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Abstract

This work focuses on the numerical solution of a singularly perturbed time-fractional
parabolic delay reaction-diffusion problem using a fitted B-spline collocation technique.
Applying the Caputo fractional derivative sense, an implicit Euler’s technique is used to
discretize the time direction. The space direction is handled by a fitted B-spline collocation
technique. An established convergence analysis of the method demonstrates that the
proposed method attains O(h*+ (A#*™)) accuracy. The effectiveness of the study is examined
through the investigation of two model examples. The results produced by tables and figures
show that the scheme is uniformly convergent and possesses two layers near the end of the
space domain.

Subject Classification: 26A33, 65M06, 65M12.

Keywords: Reaction-diffusion, Time-fractional, Fitted B-spline collocation, Convergence analysis.

1. Introduction

Differential equations via fractional derivatives, which are an extension of
conventional integer-order derivatives, are known as fractional partial differential
equations. It offers a great tool for characterizing memory and inherent
characteristics of different material and procedures. Scientific and engineering
domains, as well as numerous other fields like fluid mechanics, chemistry,
viscoelasticity, finance and physics,often utilized fractional partial differential
equations [1-5]. For unconventional systems, time-fractional involves unusual
diffusion processes that have a temporal component. Subsequently, these kinds of
problems are difficult to solve analytically; numerical techniques are employed to
approximate the solutions. Fractional differential equations been the subject of
numerous computational approaches that have been generated to approximate the
solution because of their capacity to simulate complicated processes [6-8].

The mathematical representation of oil reservoir simulations, flow of fluid
in porous media, global water production, and several other organic occurrences
have been extensively investigated using time-fractional reaction-diffusion
equations [9]. Such problems are hard to solve precisely because they are part of
an arbitrary order. Therefore, it becomes increasingly crucial to identify reliable
and effective numerical strategies for solving such issues numerically. In the
papers [10-13], time-fractional reaction-diffusion attempts have been made.

This study focuses on singularly perturbed time-fractional delay parabolic
reaction-diffusion problem (SPTFDPRDPs) in the realm D =D, X D, =
(0,1) x (0,T); D =D, x D, = [0,1] X [0, T]; Q=0,xXQ, xQr where
Q, =D, x[-71,0],9, = {(0,t):t € D,} and Qy = {(1,t):t € D, }:

(ﬁx - 8227'; + b(W)K) w, ) +qw,t)k(w,t —1) = f(w, t); (W, t) €D (1)
with initial condition

kW, t) = gp(w, 1), (W, t) € Qy (2)
and the boundary conditions
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k(0,t) = @, (t),t € Q, and k(1,t) = @g(t); t € Qp 3)

where b(w) =9 > 0 is a uninterrupted function, 7 is the delay parameter, and
0 < £ < 1. The initial boundary value issue yields a distinct result k(w,t) when
the functions b(w),q(w,t), @, (W, t), pr(t), @, (t), and f(w,t)) fulfill the
necessary coherence and regularity conditions. Within the bounds of w = 0 and
w = 1, this remedy displays two boundary layers with thicknesses of 0 (V¢).

An order of differential equations reduces to € — 0 when dealing with
parameter dependent delay parabolic reaction-diffusion problems, and the
differential equation solution is invariably characterized by an immense gradient
[14]. When using conventional traditional computational methods on an even
grid, significant oscillation could happen with respect to the behavior of the
boundary layer as the perturbation parameter approaches nil over the whole areas
of concern. To avoid significant fluctuations, an efficient computational
technique with precision apart from the perturbation parameter is going to be
utilized. To solve one-dimensional (1D) SPPRDPs with time-lag, a lot of work
has been put into developing numerical methods [15-22].

Numerous numerical problems, such as reaction-diffusion problems [24]
and unsteady though porous media [23], are addressed by the cubic spline
collocation approach. To tackle the initial boundary value issues of the 1D
SPTFDPRDPs, the fitted cubic B-spline collocation technique is proposed in this
paper.

