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Abstract

This study addresses the existence of solutions for a Caputo-Hadamard boundary
value problem involving differential inclusions with nonlocal integral boundary conditions.
The approach used in establishing the main results is based on fixed point theory within
the framework of set-valued mappings. Several examples are presented to illustrate the
applicability and validity of the theoretical findings.
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1. Introduction and Preliminaries

In recent decades, differential equations of fractional (non-integer) order
have emerged as powerful tools for modeling various complex processes across
multiple scientific disciplines, including chemistry, physics, thermodynamics,
hydrology, control systems, and biomedical engineering-particularly in analyzing
blood flow dynamics. Due to their ability to describe memory and hereditary
properties of diverse materials and processes, fractional differential equations
have become increasingly significant. Numerous studies have been conducted in
this direction; for a detailed discussion, see [5, 9, 13, 14, 22] and the references
therein.
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The question of existence and uniqueness of solutions to fractional
differential equations has received growing attention, especially under various
types of boundary conditions and using different definitions of fractional
derivatives; relevant contributions can be found in [2, 3, 5, 12]. Notably, Jarad,
Abdeljawad, and Baleanu [15] proposed in 2012 a novel operator known as the
Caputo-Hadamard derivative which blends the Caputo and Hadamard
approaches, offering additional flexibility in modeling real world systems. This
operator has since inspired further analytical investigations and results, as
reported in [6, 1,23, 17, 19, 18].

Motivated by these developments, the present work aims to examine the
existence of solutions for a class of differential inclusions involving the
Caputo-Hadamard derivative, subject to nonlocal integral boundary conditions.

We focus on the following problem:

Dilw(s) € F(s,w(s)), 1<t <e,
w(D) = p [;2 g(s, w(s)ds, 0

\w(e) =2 Jp! h(s,w(s))ds,
where D9 is Caputo-Hadamard derivative, 1<q <2, 0<a; <a, <f; <
B,<1, LueR, F[le]xR->P(R) and g,h:IXxR >R are given
continuous functions.
Let X = C([1,e]) the space of continuous functions on J = [1,e] with
real values, equipped with uniform norm

Iwlle, = sup [w(r)]
1<r<e

This space is a Banach space.
We set

ACF(L,R) = (w:J - R: 6" w(s) € AC(J, R)},
here AC(J,R) denotes the space of absolutely continuous functions and
6= s%.
Denote by CL(X) the set of closed subsets of X, CB(X) the set of closed

and bounded subsets of X and K.(X) the set of compact and convex subsets of
X.

Definition 1.1: [8] A set valued map &: J X R = P(R) is a Carathéodory, if:
(1) s — &(s,n) is measurable for each n € R
(2) n - ¥(s,n) is upper semi -continuous for almost all s € J.

Lemma 1.2: [10] Let X,Z be Banach spaces and §:J X X = CL(Z) be a set
valued map, if § is L'-Carathéodory and upper-semi continuous then it has a
closed graph. Further, if & is completely continuous, then it is upper-semi
continuous.
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Lemma 1.3: [18] Let X be a Banach space, I be a compact real interval, & is a

Carathéodory operator, and let y be a linear continuous operator from
LY(3,X) - C(3,X) such that

Y © Sgwi L' (3, X) > K (X).
Then T =y o S, has a closed graph.
For each w € AC(J, R), define the selection set of § by
Syw={vEL'(JR), veEFsw() aeseTl

Let (X,d) be a metric space. The Hausdorff metric H: CB(X) x CB(X) -
R, is defined by

H (A, B) = max{sup d(a,B),sup d(b,A).}
aeA beB

Definition 1.4: [16, 20] Hadamard's integral type of order q > 0 for & €
L'[1, o) is given by:

q-1
HI‘?E()—— (logg) %ds,

Ty(@)
with the existence of the integral.

Definition 1.5: [15] Let ¢ € ACH([p,7],R) with 0 < p < 7, then Caputo-
Hadamard derivative of non integer order g > 0 is given by:

DIg(s) = D7 [g(s) - Tpzh 252 (10g2)"] (s),
where ¢ >0 and n = [q] + 1.

