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Abstract

New, easily verifiable criteria for the global exponential stability (GES) and the global
practical exponential stability (PGES) of generalized Cohen—Grossberg neural networks with
time-varying delays are presented. The analysis leverages a generalized Halanay inequality
and the theory of Dini derivatives to establish results that are less restrictive than previous
approaches. The derived conditions are validated through three illustrative examples,
confirming the theoretical advancements and their practical utility.
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1. Introduction

Artificial neural networks (ANNs), inspired by the biological brain, provide
a powerful bionic framework for modeling cognitive processes and solving
complex engineering problems. Over the decades, a diverse family of dynamical
neural networks—including competitive NNs [1], cellular NNs [2],
memristor-based NNs [3], Hopfield networks [4], Cohen—Grossberg networks
(CGNNG) [5, 6], and bidirectional associative memory networks [7, 8]—has been

* ORCID-ID: 0009-0008-3049-1249
" ORCID-ID: 0000-0002-9347-4525

* E-mail: gouadri2016@gmail.com (Corresponding Author)
" E-mail: mohamedali.hammami@fss.rnu.tn

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2338

876 W. GOUADRI AND M. A. HAMMAMI

developed and successfully applied across numerous domains. These applications
range from pattern recognition and associative memory to optimization, parallel
computing, and control systems (see [9]-[14]).

A fundamental requirement for the effective deployment of NN in these
applications is the guarantee of stable dynamics. Specifically, a network must
possess a unique equilibrium point that is globally asymptotically stable, ensuring
convergent behavior from any initial condition. Consequently, stability analysis
has become a cornerstone of neural network theory (e.g., [15]-[20]).

A significant challenge in practical implementations arises from inherent
time delays, caused by the finite switching speed of amplifiers and finite signal
propagation times between neurons. These delays can drastically alter a network's
dynamics, potentially inducing instability, oscillations, bifurcations, or chaos in a
system that is otherwise stable in their absence. This makes the analysis of
delayed NN a critical area of study. Extensive research has been dedicated to
establishing sufficient conditions for global asymptotic stability in such systems,
often employing Lyapunov functionals, Razumikhin techniques, and M-matrix
theory (see [21]-[26]).

However, stability analysis must further evolve to address a more complex
class of problems: neutral-type delays, where time lags affect not only the neuron
states but also their time derivatives. This gives rise to neutral-type delayed neural
networks, described by systems of nonlinear neutral delay differential equations.
A prominent and general model within this class is the neutral-type delayed
Cohen—Grossberg neural network, governed by:

B = g, (1 (5)) (B (i ()) = By €45 (W) (g (5))

i AW (ui(s —7;())) + [(s)), i=12,..,n.

While early work on CGNNs focused on systems with constant delays [27,
28, 29], the more general and practically relevant case of time-varying delays has
since been investigated [30, 31, 6, 32, 33, 34, 23, 35]. Building upon this
foundation, the present paper aims to derive novel and less conservative criteria
for the global exponential stability (GES) of the neutral-type delayed CGNN
described by system (1.1). Our approach leverages the generalized Halanay
inequality, which allows us to establish sufficient conditions that are both
rigorous and straightforward to verify in applications.

The remainder of this paper is organized as follows. Section 2 details the
model description and essential preliminaries. Section 3 presents our main
stability results. The effectiveness of these theoretical findings is demonstrated
through three numerical examples in Section 4. Finally, Section 5 offers
concluding remarks.

(1.1)

Model Description and Preliminary Assumptions

We consider the neural network model described by the system of
differential equations (1.1). The system comprises n > 2 neurons, and the
variable s > sy > 0 denotes time. The components of the model are defined as
follows:
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. u;(s) represents the state of the i-th neuron.
. a;(u;(s)) is a state-dependent amplification function.

. b;(u;(s)) is a nonlinear function that encapsulates the neuron's intrinsic
dynamics.

. C(s) = (¢;j(s))nxn is the connection weight matrix, defining the strength
of synaptic connections at time s.

. D(s) = (d;j(5))nxn is the delayed connection weight matrix.

. 7j(s) is a time-dependent transmission delay.

. W;(-) is the activation function, which models the neuronal output in

response to its input. It is typically chosen as a smooth, monotonic sigmoid
function.

. I;(s) is the external input signal received by the i-th unit at time s.

