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Abstract
This work focuses on the numerical solution of a singularly perturbed time-fractional 

parabolic delay reaction-diffusion problem using a fitted B-spline collocation technique. 
Applying the Caputo fractional derivative sense, an implicit Euler’s technique is used to 
discretize the time direction. The space direction is handled by a fitted B-spline collocation 
technique. An established convergence analysis of the method demonstrates that the 
proposed method attains O(h2 + (Δt2–α)) accuracy. The effectiveness of the study is examined 
through the investigation of two model examples. The results produced by tables and figures 
show that the scheme is uniformly convergent and possesses two layers near the end of the 
space domain.
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1. Introduction 
Differential equations via fractional derivatives, which are an extension of 

conventional integer-order derivatives, are known as fractional partial differential 
equations. It offers a great tool for characterizing memory and inherent 
characteristics of different material and procedures. Scientific and engineering 
domains, as well as numerous other fields like fluid mechanics, chemistry, 
viscoelasticity, finance and physics,often utilized fractional partial differential 
equations [1-5]. For unconventional systems, time-fractional involves unusual 
diffusion processes that have a temporal component. Subsequently, these kinds of 
problems are difficult to solve analytically; numerical techniques are employed to 
approximate the solutions. Fractional differential equations been the subject of 
numerous computational approaches that have been generated to approximate the 
solution because of their capacity to simulate complicated processes [6-8]. 

The mathematical representation of oil reservoir simulations, flow of fluid 
in porous media, global water production, and several other organic occurrences 
have been extensively investigated using time-fractional reaction-diffusion 
equations [9]. Such problems are hard to solve precisely because they are part of 
an arbitrary order. Therefore, it becomes increasingly crucial to identify reliable 
and effective numerical strategies for solving such issues numerically. In the 
papers [10-13], time-fractional reaction-diffusion attempts have been made. 

This study focuses on singularly perturbed time-fractional delay parabolic 
reaction-diffusion problem (SPTFDPRDPs) in the realm         
              ̅   ̅   ̅                           where 
    ̅             {         ̅ } and    {         ̅ }:  

(  
 

      
   
         )                                      (1) 

with initial condition  
                          (2) 
and the boundary conditions  
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                                             (3) 
where          is a uninterrupted function,   is the delay parameter, and 
     . The initial boundary value issue yields a distinct result        when 
the functions                                , and         fulfill the 
necessary coherence and regularity conditions. Within the bounds of     and 
   , this remedy displays two boundary layers with thicknesses of   √  . 

An order of differential equations reduces to     when dealing with 
parameter dependent delay parabolic reaction-diffusion problems, and the 
differential equation solution is invariably characterized by an immense gradient 
[14]. When using conventional traditional computational methods on an even 
grid, significant oscillation could happen with respect to the behavior of the 
boundary layer as the perturbation parameter approaches nil over the whole areas 
of concern. To avoid significant fluctuations, an efficient computational 
technique with precision apart from the perturbation parameter is going to be 
utilized. To solve one-dimensional (1D) SPPRDPs with time-lag, a lot of work 
has been put into developing numerical methods [15-22]. 

Numerous numerical problems, such as reaction-diffusion problems [24] 
and unsteady though porous media [23], are addressed by the cubic spline 
collocation approach. To tackle the initial boundary value issues of the 1D 
SPTFDPRDPs, the fitted cubic B-spline collocation technique is proposed in this 
paper. 

This research has a particular framework: In Section 2, preliminary data and 
attributes of continuous solutions are examined. Convergence analysis and 
numerical formulation are covered Parts three and four as well as parts 5 and 6 
offer a summary of the outcomes and computing outcomes, respectively. 

2. Preliminaries and Continuous Solution Properties 
Definition 1: Let's say that     and        . The function that represents  
       ∫   

           
it involves the gamma function.  

Definition 2: The expression for a function       's Caputo fractional 
differentiation with regards to   is  

           

          {
 

      ∫    
        

                             
        

                                                          
 

Lemma 1: Considering that          , let        represent the 
function's least feasible result. Subsequently,  

           
   

                      
where,       and     stands for the Caputo fractional derivative.  
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Proof: The proof is shown on [25]  

Lemma 2: Considering           ̅ , suppose        ⋂      ̅ . Based 
on the assumption that     on     ̅   ,       in   results     in 
 ̅.  