Lemma 1.6: Let ¢ € AC([p, 7], R) or C§([p,t],R) and q € C. Then
H19 DI () = £(r) - Ti T2 (1ogL)".

Theorem 1.7: [21] Let (X,d) be a complete metric space and T:X — CB(X)
be a set valued contraction, that's for all w,z € X there exists p € [0,1) such
that:
HTw,Tz) < pdWw, 2).
Then T admits a fixed point.

Theorem 1.8: [11] Let € be a Banach space and S be a nonempty and convex
subset of E. Let () be a nonempty convex subset of § with 0 € (1. If an operator
T:0 - K.(&) is upper semicontinuous and compact. So either

(1) T has a fixed point in 0, or

(ii) there exist { € 30 and 6§ € [0,1] such that { € §T(().
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2. Main results

A function w is a solution of (1) if there exists v € (r,w(r)) satisfying
the following problem:

Diw(r) =v(r),1<r<e,
w(D) =u [ g(s,w(s)ds,
w(e) =1 f[ff h(s,w(s))ds,

Lemma 2.1: If a function w is a solution of the problem:

Diw(r) = v(r) forallr € [1,¢e] 2)

with the boundary conditions:
w(D) =u [, g(s,w(s))ds 3)
w(e) = Afﬁlz h(s,w(s))ds, 4

then it is a solution of the following integral equation
w(r) = fle G(r,s)v(s)ds + Alogr fB: h(s,w(s))ds + (u — plogr) f;z g(s,w(s))ds,
(&)
where
[—logr(1—logs)?™,1<r<s<e
Iya-1 _ - "l1<s<r<
Glrs) = 1 (logs) logr(1—logs)? ", 1<s<r<e,
sT(q)
\—logr(1—logs) L, 1<r<s<e

(6)

Proof: If w is a solution of (2), by Hadamard integral of order g to both sides of
(2), and using Lemma (1.6), we get

w(r) = a; + a,log(r)+"19v(r)
q-1
w(r) = a, + a,log(r) + % lr (logg) @ds.
From (3)-(4), we get

w(l) = a; = p [’ g(s,w(s))ds
and
q-1
w(e) = ay +a + o= [f (log?) “2ds = 1 [;7 h(s,w(s))ds,
SO

q-1
ay = A [y h(s,w(s))ds = ;7 g(s,w(s)ds — o= [ (log?) *ds.

By substitution, we find
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— [ L AL (O)
w(r) =uf, g(sw(s)ds + rodi (log S) —ds
B2 a; 1 re eI 1 v(s)
+log(r)[A fﬁl h(s,w(s))ds — ufal g(s,w(s))ds — @L (logg) —~ds]
and

w(r) = u(1l-log(t)) f:lz g(s,w(s))ds + Alog(r) fflz h(s,w(s))ds
— [“log(t)(1 — log(s)) " v(s)ds

sT(a)
J7 |(10g2)"™ = togtry1 ~ g5 | w(s)ds,

1

+
sT(q)

thus
w(r) = fle G(r,s)v(r)ds + Alogt f[flz h(s,w(s))ds

+(u — plogt) [7 (s, w(s))ds,

q-1
(logg) —log(r)(1 —log(s))? L, 1<s<r<e,

—log(M(1—log(s))? L, 1<r<s<e.

Convex case
Theorem 2.2: Under the following hypotheses:
(91):F:[1,e] X R = K.(R) is a Carathéodory set valued map.
o (9,) Thereexists @ € L*([1,e]) such that
||‘§(r, W)”* = sup{|lw|,w € F} < p(t), forallr € Jand w € R.

. (93) There exist two non decreasing and continuous functions P, d: R, —
R, and 9,¢ € C(J,R,) such that

lg(r,w)| <3P (Iwl]) forall r eTandw € R
|h(r,w(r))| <c¢r)o(wl) forallr € Jand w € R.