To establish the analytical framework for our study, we impose the
following assumptions on system (1.1):

Assumption (A;) (Amplification Function)

For each i = 1,2, ...,n, the function a;: R — R is bounded and Lipschitz
continuous. That is, there exist positive constants a; and k; such that for all
u,x,y €ER:

la;(w)| < @
la;(x) —a;Y)| < kilx -yl

Assumption (A,) (Dynamics Function)
For each i = 1,2, ...,n, the function G;(u) = a;(u)b;(u) is continuously
differentiable on R. Furthermore, it is strictly increasing, satisfying:
da;(u)
du

>a; >0 forall ueR.

Assumption (A3) (Bounded Time-Varying Parameters)

For each i,j =12,..,n, the functions c¢;;(s), d;;(s), and 7;(s) are
continuous and bounded on [0, ). Specifically, there exist constants c;j, d,
and T > 0 such that for all s > 0:

ij>

leii () < ¢y
ldij(s)| < dyj,
0<t(s) <

Assumption (A,) (Activation Function)

For each i = 1,2, ..., n, the activation function W;: R — R is bounded and
Lipschitz continuous. That is, there exist positive constants M; and L; such that
forall u,x,y € R:
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W] < M,
Wi (x) =W < Lilx =yl
The system (1.1) is analyzed under the following initial conditions:
u;(e) = p;(e), for e€[-1,0], i=12,..,n,

where each ¢;:[—t,0] = R is a continuous function.

Remark 2.1: The boundedness and Lipschitz continuity properties stipulated in
Assumptions (A;)-(A,) ensure that the vector field defined by the right-hand
side of (1.1) satisfies a local Lipschitz condition with respect to the state variable.
This guarantees that the system (1.1), supplemented with the given initial
conditions, has a unique continuous solution u(s) that exists for all s € [—T, ),
as established in the classical literature [37].

Definition 2.2: ([32]). The network (1.1) is globally exponentially stable (GES) if
there exist constants M > 1 and y > 0 such that for any two solutions u(s) and
v(s) with initial conditions 1, € C'[—7,0], respectively, the following
inequality holds for all s > s,:
[u(s) = v(s)| < Mllp — @ll ™70,
Here, ”‘I’ - (p”'r = SUPee[sy-1,50] Z?:l |1/J1 (8) @ (E)l defines the norm
on the initial condition space.

Definition 2.3 ([36]). Let r > 0 and define the ball B, = {u € R™ / ||ul|r}.

(i) The ball Br is GES if there exist constants y > 0 and ¢ > 0 such that for
every initial condition ¢ € C[—T,0], the corresponding solution u(s)
satisfies

[u@)| < clldpll, e?E0 +7r vV s> 5

(i) The system (1.1) is globally practically exponentially stable (GPES) if there

exists an r > 0 such that the ball B, is globally exponentially stable.

Definition 2.4: [37] Let f(s): R = R be a continuous function. Then the upper
right Dini derivative is defined as

—1
D*f(s) = Tim, = (F(s + ) = f(5)).

Lemma 2.5: [32] (Generalized Halanay Inequality). Assume p(s) and q(s) be

p(s)—q(s)
) >0>0 foral s>0,

and v(S) is a continuous function on s > S, satisfying the following inequality
forall s > sqy:

continuous with p(s) > q(s) > 0 and infe,q,

D¥v(s) < —p(s)v(s) + q(s)v(s),
where V(S) = Sups_rce<s{|V(€)|}. Then for s > sy, we have

v(s) < U(sy)eH 50
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in which A* is defined as
= inf{A(s): A(s) = p(s) + q(s)e* = 0},
$>5¢

3. Main results

The aim of this section is to analyze the stability properties of network (1.1).
We employ a generalized Halanay inequality to obtain sufficient criteria that
ensure its GES as well as its GPES.

Theorem 3.1: Let u(s) and v(s) be two solutions of the system (1.1) with initial
functions Y and ¢ in C'[—7,0] , respectively. Suppose assumptions
(A1)~ (Ay) hold. If, in addition, the following conditions are satisfied:

L p(s)i=a; — ki Xjy Mjlcij(s)] —I;k; >0,
2. q(s):=a; Xy Li(lcij ()] + d;(s)]) = 0,

; p(s)=a(s)
3. infgg {?11(5)} > o > 0, for some constant o,

forall i=12,..,n and s > s, then the neural network (1.1) is GES.