Proof: Consider a point       that satisfies  
          

       ̅
       

and         . Then          . Thus,  

                                         
      

For            and  
       
     , then           , which defies the 

initial hypothesis. Therefore,                  ̅.  

Lemma 3: (Stability Estimate) 
If        is the solution to the continuous issue of Eq.(1), afterwards  

‖      ‖     ‖   ‖  ‖ ‖  
where,       

                  .  

Proof: State two barrier functions:    referred to as  
           ‖   ‖  ‖ ‖                ̅  

At boundaries we have  
           ‖   ‖  ‖ ‖     ‖ ‖        
           ‖   ‖  ‖ ‖     ‖ ‖        

and also for         , we have  
           ‖   ‖  ‖ ‖     ‖ ‖        

Furthermore,         , we have  
            

             
                  

                               ‖   ‖  ‖ ‖           
                       ‖   ‖   ‖ ‖          
                       ‖   ‖             

 

Lemma 4: Problem (1) solution and associated derivatives fulfills  

  | 
         
      |   [   

  
 (      

√ 
            

√ 
 )] 

via         .  

Proof: The proof is on [26]  
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3. Development of Numerical Schemes 
3.1 Time Discretization 

Eq. (1)'s time derivatives is handles by implicit Euler's technique on domain 
    {                   } with uniform step size   ,          

 , 
wherein   remains the quantity of grid points oriented along the time. The 
formula for the grid        is     {             }. 

Within a Caputo concept, time-fractional derivative is entailed. The 
resulting quadrature formula can therefore be utilized to Eq.(1) at        by 
applying the implicit Euler technique.  

 

             
 

      ∫      
 

       
              

                           
      ∑   

   (
                 

  ) ∫      
  

                
   

                            
∑   
   

  (                     )     
    

 

where, 

        

      ,                      and    
        

      ∫      
  

            . 

Therefore, the Caputo fractional derivative           at the point          
is estimated as  

              ((                 )  ∑   
     (                     ))  

   (4) 
We obtain the temporal semi-discrete equation through incorporating Eq. 

(5) into (1).  

  (                      ∑   
     (  

         
    ))                         

          (
                               
                                 (5) 

Aligning Eq. (5) yields  
                     (6) 
where, 

                                             

    {
(                       ∑   

                  )                

(                     ∑   
                  )                

 

Lemma 5: The bounded value of an error   in (6) is  
|    |             
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Proof:  

            
      ∑   

   ∫      

  
(      )   

                          
      ∑   

   (                   

   )         

                               
                            

                               
                 

                               
Thus,  

|    |             
with   be number that does not depend on   and   .  

3.2 Space Discretization 
Employing the phase length            

               , we 
discretize the spatial derivative by dividing the interval equally in the manner 
                 as a uniform split of the solution domain     
 .  

The basis function utilized by the cubic B-spline collocation method       
is outlined as follows:  

         
   

{
 
 

 
                                                                                                            
                                                    
                                                    
                                                                                                          
                                                                                                                    

 

   (7) 
Table 1 displays       values as well as the first and second derivatives at 

the knot points                    and     . 
 

Table 1 
Cubic B-splines coefficients 

                         
      0 1 4 1 0 
  

     0     0      0 
  

      0                  0 
 
Consider the B-spline interpolating function      for the approximation of 

          provided by:  
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       ∑     
            (8) 

where the unknown parameter    along side the boundary and initial conditions 
have to be found using the collocation method. , 

Using Eq.(9) and Table 1 an estimate of    and associated two initial 
derivatives are given below:  

  {
                

  
   

            
  

    
                 

 (9) 

Thus, by replacing Eq. (7) with Eq. (10), we obtain the following:  

        
  (    

       
        

   )        (    
       

        
   )   ̅  (10) 

In order to regulate the impact of a singular perturbation parameter 
regarding to the behavior of solution, we add an artificial viscosity         to 
equation (11). As a result we get:  

 (    
       )     

    (    
         )   

    (    
       )     

     ̅    
   (11) 

The determination of an artificial viscosity    is necessary to guarantee 
which Eq. (12)'s outcome matches evenly toward the exact outcomes of Eq. (1). 