This research has a particular framework: In Section 2, preliminary data and
attributes of continuous solutions are examined. Convergence analysis and
numerical formulation are covered Parts three and four as well as parts 5 and 6
offer a summary of the outcomes and computing outcomes, respectively.

2. Preliminaries and Continuous Solution Properties
Definition 1: Let's say that / € C and Re(J) > 0. The function that represents

ry = fom e "w/ lds

it involves the gamma function.

Definition 2: The expression for a function k(w,t)'s Caputo fractional
differentiation with regards to t is

k
L [F LW (¢ pyk-a-lqrs ifq € (k — 1, k)

o - k

2w, t) = T o

ate 6kx(w,t)_ ifa =k
9k’ Ha =

Lemma 1: Considering that h € C[0,1], let 0 <ty, <1 represent the
function's least feasible result. Subsequently,

02h(to) < 7 (h(ty) — h(0) <0,

where, 0 < a < 1 and 8% stands for the Caputo fractional derivative.
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Proof: The proof is shown on [25]

Lemma 2: Considering (w,t) € C°(D), suppose x € C*(D) N C°(D). Based
on the assumption that ¥ =0 on 0D =D — D, L,k =0 in D results k >0 in
D.

Proof: Consider a point (v,t) that satisfies
x(w,0) = min &(r,t)

and y(v,t) < 0. Then y(v,t) € dD. Thus,

% .
L) = Xm0 = b(v,0x(,1) - =82 < 0

For xy,w(v,1) =0 and a“;(t(;/,g =0, then L. y(v,t) < 0, which defies the

initial hypothesis. Therefore, y(v,t) = 0 V(w,t) € D.

Lemma 3: (Stability Estimate)
If k(w, t) is the solution to the continuous issue of Eq.(1), afterwards

llcw, Ol < 97 ILekell + llxllg
where, Lk = DFK — guy,, + b(W)r(w, t).

Proof: State two barrier functions: @* referred to as
WE,t) = 97 Lkl + llxllq £ x(w, t), (w, t) € D.
At boundaries we have
£50,8) =97 ILexll + llxlla £ @, 2 llxllg + £, 2 0
P 6) =9 ILekll + llxlla £ @r = llkllq + £r =0
and also for (w,t) € Q,, we have
oW, t) =97 ILxll + llxllq £ @p 2 llxllo + £, = 0
Furthermore, V(w,t) € D, we have
Le§o* (W, £) = DEP* (W, 1) — £035n (W, 1) + b(W)* (W, 1)
= bW)[O7 ILexll + llxllo] + Lere(w, t)
2 ||Lexll + Ollxllg £ Lek(w, t)
> ||Lgk|| £ Lex(w, t) = 0.

Lemma 4: Problem (1) solution and associated derivatives fulfills
e (w,t)

i -w —(1-w)
oo | = C [1 +e2 (exp(f) + exp( NG ))]

via 0 <1+ 2n<4.

Proof: The proofis on [26]
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3. Development of Numerical Schemes
3.1 Time Discretization

Eq. (1)'s time derivatives is handles by implicit Euler's technique on domain
DM = {tj = jAt;j = 0,1,...,M,} with uniform step size At, ty =T,At = %,
wherein M remains the quantity of grid points oriented along the time. The
formula for the grid [—7,T] is DM = {tj =jAt;-m<j < M}.

Within a Caputo concept, time-fractional derivative is entailed. The
resulting quadrature formula can therefore be utilized to Eq.(1) at ¢t = t;,4 by
applying the implicit Euler technique.

OFK(W, tjq) = r(i- oc)ftﬁ:L 6K(WV)( vl — V) Ydv
F(ll — ; (K(w,tn+1A)t K(W:tn)) ftfnnﬂ (t i1 — v) %dv + €]+1
=7 Iwn(K(W, tine) —Kw,tp)) + ei:l’
where,
@ (A

n = (D= ()7 and eff = 2 [ (4, - v)"dv.

ri-a)
Therefore, the Caputo fractional derivative dfk(w,t) at the point (W, tj.,)
is estimated as

OFK W, ti11) = 1 (KW, 21) = KW, 6)) + Zhey (KW, oner) = K, 5-0))
()

We obtain the temporal semi-discrete equation through incorporating Eq.
(5) into (1).

