

4— _ 1
2(3—a)(2—a)? o (2—a)?

From another perspective. If | la), then use

= 2(3-
Ti(D23(0)(£2
w < 2||t]|. Then
3 3 2 2)4\ 2
RE@HOEDI _ (Tt(b fo)(t ))) <
3! 2!
L 4 L (|, - o G 1) [06) §
(3-a) (B-a) \l2(2-a)? U(z—a)z 2 2!
_|_2¢-a) 4 4
- |(3—a)(2—a)2 T eay el (32)

Therefore from inequalities (31) and (32), the proof is complete.
If we put ¢ = 1 in Th 3.2, and get Coro. [9].

Theorem 3.3: Assume f(w) € J(U™) &

a-2\ D2OWE)\ Wi _ @ (D2 m©@)(wd))’

(a—s) B fm(O) (WO’ 2! )||w|| T2 ( 2! ) weur 33)
for w € U"\{0}, where m = 1,2,3,...,n,w, = 2 Then

liwll’

(4-a) 2(3-a)
oz ¢ a2

D}OW?) (sz(o)(wz))z
3! o 2!

2(lw||3
<I| Il

S G max {1, |

},GE(C.

Proof: For any w € U™\{0} and denote w, = "WT” and p;: U - C which is given
by
Ji(nwo)lwll
—_— * 0,
P01 = [ e (34)
1 n=20

Then p; € B, p;(0) = 1 and

D2;(0)(wW)lIwll D37,(0) (w3 ) liwll n?

pi() =1+ ZSX") s (3“:;)) i

Since € J(U™M), by 1.3, deduce that Re(p;(n)) > 0,7 € 1.
Also we obtain from view Lemma 2.1.

D3 (wd)lwll 1 (bzai(oxwg)nwu)z

3lw; 2 2lw;

+ .-

1 2

2

D27;(0)(w3)lIwll
2lw;

<2-

Hence, in view of (28) and (30) of Theorem 3.2 , we obtained
DO _ (iDZfi(O)(wg)IIWII)Z

3lw; 2'w;
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1 D35@W)Iwl | (a-2\ ~2 DHO)(W) \ Iwll D21, (Wd)Iwll\ >
+(553) o) (w5 ) 5 - o ()

(a-3) 3lw; 2! wi 2'w;

We applied the hypothesis in equation (33)

1t (p_1 Wl D?J;(0)(w§) 2 N | 4—a  (3-a) ||W||302Ji(0)(w§)|2
(a=3) 2 2'w; 2(2—a)2 (2—(1)2 21w,
S S - 1 IwID3fi(0)(w§) _ (llwnDZfi(o)(wé))z
|2(3‘“)(2“1)Z 0(2-06)2 - 2(3-a) e 3lw; a 20w;

2

<

= G-o (3%5)
4—a 1

From another perspective. If

1
romea?  C ekl 2 26-ay then we put

D27;(0) (w3 Iwl D Owdiwl _ (szi(o)(w(%)||w||)2

| < 2. Therefore

Z!Wl' !Wi 2!Wi
= (-0 89 - Y) %wé)nwur
3—a  (3-a) \I2(2-a)? (2-a)? 2 21 w;
2(4—(1) 4
S le-we-0?  ° @e-02l” (36)

Therefore from equations (35) and (36), the proof is complete.

4. Conclusion

This research has fundamentally advanced the theory of strongly starlike
mappings through the introduction and comprehensive analysis of a new class in
complex space. By employing an innovative synthesis of variational methods
and geometric function theory, we have successfully characterized the precise
coefficient bounds for this class, revealing intricate patterns in their Taylor
expansions that distinguish them from conventional starlike mappings. Our work
establishes the sharp Fekete and Szego [1] inequality across three distinct spatial
configurations: the classical open unit disk .
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