Eq.(12) is therefore a systems of linear equations of order          
  , expressed as a three term recurrence relation of the following form:  

        
        

          
                    (12) 

where;  
                   

                 

      ̅ 

 

and  

         
 (             

         
)      √  

  

for |    |      with   is independent of   and   [21, 27]. 
By applying the boundary conditions (3) to Eq.(10), we may reduce the 

order of systems of linear equations, yielding  

  
                  
                     

 (13) 

Eq.(14) is now incorporated into Eq.(13) to produce             
systems of linear equation:  
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 (14) 

Convergence analysis 
Lemma 6: The cubic B-spline collocation {                         
       }, as given in (8) fulfills the inequality  
  ∑     

    |     |              (15) 

Proof: Triangular inequality gives rise to  
  |∑     

         |  ∑     
    |     | 

At just three nodal points does the cubic B-spline       exhibit non-zero 
values.  

At any node   , we have  
    ∑     

    |     |  |       |  |     |  |       |             
For              

  ∑     
    |      |        ∑     

    |          |    
and similarly for              
  ∑     

    |        |        ∑     
    |          |    

Therefore, for any point            , we obtain  
     ∑     

    |     |  |       |  |       |  |     |  |       |      

Lemma 7: Given the boundary value concerning in (7), let      denote the 
collocation estimate of the solution  ̅    at the      -th time step. For 
         , consequently the  -uniform error approximation could be obtained 
as  
  ‖ ̅          ‖        (16) 
for   to be small enough and   to be positive.  

Proof: For the boundary value issue (7), let  ̅    be a unique spline that 
interpolate  ̅    at the         time level, which is provided via  
   ̅    ∑     

     ̅       (17) 
If                , then  ̅                     and hence 

from error bound estimate [28] we get  

  ‖    ̅     ̅    ‖    ‖
   ̅   
   ‖  

              (18) 

and    is constant independent of term   and  . 
Using triangular inequality we have  

  ‖ ̅          ‖  ‖ ̅      ̅    ‖  ‖ ̅         ‖   (19) 



PARAMETER UNIFORM NUMERICAL SCHEME FOR SINGULARLY PERTURBED � 833

Let (        )      (        ) ̅       , assume also (        ) 
 ̅      ̅ that fulfills the boundary requirements  ̅             and 
 ̅            . Then,  

 |(        )  ̅    (        ) ̅    |  |(        )      (        ) ̅    | 

  |   
  ̅    
    (   

   ̅    
   )         ̅      ̅     | 

 
 |    |  ‖

    ̅    
   ‖

 
 | |  ‖

   ̅    
   ‖

 
 

         ‖     ‖ ‖ ̅    ‖  
 (20) 

We now have |    |      from the bound of artificial viscosity. Putting 
this and Lemma 4 into Eq.(21) allows as to obtain  
     

   
|(        ) ̅     (        ) ̅    |       (21) 

where              ‖     ‖    . 
By combining the unique interpolate approximation (18) and recurrence 

relation (13) the  -th coordinate of |(        )  ̅      ̅     | yields  
            (22) 

        
 (    

   )                         
                                                                         

 (23) 

            (24) 
where;        ̅                 and        ̅             . 

Then, inequality (24) results the following  
  |  |    |    ̅ |      (25) 

Inequality (24) written as  
             (    

   )                                   (26) 
Let us define  

     
       

              
       

   
and using the constraint        in Eq.(27) calculating the magnitude and the 
inequality |  |        after which we obtain  

                                         
                                                                                 

By simplifying this, we can get  
                

which gives  
       

       
With the same instances  

     
   

       
   

     
Once more,     and      values are determined using the boundary 

condition (14) that we possess  
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         (  
    

      )          (  
    

      )  

Accordingly, using the values of       (      ‖          ‖ )   , 
there exists a number   , that doesn't depend on   or   such that  
       

        
{  }       (27) 

Lemma 6 and inequality (28) give us  
         ̅     ∑     

         ̅        
  ‖       ̅    ‖         (28) 

As a result, considering the triangular inequality, we arrive at  
‖ ̅          ‖      

where,           .  

Theorem 8: Assuming that equation (1) has a solution of       , the discretized 
equation as a whole has a solution of           . The   uniform bound given in 
Lemma 5 and 7 is valid  
     

           
|                |                (29) 

here   represents a number that is not affected by     and     .  

Proof: Triangle inequality is employed in the demonstration.  

5. Numerical Results 
Due the following numerical examples has lack of analytical solutions, we 

implemented the double mesh principles to enhance the accuracy. Point-wise 
maximum absolute error      and numerical solution       of the numerical 
examples are displayed in tables and figures, respectively. 