(S 5w (K = K)) - KU o) + 0K ()

21-a w

F(l a) -t

= fi*i(w) — (‘I(W: )Py (W, tj11);/ =0,1,...,m )
q(W, t}'+1)K(W, t]_m+1),] =m+ 1, ey M
Aligning Eq. (5) yields
(n+ LEVKT (W) = R, (6)

where,
(1 + LEYKI(w) = =Ky, (W) + (B + bW)) K/ (w)
(W7 + £741 = @1y (61) = 1 Thoy Du(KI1 = K1) (W) = 01,00

R: = . ) )
(0 P = R g B m (07 = K () = M

Lemma 5: The bounded value of an error R in (6) is
le/*t] < c(ap)@®
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Proof:
i+1 _ 0(AD) «jf gt
o+ = s T I, (tjy1 —v)dv
_ O0QAY) | -n+D "4 -(-m'~* 1-a
T ra-a) Zn=1 ( 1-a ) (A1)

_ oY . 1-a _ (i _ o l-a
= toca (G —n+ D= (G —n)'")

_o(@n*rY . 1-a
= G+ D™

C(At)?e.

IA

Thus,
le/*1| < c(ar)@®

with C be number that does not depend on € and At.

3.2 Space Discretization

Employing the phase length h = w;,; —w; = %;i =01,...,.N—1, we
discretize the spatial derivative by dividing the interval equally in the manner
0=wy <w; <...<wy =1 as auniform split of the solution domain 0 < w <
1.

The basis function utilized by the cubic B-spline collocation method B;(w)
is outlined as follows:

1
B(w) = 5
{(W - Wi—2)3' W;_» <wZ< Wi_1,
h3 + 3h*(w — w;_y) + 3h(w —w;_1)? = 3(Ww —w;_1)3, wi;, <w<w,,
R + 3R (Wi — w) + 3h(Wipq —w)? = 3w —W)%, wy S w S wiyy,
(Wi+2 - W)SJ Wit1 <w< Wito,
0, otherwise
(7)
Table 1 displays B;(w) values as well as the first and second derivatives at
the knot points w;_,, w;_1, W;, W;41, and w;,,.

Table 1
Cubic B-splines coefficients
r Wi—2 Wi-1 Wi Wit1 Ti+2
B;(w) 0 1 4 1 0
Bi(w) 0 3/h 0 -3/h 0
B;'(w) 0 6/h? —12/h? 6/h? 0

Consider the B-spline interpolating function Z(w)
K(w, tj41) provided by:

for the approximation of
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Ew) ~ X viBi(w) (®)
where the unknown parameter y; along side the boundary and initial conditions
have to be found using the collocation method. ,

Using Eq.(9) and Table 1 an estimate of Z; and associated two initial
derivatives are given below:

yl 1 + 4)/1 + Vit
{= n (Vi+1 = Yi-1) 9
—rr 6
' = 7 Vi1 = 2¥i + Vi)
Thus, by replacing Eq. (7) with Eq. (10), we obtain the following:
e, i
—Z G = D G 9T D) = R 10)

L83

[r]

In order to regulate the impact of a singular perturbation parameter
regarding to the behavior of solution, we add an artificial viscosity o(w;, €) to
equation (11). As a result we get:

( 6"‘+n+b)y;+11+(12"‘+4n+4b) ’“+(—%+n+b)nﬁ+11 =R,
(11)

The determination of an artificial viscosity o; is necessary to guarantee
which Eq. (12)'s outcome matches evenly toward the exact outcomes of Eq. (1).

