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Abstract
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1. Introduction 
Powers of square matrices are significant in various mathematical fields and 

applied science disciplines, including physics, biology, and economics. 
Therefore, several theoretical approach and numerical methods have been 
provided in the literature for computing the powers of square matrices. Generally, 
for computing the powers of a square matrix its eigenvalues play a fundamental 
role (see, for instance, [8, 9, 11]). Especially, the theoretical and numerical 
computation of the powers of special matrices has taken on great importance, 
given their applications in several topics of pure and applied mathematics, as well 
as in applied sciences. In particular, in the last decades, several research studies 
have been devoted to the theoretical and numerical calculations of a large family 
of special matrices, such as tridiagonal matrices, companion matrices, 
Hessenberg matrices, Leslie matrices and Lefkovitch matrices. (see, for example, 
[2, 4, 6, 7, 13], and references therein). The present study concerns a new 
computational process of    the powers of the doubly Leslie     matrix  , 
defined in [17] under the form  

    

[
 
 
 
 
 
              
          
          
      
     
          ]

 
 
 
 
 

  (1.1) 

with       , for        , and         for (       ,    
   ), where not at all zeros. The doubly Leslie matrix (1.1) was also considered 
in [19] with         for (       ,        ). Furthermore, if 
     for every        , then   is a Leslie matrix (see [6]). In [3] the 
authors embarked on their exploration of the matrix powers for the matrix (1.1) in 
their prior study, which laid the foundation for the computational and numerical 
approaches presented in [3]. Their study aimed to furnish concise expressions of 
the entries for the powers of such kind of matrices, leveraging properties from 
linear recursive difference equations of constant coefficients.  

The goal of this paper is to explore a new numerical approach to establish 
compact expressions for doubly Leslie matrix powers, through two methods of 
calculating the inputs of these matrix powers. The first method consists in 
considering the Fibonacci-Horner decomposition for computing the entries for 
the powers of the matrix (1.1). The second method for calculating the entries of 
the powers of the matrix (1.1) is based on the approach of the determinantal form. 
Moreover, two algorithms were furnished for the computation of the entries of the 
powers    of the matrix (1.1). In addition, Python programs are designed for 
both of the algorithms of these two approaches. For illustrative purpose, some 
applications and examples are exhibited.  

 The plan of our paper is as follows. Section 2 concerns a compact 
expression of the power elements of doubly Leslie matrices, with the aid of the 
Fibonacci-Horner approach. In section 3, we give an explicit expression for the 
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entries of the powers    of the matrix (1.1) under a determinantal form. In 
Section 4 we elaborate two algorithms for computing the entries of the matrix 
powers of (1.1). In conclusion, final remarks and perspectives are provided. 

2. Fibonacci-Horner decomposition and computation of the   th powers of 
the matrix (1.1) 

In this section, we will recall the Fibonacci-Horner decomposition method 
for computing the powers of a square matrix introduced by Ben 
Taher-Mouline-Rachidi in (see [5, 16]). Let   be in      the algebra of square 
    matrices (   ), whose characteristic polynomial is given by      
                . Thus, the Theorem of Cayley-Hamilton implies that 
we have         (the zero     matrix). Therefore, the matrix sequence 
        represents a generalized Fibonacci sequence (of order  ) in the algebra 
    , whose coefficient are          , and initial conditions       (the 
identity matrix),         . Results of [5, 16] allow us to get  
                                            (2.2) 
where  
                                              (2.3) 
and the sequence            satisfies the following linear recurrence relation  

  {                                           
                                     (2.4) 

The set of matrices                is labelled the Fibonacci-Hörner 
system associated to the matrix  . In order to compute the      power of the 
doubly Leslie matrix (1.1) using the Fibonacci-Horner decomposition [5, 16], we 
need to compute the explicit formula of the characteristic polynomial of the 
matrix (1.1). Result of Wanicharpichat shows that this characteristic polynomial 
of the matrix (1.1) is given as follows. 

Lemma 2.1: [19] (Wanicharpichat Lemma.). The characteristic polynomial of   
the matrix of the form (1.1) is given by  
                                       (2.5) 
where  

  {
        
    ∑                                       
      ∑                  

 (2.6) 

with  

  {           ∏     
                   

           ∏     
                        (2.7) 

Combining Lemma 2.1, namely, Expressions (2.6)-(2.7), with Expressions 
(2.2)-(2.4), we arrive to the following result.   
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Theorem 2.2: Let   be a doubly Leslie matrix (1.1) and                 
                    its characteristic polynomial with    (      
 ) are as in (2.6)-(2.7). Then, the powers    of the doubly Leslie matrix 
expressed in the Fibonacci-Horner system                is as follows,  
                                                (2.8) 
with      ,          ,               ,   ,           
               , where            verifies the following recursive 
expression of Fibonacci type  
                                                    (2.9) 
where      and      for          , and    (       ) are 
as in (2.6)-(2.7).   