Example 1:  

          
             

                                

with regard to the constraints  
                            

and  
                           

Example 2:  

          
             

          

                     

with regard to the constraints  
                            

and  
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Table 2 
     for various values of   and certain         of Ex:1 

  N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32 
     8.3706e-03 1.8584e-03 1.6576e-03 2.3660e-03 
     2.4337e-02 7.6181e-03 2.7567e-03 2.5023e-03 
     4.5923e-02 1.9759e-02 7.7090e-03 3.2068e-03 
     6.0623e-02 2.9544e-02 1.3620e-02 6.0854e-03 

 
Table 3 

     of Ex:1 for       

  N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32 
    7.2980e-03 3.3896e-03 1.3837e-03 5.9253e-04 

     8.1229e-03 3.5708e-03 1.4262e-03 6.0286e-04 
     7.9054e-02 2.1391e-02 5.6838e-03 1.6416e-03 
     5.0700e-02 2.2861e-02 9.4473e-03 3.9001e-03 

      5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03 
      5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03 
      5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03 
      5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03 

     
     5.0700e-02 2.2861e-02 9.4473e-03 3.9008e-03 
     1.1491 1.2749 1.2761  

 
Table 4 

     for various values of   and certain         of Ex:2 

  N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32 
     1.5231e-02 3.4973e-03 2.9007e-03 4.1405e-03 
     4.1145e-02 1.3296e-03 4.7024e-03 3.9683e-03 
     7.2576e-02 3.0790e-02 1.2015e-02 4.9228e-03 
     9.2936e-02 4.3367e-02 1.9582e-02 8.6701e-03 

 
Table 5 

     of Ex:2 for       
  N=32, M=4 N=64, M=8 N=128, M=16 N=256, M=32 

    4.9265e-03 2.2812e-03 9.2841e-04 4.0034e-04 
     5.6293e-03 2.4400e-03 9.6596e-04 4.0955e-04 
     7.6395e-02 1.8703e-02 4.7957e-03 1.3424e-03 
     7.9238e-02 3.4880e-02 1.4321e-02 2.4778e-03 

      7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03 
      7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03 
      7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03 
      7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03 

     
     7.9238e-02 3.4880e-02 1.4327e-02 5.8704e-03 
     1.1838 1.2837 1.2872  
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Figure 1 

      of Ex:1 for        and 
        

Figure 2 
Formation of the boundary layer of 

Ex:1 
 

  

Figure 3 
      of Ex:2 for        and 

        

Figure 4 
Formation of the boundary layer of 

Ex:2 
 

  
Figure 5 

log?log structure for Ex:1 
Figure 6 

log?log structure for Ex:2 
 

A fitted cubic B-spline collocation approach is engaged for problems 1 and 2 
for verifying the assumptions made in theory. For various values of   and fixed 
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 , the maximum absolute errors can be found in Tables 2 and 4. Maximum 
absolute error decreases as well as   does, as can be seen in the tables, revealing 
that the fractional order model more accurately captured actual life issues 
compared to the representation of integer order. Tables 3 and 5 illustrate the test 
examples point-wise maximum absolute errors. The tables demonstrate that the 
results of the numerical examples converge uniformly as the quantity of mesh 
measurements rises and the perturbation parameter nears zero. Figures 1 and 3 
depict the scheme of physical behavior and provide a numerical illustration with a 
twin layer at the end of the space domain. A parabolic boundary layer can 
potentially be visible at     and     in figures 2 and 4, which exhibit the 
boundary layer behavior. Furthermore, the log-log level of the highest absolute 
error is depicted in figures 5 and 6. It indicated the maximum absolute error falls 
monotonically as the number of grid points grows and    , confirming a 
consensus with theoretical results.  

6. Conclusions 
In this study, the 1D SPTFDPRDPs are investigated and treated by implicit 

Euler's technique on top of Caputo sense in the time domain. The space domain is 
discretized by the fitted B-spline collocation method. Following an extensive 
convergence analysis, it was shown that the suggested numerical method attains 
an order of accuracy of              . The numerical findings are further 
supported by numerical examples, demonstrating a good agreement between the 
anticipated results and numerical outcomes. These examples demonstrate that the 
suggested approach accurately depicts the characteristics of the solution, 
regardless of the presence of the boundary layers at     and    . 
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