Proof: Consider the difference between the two solutions u(s) and v(s). For
each neuron i, we define the error term z;(s) = u;(s) — v;(s). From system
(1.1), the dynamics of this error are given by:
dz;
L) = [ (i ())bi (i (5)) — @ (v ()b (vi(s))]
+la; (i () — a;(vi ()] Y=y cij (SIW;(;(s))
+a;(ui(s)) Xj=1 ¢i; () [W (wi(5)) — Wi (w;(s))] 3.1
+la; (Wi () — a;(vi(s)] Y=y dij($HW; (v (s — 7;(5)))
+a;(ui(s)) Xj=1 dij ()W (wi(s — 7;(s))) — W (w;(s — ()]
—la; (i (s)) — a; (i (s)1Li ().

For the purpose of estimation, we define the absolute error {;(s) =
|z;(s)| = |u;(s) — v;(s)| and analyze the Dini derivative of {;(s). Under
assumptions (A4)- (A,), we derive the following upper bounds for the terms in
3.1):

Term1:  —[Gi(w(s)) — Gi(vi(s)] < —a; i (s), (3.2)
Term2:  |[a;(u;(s)) — a;(Wi($)] Xy cij(S)W;(;(s))]

< kidi(s) Xi=1 Mjlcii(s)l, (3.3)
Term3:  |a;(ui(s)) Xey ci; ()W) (s)) — Wi (v;(s))]|

< a; Xj=q Ljleij()1;(s), (3.4)

Term4:  |[a;(u(s)) — a;(vi(s))] i1 dii ()W (vi(s — ()|
< kidi(s) X1 Mjldi;(s)l, (3.5)
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Term5:  |a;(u(s)) Xi=1 di; ()W (wi(s — 7;(s))) — Wi (s — ()]
< a; Xj=q Ljldi ()14 (s — 7;(5)), (3.6)
Term 6:  |—[a;(u;(s)) — a; (Wi ($)];() TG (5). (3.7)

Substituting the bounds (3.2)—(3.7) into the derivative of {;(s) yields the
following differential inequality:

£ < —aici(s) + ki () 7=y Mjleyi ()] + TikiGi(s)
+a; Xj=q Ljleij (IS (s) + kii(s) X1 Mjldi;(s)]
+a; =1 Lildij($)I¢; (s — 7;(s)).
Grouping the terms affecting {;(s) and those affecting delayed errors
{j(s — 7j(s)), we obtain:
B < (o = ki Xy My ()] + 1di(5)]) = Teker)Gi ()
+a; Yiq Lileij(9)14;(s) + a; Y=y Ljldi; ()14 (s — 7;(s)).
A conservative estimate for the right-hand side, using the definition of

p(s) and q(s) from the theorem statement, leads to:
d(l(s)

s —p()Gi(s) + Q(S)S Sup<smaX€; ) (3.8)
= —p($)5i(s) +q(s) I(s), 3.9)

where
1. {(s) = sups_z<s<smax;{; (£),
2. p(s):=a; — ki Xioq Mjlcii(s)| — ik,

3. q(s)=a;Xj Li(Ic;j ()| + 1di; (s)1).
Given the conditions p(s) > 0, g(s) > 0, and inf {M}
’ zZ 5250 | 1+27q(s)
0, the assumptions of Lemma 2.5 are satisfied. Therefore, there exists a positive
constant 1* such that:

4i(s) < U(sg)e ' 6=50), foralls > s,

>0 >

or equivalently,

|ui(s) = vi()| < I = @ll.e ™), i=12,..,n,
where ||-]| is the supremum norm on [—t, 0]. This confirms that the system (1.1)
is GES. This completes the proof.

Theorem 3.2: Suppose assumptions (Ay)- (A4) hold. Furthermore, assume

the ampliﬁcation functions are constant and positive, i.e., a;(u) = a; > 0 for

i =1,2,..,n Ifthe following conditions are also satisfed'

1. The functzons p(s) = a; and q(s) = aL L Li(leij ()| + |dij(s)]) are
such that p(s) > q(s) > 0 forall s >
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2. infg,, {11(3;:((5))} > 0 > 0, where o is a constant,

then the neural network (1.1) is GES.