Proof: As mentioned below, the characteristic polynomial (2.5) of the doubly 
Leslie matrix defined by (1.1) is explicitly given by the Expressions (2.6)-(2.7). 
Then, using Fibonacci-Horner's decomposition (2.2)-(2.4), we get the formula 
(2.8) of the powers    (   ).  

Result of Theorem 2.2 can be illustrated by considering the following 
numerical example.   

Example 2.3: Let   be the doubly Leslie matrix given by  

  [
     
        
        

]  

such that                       . Then, the related linear recursive 
sequence sequence of Fibonacci type          is given by  

  {                                   
                    

Suppose we need to compute   . Then, using Expressions (2.8)-(2.9), we 
get  

                   
with  

         [
        
           
      

]     [
           
       
         

] 

and        ,         ,           . Therefore, we have  

   [
                 
                 
                  

]  

It was shown in [14] that            given by (2.4) can be provided under 
its combinatorial form. Indeed, we can state the following lemma. 
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Lemma 2.4: The combinatorial expression of the sequence            is given 
under the form  

     ∑                  
               

            
  
    

       
        

      (2.10) 

for every    , where      and      when          .   
For reason of convenience we use the following notation for    given as in 

(2.10)  

             ∑                  
               

            
  
    

       
        

      
Application of formula (2.10) to the sequence (2.9) related to the doubly 

Leslie matrix (1.1), allows us to formulate the following result.   

Theorem 2.5: Under the notation and hypothesis of Theorem 2.2, the powers    
of the matrix (1.1), expressed as in (2.8), are given under the combinatorial form 
as follows  
                                                 (2.11) 
for every      , where  

          ∑                  
               

            
  
    

       
        

      (2.12) 

for every    , with          and           , when        
  , and the scalars    (       ) are as in (2.6)-(2.7).   

3. Powers of the matrix (1.1) under a determinantal form 
In the section we provide the approach for computing the powers of matrix 

(1.1), using a method based on the Hessenberg matrix and its determinant. Recall 
that for a given sequence         the related the upper Hessenberg matrix of 
order     is stated as follows  

     

[
 
 
 
 
 
            
              
             
      
        
        ]

 
 
 
 
 

  (3.13) 

The well known usual formula for the determinant of matrix (3.13) is 
exhibited under the following combinatorial formula  

         ∑                
          

    ∑   
             

    
                 

   (3.14) 

where       
          
       

 and             for an n  tuple   
          of non negative integers (see, for example, [10, 15]). In addition, it is 
shown in [10, 15] that         can be also expressed recursively, by repeatedly 
expanding along the last column, under the form  



814� A. ALOUI AND M. RACHIDI

                     ∑     
                        (3.15) 

When the sequence         is finite, namely (             ), the 
Hessenberg matrix of order   is given by  

     

[
 
 
 
 
 
             
               
               
       
       
         
         ]

 
 
 
 
 
 

 (3.16) 

and its determinant is  
          ∑                                      

    
       

                
   (3.17) 

where                  
         . In the sequel, we furnish another expression of (2.8) 

with the aid of the determinantal form. Indeed, we can also get the expression of 
the general term of (2.4) under a determinantal expression. More precisely, such 
determinantal expression of   , for    , is obtained using a matrix of order 
    (see, for instance, [12, 18]), is formulated under the following form  

     
|

|
          
             
   
    
      
      

|

|
  (3.18) 

When      , Expression (3.18) is obtained from notion of the 
determinant of a special Toeplitz      -band matrix. Following ([10, 15]), we 
can deduce that (3.18)  can be expressed as follows  
     ∑                        

    
       

      (3.19) 

where                  
           The formula (3.19) is, in essence, identical to 

formula (2.10).  
Despite the fact that the following result will not be taken into account in the 

sequel, inspired by the formulation (3.18) of the term   , we will give a new 
expression of the determinant for the matrix powers    (   ) of the matrix  , 
in the power basis. 

Proposition 3.1: Taking into account the preceding data, we have  

     ∑     
         

          ∑     
         

           (3.20) 

for all    , where       
    represents the determinant of a matrix of order 

               , which is identical to that of        given by (3.18), 
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where the first row is simply shifted forward with   positions and       
    

       (see for instance, [1, 12]).   

Proof: We will proceed by induction. Indeed, since we have        , we 
deduce that the result is verified because                          . 
Let us suppose that      is written in the following form 
     ∑     

                . Therefore, using the induction we get  

    ∑     
                         ∑     

                          ∑     
             

Hence, we have    ∑     
   (                   )                    . 