Eq.(12) is therefore a systems of linear equations of order (N + 3) X (N +
3), expressed as a three term recurrence relation of the following form:

Evl 't + Ry + 6yl =H; i=01,...,N (12)
where;
E; = G; = —60; + (N + b;)h?
F; = 120; + 4(n + b;)h?
H; = h®R;
and

h?b; (1+2cosh?(p;h) _ b
% =75 ( 2sinh2p;h )’ Pi = \/:
for |o; — €] < Ch? with C is independent of € and h [21, 27].
By applying the boundary conditions (3) to Eq.(10), we may reduce the
order of systems of linear equations, yielding
V-1 = (P(tj+1) —4v0— " (13)
Yne1 = O(Ejs1) — Yvo1 — 4N
Eq.(14) is now incorporated into Eq.(13) to produce (N + 1) X (N + 1)
systems of linear equation:



832 G. F. DURESSA ET AL.

(Fo — 4E)Yy " + (Go — Eo)y{ ™" = Hy — Eno(tjs1)
Ev/' '+ Ry + 6yl =H; i=,1,...,N-1 (14)

(Ey — GN))’JJr1 + (Fy — 4GN)VJ+1 = Hy — Gyd(tj41)-

Convergence analysis
Lemma 6: The cubic B-spline collocation {B_{(w),By(W),...,By(w),
Byi1(W)3, as given in (8) fulfills the inequality

£ |B;(w)| < 10; w € [0,1] (15)

Proof: Triangular inequality gives rise to
|2 Bi(w)| < T [Bi(w)|
At just three nodal points does the cubic B-spline B;(w) exhibit non-zero

values.
At any node 1;, we have

L [BiwW)| = [BioyW)| + [Bi(W)| + [Biyi(W)| = 1+4+1=6<10
For r € [w;_q, w;]
) |B'(Wi)| < 4and B |§i—1(Wi—1)| <4
and similarly for w € [w;_1, w;]
?[:—11 |§i+1(Wi)| <1land Z?’:Jr—ll |§i—2(Wi—1)| <1
Therefore, for any point r € [w;_,, w;], we obtain
24 [Biw)| = [Bia )| + [Bios W) | + [Bi(w) | + | Bips (W) < 10.

Lemma 7: Given the boundary value concerning in (7), let E(W) denote the
collocation estimate of the solution kK(w) at the (j+ 1)-th time step. For
R € C?[0,1), consequently the e-uniform error approximation could be obtained
as

lle(w;) — Ew)lle < C(h?) (16)
for h to be small enough and C to be positive.

Proof: For the boundary value issue (7), let E(w) be a unique spline that
interpolate i(w) atthe (j + 1)®* time level, which is provided via

E(w) = XY 7iBi(w) a7)
If b(w),R; € C?[0,1], then K(w) € C*[0,1],Vj;0<j <M and hence
from error bound estimate [28] we get

D" (W) = EW)lleo < 6 ||

and ¢ is constant independent of term h and N.
Using triangular inequality we have

le(w) = EWlleo < lle(wi) = EWlleo + IE(W; = EW)lco- (19)

h‘*-k; k=012, (18)
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Let (77 + Lft’h)E(wi) = (n + L?t’h)ﬁ(wi) = H;, assume also (n + L?t'h)
E(w;) = H; that fulfills the boundary requirements E(w,) = @(t;4;) and
E(wy) = ¢(tj41). Then,

|(n + L)W = (n + £)EWD| = |(n + L2")20w) = (1 + L") E(w))|

d?E(w;y) d?E(wy) — =
= [ = (—o ) + bwd (Rw) = Ew)|

d“ux(w

)
S+ el

Sollb(wWi)lleo llE W) Il co-
We now have |o; — €| < Ch? from the bound of artificial viscosity. Putting
this and Lemma 4 into Eq.(21) allows as to obtain

wggl(n + Lét'h)’z(wi) - (TI + L?”‘)E(wi)| < ¢h?, 1)

where ¢ = &6, + (€6 + Gollb(Wi)lleo)R*.
By combining the unique interpolate approximation (18) and recurrence
relation (13) the i-th coordinate of |(1 + L?t‘h)(ﬁ(wi) — Ewy))| yields
360y =Yy (22)
(—=60; + h?(n + b/ " )wi—y + (120; + 4h%(m + b)) +
(—60'i + hZ(n + bi))“i+1 = Yl,l = 1,2,...,N -1
36oyuy =Yy (24)
where; y; =y; —y3i=-10,....,N+1and Y; =H; — H;;i =0,1,...,N.
Then, inequality (24) results the following
|Y;| < h?*|H; — H| < ¢h* (25)
Inequality (24) written as
(120; + 4h2(n + b/ " )y = ¥ = (—60; + h2(n + b)) (i—1 + His1)- (26)

Let us define

d?r(wy)
dw?