Proof: Consider two solutions u(s) and v(s) of system (1.1) with distinct
initial conditions. Let z;(s) = u;(s) — v;(s) be the difference between these
solutions for the i-th neuron. From (1.1), and using the simplification a;(u) =
a;, the derivative of z;(s) is:

dzy(s) _

— = ~@lbi(wi(s)) — bi(wi(s))]
+a; Xy cii(8)[W(wi(s)) — Wi (v;(s))]
+a; X7y dy ()W (i (s — 7;(5))) — Wi (v (s — 7;(s)]-

Now, define the absolute error {;(s) =|z;(s)|. Employing standard
comparison techniques for differential inequalities (e.g., the Dini derivative) and

invoking assumptions (A,)- (A,), we estimate the growth of {;(s):
ag;
B ¢ —a,¢i(s) (from (A,))
+a; Z}‘zl lcij(s)IL;¢;(s) (Lipschitz property of W;)
+a; X1 1di;()IL;¢;(s — 7;(s)). (Lipschitz property of W;)
This simplifies to the inequality:
agi(s) — —
d—ss < —aii(s) +a; X7, Li|c;;(9)]3;(s) + @ 1 Li|d;;()|¢; (s — 7;(s)).
(3.10)
We can construct a more conservative but simpler inequality by bounding

the right-hand side. Let {(s) = SUPs_7<s<sMaX1¢jcn(j(§) be the maximum
error over the recent time interval of length 7. Then, inequality (3.10) implies:

B < —arGi(s) + @(Thos Liley (DT + @ (Thoy Lldy (T (s)
= Gi(s) +a; Xj=y Lj(|Cij(5)| + |dij(s)|)2(5)-

p(s) q(s)
Thus, we arrive at the key differential inequality for each i:
dg; =
B < —p()a(s) + q()I(S). (3.11)
Given the conditions p(s) > q(s) > 0 and infy, {i(j; ;5((55))} >0>0,

the assumptions of Lemma 2.5 are satisfied. Applying the lemma, we conclude
that there exists a decay rate 1* > 0 such that:

Gi(s) < Iy — @ll.e™ =0, foralls > s,
where ||Pr — @|| = sup_zczcomax;|¥;(§) — @; ()] is the initial error in the

supremum norm. This establishes that the system (1.1) is globally exponentially
stable.
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Remark 3.3: Since Theorem 3.1 and Theorem 3.2 guarantee that all solutions of
the network (1.1) are GES, it follows that the network must possess a unique
equilibrium point.

Theorem 3.4: Assume that assumptions (A,)- (Ay) hold. Then the neural
network (1.1) is GPES.

Proof: To establish global practical exponential stability, we analyze the
dynamics of u?(s) for each neuron i = 1,2, ...,n. Multiplying both sides of the
i-th equation in (1.1) by 2u;(s) yields:
du;
20(5) 52 = —201,(5) @y (i (8)) (bi (wi(S)) — They € (SHW;(i(s))
i1 dig(OW;(u;(s — 7;(5))) + ().
Under assumptions (A;)- (A,4), we can derive the following differential
inequality:
d
Z W) < —2auf(s) + 2yiwi(s), (3.12)
where y; = [a;(0)b;(0)| + Ty (161 + 1di;DM; + |@]|l;] is a positive
constant.

To simplify (3.12), we complete the estimate. For any u;(s), the following
holds:

—2a;uf(s) + 2yi|ui(s)| = —auf(s) — auf(s) + 2y;luy(s)|
< —au?(s) + sup(—a;x? + 2y;|x]).
x€ER
The supremum of the function f(x) = —a;x? + 2y;|x| is attained at

|x| = y;/a; and its maximum value is y?/a;. Denoting B; = y?/a;, we obtain
the simplified inequality:

d
L Wi (s)) < ~aul(s) + B (3.13)
Now, let v;(s) = u?(s). Inequality (3.13) becomes:

dav;i(s)
s < —avi(s) + B
Consider the comparison equation:
dz;(s)
2O = —a,z,(5) + B (3.14)

with initial condition z;(g) = v;(g) for some € € [—1, 0]. The solution to (3.14)
is given by:
zi(s) = (vi(e) - %) emals=e) 4 Bi g5 ¢

a
By the comparison principle for differential inequalities, it follows that:
Bi il Bi
ni(s) <z(s) = (w(e) ~ ) e+ 0 s>

Since v;(¢) = u?(¢) and recalling that u;(g) = ¢;(¢) for € € [—7,0], we
have:
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Bi\ -q; Bi
ui () < (0F(e) ~2) e + 2,
where we have absorbed the constant e%i¢ into the initial condition term without
loss of generality for the stability bound. Taking square roots and applying the

inequality vVa + b < Va ++/b for a,b > 0, we obtain:
Bi\ —a; Bi1M?
@l < [(9Fe) — ) e + 2]

i Bi
< lpie)lez + |B
L
This inequality holds for all i = 1,2, ...,n. Therefore, the state trajectories

decay exponentially to a ball of radius max;./f;/a; around the origin, which is
the definition of global practical exponential stability. This completes the proof.