Recall that we have                   
     . Furthermore, taking into account the 

linear recurrence formulas satisfied by these determinants,                     
                    

                      
          

     Therefore, the 
formula of    in the basis of matrix powers               yields 
   ∑     

         
         .  

 
Let us apply Expression (3.20) to the sequence            defined by 

(2.9), which is related to the powers    of the matrix (1.1). That is, for the 
sequence (2.9) the determinantal representation of the general term   , for 
   , using an upper Hessenberg matrix     (see [12, 18]), is as follows  

     
|

|
            
               
       
       
       
         
         

|

|
 (3.21) 

For      , Expression (3.21) results from the determinant form of a 
     -banded Toeplitz matrix. We introduce a novel determinantal formulation 
for the powers          in the power basis.   

Theorem 3.2: Under the preceding data, we have  

     ∑     
         

          ∑     
         

           (3.22) 

for all    , where       
    is the determinant of a matrix of order      

          , which is identical to that of        given by (3.21), where the 
first row is simply shifted forward with   positions and       

          .   
 
The following two examples allows us to show the efficiency of the 

determinental method, for computing the powers          of the matrix (1.1). 
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Example 3.3: Let consider the same matrix as in Example 2.3. Suppose that the 
calculation of the power    is requested. Then, with the aid of formula (3.22) of 
Theorem 3.2, we obtain  

     
        

       
       

where   
    |      

     |      ,   
    |      

     |       and   
    

|    
     |      . Therefore, we obtain the same result as in Example 2.3. 

Example 3.4: Let consider the following doubly Leslie matrix  ,  

  

[
 
 
 
          
         
          
         
          ]

 
 
 
 
  

such that                                              . 
Suppose that we have to calculate   . Then, with the aid of formula (3.22) of 
Theorem 3.2, we obtain  

     
        

       
        

        
       

where  

    
    |

                       
                
            
       

|             

    
    |

                         
                
            
       

|              

  
    |

                     
                
            
       

|            

  
    |

                
                
            
       

|             

and  

 |
        
                
            
       

|              

Therefore,  
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[
 
 
 
                                                   
                                                  
                                                  
                                                  
                                                  ]

 
 
 
 
  

4. Algorithms 
4.1 Algorithm 1 

As a summary of Section 2, we show an algorithm which is designed to 
compute    with       using Fibonacci-Horner decomposition. We show 
the algorithm in Algorithm 1. 

 

4.2 Algorithm 2 
To summarize Section 3, we present an algorithm that computes    for 

    using the determinantal approach. This algorithm is detailed in Algorithm 
2. 

 

5. Conclusion and perspectives 
In this paper we investigated the powers of doubly Leslie matrices using 

both the Fibonacci-Horner method and a determinantal method, leading to the 
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development of two algorithms for the calculation of the entries of these matrices. 
We illustrated our methods through examples, demonstrating the practicality and 
efficiency of the proposed algorithms in handling such computations. Future 
research could explore extending these techniques to other classes of matrices and 
further applications in various fields, enhancing the understanding and utility of 
matrix power computations. 

6. Appendices 
A. Python program using Fibonacci-Horner decomposition for compute the 

powers of (1.1) 
 
import numpy as np 
 
# Function to construct the doubly Leslie matrix  
def doubly_leslie_matrix(a, b, s):  
r = len(a)  
L = np.zeros((r, r))  
L[0, :] = a  
for i in range(1, r):  
L[i, i-1] = s[i-1]  
for j in range(len(b)):  
L[r-1-j, r-1] = b[j]  
return L 
 
# Function to compute the coefficients c_i and d_j  
def calculate_c_d(a, b, s):  
r = len(a)  
c = [a[0]]  
d = [b[0]] 
 
for i in range(1, r):  
c.append(a[i] * np.prod(s[:i])) 
 
for j in range(1, r-1):  
d.append(b[j] * np.prod(s[r-j-1:r-1])) 
 
return c, d 
 
# Function to compute f_i  
def calculate_f(c, d):  
r = len(c)  
f = [c[0] + d[0]] 
 
for k in range(1, r-1):  
sum_terms = -sum(c[i] * d[k-1-i] for i in range(k))  
f.append(sum_terms + c[k] + d[k]) 
sum_terms = -sum(c[i] * d[r-2-i] for i in range(r-1))  
f.append(sum_terms + c[-1]) 
 
return f 
 
# Function to compute L_i  
def calculate_L_i(L, f):  
r = L.shape[0]  
L_i = [np.eye(r)]  
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L_i.append(L - f[0] * np.eye(r)) 
 
for i in range(2, r):  
Li = np.linalg.matrix_power(L, i)  
for j in range(i):  
Li -= f[j] * np.linalg.matrix_power(L, i-1-j)  
L_i.append(Li) 
 
return L_i 
 
# Function to compute the terms of the sequence u_n  
def calculate_u_n(f, n, r): 
 
u = [0] * (r-1) + [1] # u_0 = 1 et u_i = 0 pour i < 0 
 
for i in range(n):  
u_next = sum(f[j] * u[-1-j] for j in range(r) if -1-j >= -len(u))  
u.append(u_next) 
 
return u 
 
def remove_leading_zeros(u):  
for i in range(len(u)):  
if u[i] == 1:  
return u[i:]  
return u # 
 