< lo; — €lg, | +
[oe]

(20)

(23)

Y= max Y, = max
1sxsN-1 Y H= 1<x<N-— JHi

and using the constraint 0 < 9 < b; in Eq.(27) calculating the magnitude and the
inequality |o;| < & + Ch? after which we obtain
(126 + (4(m +9) + 120)h®)u =Y + 2u(6e — (n + 9 — 6C)h?)
<Y +2u(6s + (n +9+ 6C)h?).
By simplifying this, we can get
2u(n +9)h? <Y < ¢h*
which gives

ch?
H= ey
With the same instances
ch2 chz
Ho < SGC'MN = 36C

Once more, y_; and py,, values are determined using the boundary
condition (14) that we possess
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2 (L 1 2(1 1
Py =ch (9c + c(n+s)) M1 S Sh (9c + c(n+9))'

Accordingly, using the values of ¢ = ¢, + (Ct;2 + q0||b(wl-, tj+1)||oo) h?,
there exists a number p , that doesn't depend on h or ¢ such that
p= max {u}<ph® 27)

—1<wsN+1
Lemma 6 and inequality (28) give us
E(w) — E(wy) = XiZ (v — 7)Bi(w)
IEw:) — EWwi)llew < 10ph?. (28)
As a result, considering the triangular inequality, we arrive at
lkw) —EW)lle < Ch?
where, C = 10p + ¢oh?.

Theorem 8: Assuming that equation (1) has a solution of k(w, t), the discretized
equation as a whole has a solution of k(w;, t;.1). The & —uniform bound given in
Lemma 5 and 7 is valid

max 1|K(Wl-, tiv1) — Ew)| < C(R? + (AD)*%) (29)

0<i,j<sN,M—

here C represents a number that is not affected by €, h and (At).
Proof: Triangle inequality is employed in the demonstration.

5. Numerical Results

Due the following numerical examples has lack of analytical solutions, we
implemented the double mesh principles to enhance the accuracy. Point-wise
maximum absolute error Ey j and numerical solution (N.S) of the numerical
examples are displayed in tables and figures, respectively.

Example 1:
%c(wit)  92k(wt) 2 — 1) =1¢3
T - T AL+ wHrw, ) +kw,t—1) =t

with regard to the constraints
k(w,0) =0,(w,t) € [0,1] X [—1,0]

and
k(0,t) =0=u(1,t) =0; t € [0,2]
Example 2:
%kwit) _0%r(wit) | (1+w)? _ _ .3
pyez oz T Kkw,t) +x(w,t—1) =t