4. Numerical examples

In the following section, we present numerical examples to support our
theoretical analysis. All simulations were performed using MATLAB.

Example 1: We illustrate the applicability of Theorem 3.1 with the following
numerical example of a delayed Cohen—Grossberg neural network:

% = —a;(uy(8))[b; (uy(s)) — 212'=1 ¢ W (u;(s))
— 2, dyjWi(wi(s — 5)) + 1,(s)], @.1)
l% = —a,(uy(5))[by(uz(s)) — 212'=1 c2Wj(w;(s))
U =2 dayWyay(s = 5) + B(5))
where
() =7+ biw) =w, W) =tanh@w), 7=5,
L(s) = —(4+e™), L(s) = —cos(s)
=[o o =], _2.1
4 7

The network parameters satisfy assumptions (A;)- (A,) with:
Li=1 M;=1 a; =65 a;=8, k=1 (i=12),
I,=5 1,=1.
A direct computation of the terms in Theorem 3.1 yields:
L. p(s)>q(s) >0,

: p(s)—q(s)
2. inf, {—mm (s)} 08> 0.

Since all conditions of Theorem 3.1 are satisfied, the network (1.1) is GES.
Numerical simulations confirm this result. Figure 1 shows the state
trajectories for two distinct initial conditions:
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1 1
Case 1: ¢, () = 25 — $2(8) = =35+ —;,

142’
Case 2: ¢,(¢) = —20, ¢,(¢) =38, fore € [-5,0].
In both cases, the states u;(s) and u,(s) converge exponentially to the
unique equilibrium, demonstrating the robustness of the stability property

guaranteed by Theorem 3.1.

= =
G -0 g 40
@ @
0} | 1 40|
80+ 80
1i
-100 [ -100
-120 -120
5 ] 5 10 15 20 25 30 -5 ] 5 10 15 20 25 30
Time(s) Time(s)
Figure 1

Time response of the states in (4.1) for two different initial conditions, confirming
global exponential stability.

Example 2: To further demonstrate the applicability of our results, consider the
system:

24 = ay (ug)[by (Uy) — €11 (SIW1(Uy) — di2 ()W (ua(s — 4)) + L(s)],

ds
% = —a,(uz)[b2(u2) — C22(S)W2(uz) — d21 (S)Wy (us (s — 4)) + L2 (s)],
4.2)
where for i = 1,2:
a(u) =5+ 5= u?’ bi(u;) = u;, Wi(w) =sin(y;), 7 =4,
c11(s) = _Slrllj(:)' C22(5) = 0.2, dyp(s) = =01, dy(s) = _Sm6(S)'
10
L(s)=—-(4+e™), L(s)=- 1+s2°

Assumptions (A,)- (A,) are satisfied with:
Li = 1, Mi = 1, a; = 45, ai =5.5.

The criteria of Theorem 3.2 are met:

(1) p(s) > q(s) >0, (2) inf {M} > 1.789 > 0,
s2s0 (1 + 27q(s)
Hence, Theorem 3.2 guarantees GPES for (4.2). Figure 2 confirms this,

showing state trajectories for initial histories



GLOBAL EXPONENTIAL STABILITY FOR GENERALIZED COHEN-GROSSBERG 885

Case 1: ¢, (e) = —10 — cos(¢), $,(e) = 15 + 10sin(e),
-5 -5
Case2:d,(e) =12 $2(8) =5 e€[-40]
converging exponentially despite significant initial perturbations.

state
state

-4 2 0 2 :1 é 8 10 12 1‘4 I‘G 1‘8 4 ,‘? 5 é 4 6 8 1‘0 1‘2 1‘4 I=S I=E
Time(s} Time(s)
Figure 2
Exponential convergence of states in (4.2) for two different initial conditions,
validating Theorem 3.2.