# Function to compute L^n  
def power_of_doubly_leslie_matrix(a, b, s, n):  
L = doubly_leslie_matrix(a, b, s)  
c, d = calculate_c_d(a, b, s)  
f = calculate_f(c, d)  
L_i = calculate_L_i(L, f)  
u = calculate_u_n(f, n, len(a))  
u=remove_leading_zeros(u) 
 
Ln = sum(u[n-i] * L_i[i] for i in range(len(a))) 
 
return Ln 
 
a = [0, 12, 24]  
b = [0.6, 0.4]  
s = [0.25, 0.75]  
n = 800 # Par exemple 
 
L=doubly_leslie_matrix(a, b, s)  
print(L)  
c,d=calculate_c_d(a, b, s)  
print(c,d)  
f=calculate_f(c, d)  
print(f)  
u=calculate_u_n(f, n, 3)  
print(u)  
u=remove_leading_zeros(u)  
print(u)  
L_i=calculate_L_i(L, f) 
print(L_i)  
print(np.linalg.matrix_power(L,800))  
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Ln = power_of_doubly_leslie_matrix(a, b, s, n)  
print("L^n =", Ln)  

B. Python program using determinantal form 
import numpy as np 
 
# Function to construct the doubly Leslie matrix  
def doubly_leslie_matrix(a, b, s):  
 r = len(a)  
 L = np.zeros((r, r))  
 L[0, :] = a  
 for i in range(1, r):  
  L[i, i-1] = s[i-1]  
 for j in range(len(b)):  
  L[r-1-j, r-1] = b[j]  
 return L 
 
# Function to calculate coefficients c_i and d_j  
def calculate_c_d(a, b, s):  
 r = len(a)  
 c = [a[0]]  
 d = [b[0]] 
 
 for i in range(1, r):  
  c.append(a[i] * np.prod(s[:i])) 
 
 for j in range(1, r-1):  
  d.append(b[j] * np.prod(s[r-j-1:r-1])) 
 
 return c, d 
 
# Function to calculate f_i  
def calculate_f(c, d):  
 r = len(c)  
 f = [c[0] + d[0]] 
 
 for k in range(1, r-1):  
  sum_terms = -sum(c[i] * d[k-1-i] for i in range(k))  
  f.append(sum_terms + c[k] + d[k]) 
 
 sum_terms = -sum(c[i] * d[r-2-i] for i in range(r-1))  
 f.append(sum_terms + c[-1]) 
 
 return f 
 
# Function to calculate the determinant of the shifted upper Hessenberg 
  matrix  
def calculate_u_m_shifted(f, m, r, k):  
 T = np.zeros((m, m)) 
 
 # Fill the first row  
 if k < r:  
  for j in range(m):  
   if j + k < r:  
    T[0, j] = f[j + k] 
 
 # Fill the remaining rows  
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 for i in range(1, m):  
  T[i, i-1] = -1  
  for j in range(i, m):  
   if j - i < r:  
    T[i, j] = f[j - i] 
 
 return np.linalg.det(T) 
 
# Main function to calculate L^n using the determinant approach def 
power_of_doubly_leslie_matrix_determinantal(a, b, s, n):  
 L = doubly_leslie_matrix(a, b, s)  
 c, d = calculate_c_d(a, b, s)  
 f = calculate_f(c, d) 
 
 r = len(a)  
 m = n - r + 1  
 if m < 1:  
  raise ValueError("The value of n is too small to calculate the 

  matrix power using this method.") 
 
 u_shifted = []  
 for k in range(r):  
  u_m_k = calculate_u_m_shifted(f, m, r, k)  
  u_shifted.append(u_m_k) 
 Ln = sum(u_shifted[r-1-k] * np.linalg.matrix_power(L, k) for k in 

  range(r)) 
 
 return Ln 
 
# Example usage  
a = [0, 12, 24]  # Replace with your values  
b = [0.6, 0.4]  # Replace with your values  
s = [0.25, 0.75]  # Replace with your values  
n = 4     # Example power  
Ln = power_of_doubly_leslie_matrix_determinantal(a, b, s, n)  
print("L^n =", Ln)  
L=doubly_leslie_matrix(a, b, s)  
print(np.linalg.matrix_power(L,4))   
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