with regard to the constraints

k(w,0) =0,(w,t) € [0,1] X [—1,0]
and

k(0,t) =0=x(1,t) =0; t € [0,2]
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Table 2
Eyy for various values of a and certain £ = 10710 of Ex:1
a N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32
0.25 8.3706e-03 1.8584¢-03 1.6576e-03 2.3660e-03
0.50 2.4337e-02 7.6181e-03 2.7567¢-03 2.5023e-03
0.75 4.5923¢-02 1.9759¢-02 7.7090e-03 3.2068¢-03
0.90 6.0623e-02 2.9544¢-02 1.3620e-02 6.0854¢-03
Table 3
Eyy of Ex:1for a = 0.8
& N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32
100 7.2980e-03 3.3896¢-03 1.3837¢-03 5.9253e-04
102 8.1229¢-03 3.5708e-03 1.4262¢-03 6.0286¢-04
1074 7.9054e-02 2.1391e-02 5.6838e-03 1.6416e-03
108 5.0700e-02 2.2861e-02 9.4473e-03 3.9001e-03
1010 5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03
1012 5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03
10-14 5.0700e-02 2.2861e-02 9.4473e-03 3.9008¢-03
1016 5.0700e-02 2.2861e-02 9.4473e-03 3.9008¢-03
ENM 5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03
rNM 1.1491 1.2749 1.2761
Table 4
Eyy for various values of a and certain £ = 10710 of Ex:2
p N=32, M=4 N=64, M=8 | N=128, M=16 | N=256, M=32
0.25 1.5231e-02 3.4973¢-03 2.9007e-03 4.1405¢-03
0.50 4.1145e-02 1.3296¢-03 4.7024¢-03 3.9683¢-03
0.75 7.2576e-02 3.0790e-02 1.2015e-02 4.9228e-03
0.90 9.2936¢-02 4.3367¢-02 1.9582¢-02 8.6701e-03
Table 5
Eyy of Ex:2 for ¢ = 0.8
£ N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32
100 4.9265¢-03 2.2812¢-03 9.2841e-04 4.0034¢-04
102 5.6293e-03 2.4400e-03 9.6596e-04 4.0955e-04
1074 7.6395¢-02 1.8703e-02 4.7957¢-03 1.3424e-03
108 7.9238e-02 3.4880e-02 1.4321e-02 2.4778e-03
1010 7.9238e-02 3.4880e-02 1.4327e-02 5.8704¢-03
10-12 7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03
10-14 7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03
10716 7.9238e-02 3.4880e-02 1.4327e-02 5.8704¢-03
ENM 7.9238e-02 3.4880e-02 1.4327e-02 5.8704¢-03
rM 1.1838 1.2837 1.2872
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Numerical solution B-spline Collocation Method

Numerical Solution u(r)

Figure 1

(N.S) of Ex:1 for N =M = 64 and
£=10"10

Numerical solution B-spline Collocation Method

Figure 3
(N.S) of Ex:2 for N =M = 64 and
£=10"10

—5—o?)
—8— 102

Maximum absolute error in log scale Exi

40 60 80 100 120 140 160 180200220240
Nin log scale

Figure S
log?log structure for Ex:1
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£ &
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1
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Figure 2
Formation of the boundary layer of
Ex:1
5
35
3
25
é 2
15
1
05
0 01 0.2 03 04 0.5 0.6 0.7 08 09 1
Figure 4
Formation of the boundary layer of
Ex:2

Maximum absolute error in log scale Ex2

40 60 80 100 120 140 160 180200220240
N in log scale

Figure 6
log?log structure for Ex:2

A fitted cubic B-spline collocation approach is engaged for problems 1 and 2
for verifying the assumptions made in theory. For various values of a and fixed
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e, the maximum absolute errors can be found in Tables 2 and 4. Maximum
absolute error decreases as well as a does, as can be seen in the tables, revealing
that the fractional order model more accurately captured actual life issues
compared to the representation of integer order. Tables 3 and 5 illustrate the test
examples point-wise maximum absolute errors. The tables demonstrate that the
results of the numerical examples converge uniformly as the quantity of mesh
measurements rises and the perturbation parameter nears zero. Figures 1 and 3
depict the scheme of physical behavior and provide a numerical illustration with a
twin layer at the end of the space domain. A parabolic boundary layer can
potentially be visible at w = 0 and w = 1 in figures 2 and 4, which exhibit the
boundary layer behavior. Furthermore, the log-log level of the highest absolute
error is depicted in figures 5 and 6. It indicated the maximum absolute error falls
monotonically as the number of grid points grows and & — 0, confirming a
consensus with theoretical results.

6. Conclusions

In this study, the 1D SPTFDPRDPs are investigated and treated by implicit
Euler's technique on top of Caputo sense in the time domain. The space domain is
discretized by the fitted B-spline collocation method. Following an extensive
convergence analysis, it was shown that the suggested numerical method attains
an order of accuracy of O(h? + (At)?~%). The numerical findings are further
supported by numerical examples, demonstrating a good agreement between the
anticipated results and numerical outcomes. These examples demonstrate that the
suggested approach accurately depicts the characteristics of the solution,
regardless of the presence of the boundary layers at w =0 and w = 1.
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