Example 3: This example demonstrates GPES for the following system:

duy(s) _

A —u,(s) + 0.5 tanh(u1 (s)) +0.3 tanh(u2 (S)) + 0.1 tanh(u, (s = 5))
+0.1 tanh(u,(s — 5)) —e75,

- —1,(s) + 0.4 tanh(uy (s)) + 0.6 tanh(u,(s)) + 0.1 tanh(uy (s — 5))
l +0.1 tanh(uy (s — 5)) — ~—

1+s2°

duy(s) _

(4.3)
System (4.3) corresponds to the general model (1.1) with:
a;(u;) =1, bj(w)=u;, W;(w) =tanh(y;), 7=35,

_1-05 —0.3 ,_[-01 -0.1

_[—0.4 —0.6) (4] [—0.1 —0.11”
e—S

Li(s) =-e75 L(s)=

T 14s?
The system parameters satisfy assumptions (A, )- (A,) with:
Li=1 Mj=1, a,=1 a=1, ;=1 (i,j=12).

Since all conditions of Theorem 3.4 are met, the network (4.3) is globally
practically exponentially stable.
Numerical simulations confirm this result. Figure 3 shows the state
trajectories and the Euclidean norm ||u(s)]|| for the initial condition:

d1(e) =sin(e), d,(g) = cos(e), ¢ € [=5,0].
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The norm ||u(s)|| converges exponentially to a bounded region near zero,
demonstrating the practical exponential stability of the system.

10 . v : - 60
s —— —— 50

40

-20

state
state

30
-30

I 20
a0f |

sl 10

-80 [ 5
5 0 -] 10 15 20 25 30 5 0 5 10 15 20 25 30

Time(s} Time(s)

Figure 3
State trajectories (left) and norm evolution (right) for system (4.3). The convergence
of |lu(s)|| to a neighborhood of the origin confirms GPES.

5. Conclusion

This Letter establishes a new sufficient condition that guarantees GES and
GPES for a broad class of generalized delayed Cohen—Grossberg neural
networks. This unifying framework encompasses numerous prominent neural
models, including delayed and non-delayed variants of Hopfield and cellular
neural networks. In contrast to traditional stability techniques reliant on
Lyapunov functionals, our approach is fundamentally based on generalized
Halanay’s inequality. The derived condition is shown to be delay-independent
and less restrictive than several existing results. The practical validity and
effectiveness of the theoretical findings are demonstrated through supporting
numerical examples and simulations.

Acknowledgment

The authors are deeply grateful to the editor and the reviewers for their
meticulous review and constructive criticism. Their insightful feedback was
instrumental in enhancing the rigor and clarity of this work.

References

[1] A. Meyer-Baese, S. S. Pilyugin, and Y. Chen, Global exponential
stability of competitive neural networks with different time scales,
IEEE Trans. Neural Netw., vol. 14, no. 3, pp. 716-719 (May 2003), doi:
10.1109/TNN.2003.810594.

[2] X.Feng, F. Zhang, and W. Wang, Global exponential synchronization
of delayed fuzzy cellular neural networks with impulsive effects,



GLOBAL EXPONENTIAL STABILITY FOR GENERALIZED COHEN-GROSSBERG 887

(3]

[4]

[5]

(6]

[7]

(8]

[9]

(10]

(11]

(12]

Chaos, Solitons Fractals, vol. 44, no. 1-3, pp. 9-16 (Jan. 2011), doi:
10.1016/j.chaos.2010.10.003.

Y. V. Pershin and M. D. Ventra, Experimental demonstration of asso-
ciative memory with memristive neural networks, Neural Netw., vol.
23, no. 7, pp-. 881-886 (Sep. 2010), doi: 10.1016/j.neunet.2010.05.001.

J.J. Hopfield, Neurons with graded response have collective compu-
tational properties like those of two-stage neurons, Proc. Nat. Acad.
Sci. USA, vol. 81, no. 10, pp. 3088-3092 (May 1984), doi: 10.1073/
pnas.81.10.3088.

M. A. Cohen and S. Grossberg, Absolute stability of global pattern
formation and parallel memory storage by competitive neural net-
works, IEEE Trans. Syst., Man, Cybern., vol. SMC-13, no. 5, pp. 815-826
(Sep. 1983), doi: 10.1109/TSMC.1983.6313075.

T. Huang, C. Li, and G. Chen, Stability of Cohen-Grossberg neu-
ral networks with unbounded distributed delays, Chaos, Solitons
Fractals, vol. 34, no. 3, pp. 992-996 (Nov. 2007), doi: 10.1016/j.cha-
0s.2006.04.008.

B. Kosko, Bidirectional associative memories, IEEE Trans. Syst., Man,
Cybern., vol. 18, no. 1, pp. 49-60 (Jan. 1988), doi: 10.1109/21.87054.

K. Gopalsamy and X. Z. He, Delay-independent stability in bi-direc-
tional associative memory networks, IEEE Trans. Neural Netw., vol. 5,
no. 6, pp. 998-1002 (Nov. 1994), doi: 10.1109/72.329700.

M. Benjemaa, W. Gouadri, and M. A. Hammami, Novel criteria for
stability and convergence of solutions for non-autonomous nonlinear
systems, Mathematica, vol. 66, no. 89, pp. 1-15 (2024), doi: 10.24193/
mathcluj.2024.1.05.

M. Galicki, H. Witte, J. DA]rschel, M. Eiselt, and G. Griessbach,
Common optimization of adaptive preprocessing units and a neural
network during the learning period. Application in EEG pattern rec-
ognition, Neural Netw., vol. 10, no. 6, pp. 1153-1163 (Aug. 1997), doi:
10.1016/50893-6080(97)00033-6.

M. A. Hammami, Global convergence of a control system by means
of an observer, |. Optim. Theory Appl., vol. 108, no. 2, pp. 377-388 (Feb.
2001), doi: 10.1023/ A:1026442402201.

M. Hammi and M. A. Hammami, Gronwall-Bellman type integral
inequalities and applications to global uniform asymptotic stability,



888 W. GOUADRI AND M. A. HAMMAMI

Cubo, vol. 17, no. 3, pp. 53-70 (Oct. 2015), doi: 10.4067/S0719-
06462015000300004.

[13] S. C. Tong, Y. M. Li, and H. G. Zhang, Adaptive neural network de-
centralized backstepping output-feedback control for nonlinear
large-scale systems with time delays, IEEE Trans. Neural Netw., vol.
22, no. 7, pp. 1073-1086 (Jul. 2011), doi: 10.1109/TNN.2011.2146274.

[14] J. Wang, Y. Cai, and J. Yin, Multi-start stochastic competitive Hopfield
neural network for frequency assignment problem in satellite com-
munications, Expert Syst. Appl., vol. 38, no. 1, pp. 131-145 (Jan. 2011),
doi: 10.1016/j.eswa.2010.06.027.

[15] M. Benjemaa, W. Gouadri, and M. A. Hammami, Stability analysis
of nonlinear systems with impulsive perturbations: Application to
Hopfield neural networks, Discontinuity, Nonlinearity, Complex., vol.
11, no. 2, pp. 1-12 (2022), doi: 10.5890/DNC.2023.12.006.

[16] I. J. Mohammad and A. ]J. Mohammad, Neural network of mul-
tivariate Bernstein operators with positive integer param-
eter m, J. Interdiscip. Math., vol. 25, no. 2, pp. 1-10 (2022), doi:
10.1080/09720502.2022.2046334.

[17] R.Ma, M. Feckan, and ]. Wang, Exponential Stability of Hopfield Neu-
ral Network Model with Non-Instantaneous Impulsive Effects, Axi-
oms, vol. 12, no. 2, pp. 1-13 (Jan. 2023), doi: 10.3390/axioms12020115.

[18] M. Norizan, H. A. Maizah, I. Zuhaimy, and A. A. Khairil, Com-
paring forecasting performances between multilayer feedfor-
ward neural network and recurrent neural network in Malaysia’s
load, J. Interdiscip. Math., vol. 13, no. 2, pp. 125-134 (2013), doi:
10.1080/09720502.2010.10700685.

[19] M. Rhaima, L. Mchiri, N. H. Taieb, M. A. Hammami, and A. Ben
Makhlouf, Practical stability of fractional-order nonlinear fuzzy
systems, Int. |. Gen. Syst., vol. 52, no. 7, pp. 864-875 (2023), doi:
10.1080/03081079.2023.2219825.

[20] Z.Zhang, X. Liang, J. Lan, and X. Zhang, Global exponential stability
of quaternion bidirectional associative memory neural networks with
multiple delays, Math. Methods Appl. Sci., vol. 47, no. 9, pp. 7165-7181
(Jun. 2024), doi: 10.1002/mma.9962.

[21] K. Russul and M. A. A. Khalid Mindeel, Modification artificial
neural networks for solving singular perturbation problems,



GLOBAL EXPONENTIAL STABILITY FOR GENERALIZED COHEN-GROSSBERG 889

J. Interdiscip. Math., vol. 25, no. 5, pp. 1535-1549 (2022), doi:
10.1080/09720502.2022.2072063.

[22] L. Wan, Q. Zhou, H. Fu, and Q. Zhang, Exponential stability of Hop-
field neural networks of neutral type with multiple time-varying de-
lays, AIMS Math., vol. 6, no. 8, pp. 8030-8043 (2021), doi: 10.3934/
math.2021466.

[23] C. Aouiti and F. Dridi, New results on impulsive Cohen-Grossberg
neural networks, Neural Process. Lett., vol. 49, no. 3, pp. 1459-1483
(Jun. 2019), doi: 10.1007 /s11063-018-9880-y.

[24] J. Cao, New results concerning exponential stability and periodic so-
lutions of delayed cellular neural networks, Phys. Lett. A, vol. 307, no.
2-3, pp. 136-147 (Mar. 2003), doi: 10.1016/S0375-9601(02)01720-6.

[25] E. Delmotte, M. A. Hammami, and A. Jellouli, Exponential sta-
bilization of fuzzy systems with perturbations by using state es-
timation, Int. |. Gen. Syst., vol. 50, no. 4, pp. 388408 (2021), doi:
10.1080/03081079.2021.1907366.

[26] M. A. Hammami, Global stabilization of a certain class of dynami-
cal systems using state detection, Appl. Math. Lett., vol. 14, no. 8, pp.
913-919 (Nov. 2001), doi: 10.1016/S0893-9659(01)00065-9.

[27] H. Ye, A. N. Michel, and K. Wang, Qualitative analysis of Cohen-
Grossberg neural networks with multiple delays, Phys. Rev. E, vol. 51,
no. 3, pp. 2611-2618 (Mar. 1995), doi: 10.1103 /PhysRevE.51.2611.

[28] L. Wang and X. Zou, Exponential stability of Cohen-Grossberg neu-
ral networks, Neural Netw., vol. 15, no. 3, pp. 415-422 (Apr. 2002), doi:
10.1016/50893-6080(02)00025-4.

[29] X.F. Liao, C. Li, and K. W. Wong, Criteria for exponential stability of
Cohen-Grossberg neural networks, Neural Netw., vol. 17, no. 10, pp.
1401-1414 (Dec. 2004), doi: 10.1016/j.neunet.2004.08.007.

[30] T. Chen and L. Rong, Delay-independent stability analysis of Co-
hen-Grossberg neural networks, Phys. Lett. A, vol. 317, no. 5-6, pp.
436-449 (Dec. 2003), doi: 10.1016/j.physleta.2003.08.066.

[31] T. Chen and L. Rong, Robust global exponential stability of Cohen-
Grossberg neural networks with time delays, IEEE Trans. Neural Netw.,
vol. 15, no. 1, pp. 203-206 (Jan. 2004), doi: 10.1109/TNN.2003.822974.

[32] M. Jiang, Y. Shen, and X. Liao, Boundedness and global exponen-
tial stability for generalized Cohen—Grossberg neural networks with



890

(33]

(34]

(35]

(36]

(37]

W. GOUADRI AND M. A. HAMMAMI

variable delay, Appl. Math. Comput., vol. 172, no. 1, pp. 379-393 (Jan.
2006), doi: 10.1016/j.amc.2005.02.009.

N. Ozcan, New conditions for global stability of neutral-type delayed
Cohen-Grossberg neural networks, Neural Netw., vol. 106, pp. 1-7
(Oct. 2018), doi: 10.1016/j.neunet.2018.06.009.

R. Samli, S. Senan, E. Yucel, and Z. Orman, Some generalized global
stability criteria for delayed Cohen-Grossberg neural networks of
neutral-type, Neural Netw., vol. 116, pp. 198-207 (Aug. 2019), doi:
10.1016/j.neunet.2019.04.023.

G. Stamov, E. Gospodinova, and I. Stamova, Practical exponential sta-
bility with respect to h-manifolds of discontinuous delayed Cohen—
Grossberg neural networks with variable impulsive perturbations,
Math. Model. Control, vol. 1, no. 1, pp. 26-34 (2021), doi: 10.3934/
mmc.2021003.

M. Benjemaa, W. Gouadri, and M. A. Hammami, New results on the
uniform exponential stability of nonautonomous perturbed dynami-
cal systems, Int. |. Robust Nonlinear Control, vol. 31, no. 12, pp. 5563
5579 (Aug. 2021), doi: 10.1002/rnc.5550.

V. Kolmanovskii and A. Myshkis, Introduction to the Theory and Ap-
plications of Functional Differential Equations, Dordrecht, The Neth-
erlands: Kluwer Academic (1999), doi: 10.1007 /978-94-017-1965-0.

Received April, 2025