. (94) There exists L > 0 such that
£ > 1,
Ao (L) +usoP (L)+G 9o

(7
where

G* = sup |G(r,s)|

7,5€7]

and ¢, = [l¢ll 1.
the problem (1) has a solution on J.

Proof: Firstly, we transform our problem (1) into a fixed point problem. Consider
the set valued operator,
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Tw)={z€C,R),()=PF,()+ fle G(r,s)v(s)ds, € Sz},

where

B,(r) =2 logrf[f;2 h(s,w(s))ds + (u — ulogr) f:lz g(s,w(s))ds

and the function G is given by (6). Clearly, from Lemma (2.1), any fixed point of
T is a solution to (1). We show that T satisfies the coditions of the non-linear
alternative of Leray-Schauder (1.8) and the proof will be given in five steps.

Step 1: Tw is convex for each w.

If z,,z, € Tw, then there exist vy, v, such that for each r € [1,e], we
have

z; =B,(r) + fle G(r, s)v;(s)ds,i = 1,2.
Let 0 < w < 1. Then, for each r € [1,e] we have
(@z; + (1 — )2,)(r) = B, (1) + [{ G(r,8)(wvy + (1 — @)v;)(s)ds.
Since Sg,, is convex (& has convex values), we have
wz; + (1 —w)z, € Tw.

Consequently, Tw is convex.

Step 2: T is bounded.

Let B ={w € C([1,e],R), |lwllc <R} be a set in C([1,e],R) and
w € Bg. Foreach z € Tw, r € [1,e] and from ($,), (93), we have

12| < 1 16, $)l|v(r)lds + Alogr [, [h(s,w(s))lds,
+ (= ulog | [ 1g (s, w(s)lds,
so we have:
2| < J{ 1G(, $)l[v(s)lds + Alogr [ (@(lIw(s)I)ds
(1~ log M| [* w (PwP)ds
< Alogro(lwl) Jf ¢(s)ds
+(u = plog yp(lwll ;7 9(s)ds,
Then we get
lz(M)lleo < uOoP(R) + AgoP(R) + 9oG" = C,

where 9, = sup foe 9(s) and ¢, = sup fle ¢(s)ds.
So Tw is bounded.

Step 3: The family Tw is equicontinuous.
Let ry,7, €37 with r; <71y, w € By and let z € Tw, we have
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|z(ry) — z(ry)| < A|logr, — logr| flf: |h(s,w(s))|ds

+ullogr, —logry| [;* |g(s,w(s)lds + [ 1G(rz, $) = G(ry, )| [v(s)|ds
< Allogr, —logry| [} 1&(lwll) + ullog 7, —logry| [ [y (lwl

+9o [ 1G(r2, 8) — G(ry, 8)|ds

< llogr, —logn|[A f,” 19()bCIIwl) + u [ 16(s)w (PwP)

+ [ 191Gz, 5) — G(ry, 5)|ds].

Passing to the supermum, we get
lz(r2) — z(r)lleo < lllogry — logry [[A9,d(lIwll) + +ugo(llwl)]
+ I} [9®)IPG(r,5) — G(r1, $)P.
For r; » 1y, we get ||z(13) — z(r)|l = 0, so from Ascoli theorem, we
conclude that 7': C(J, R) = P(C(I, R)) is completely continuous.
Step 4: The closness of the graph of T'.

Let w, = w" and z, € Tw,, with z, = z*. We show that z* € Tw*.
Zn € Twy, implies that there exists v, € S, , such that, for each r € J,
we have

Z, =R, (r) + fle G(r, s)v,(s)ds.
Consider an operator y: L(7,X) - C(J,R) defined by
Y@() = 2, = B, + [ G(r,$)v(s)ds.

We will prove the continuity of y, in factlet (v,,) be asequence in L'(7, R)
such that v, — v*, we have

|20 — 2°| < [ 1G(r, )|vn(s) — v"(s)|ds
+Alog tf;lz |h(s, wy, (5)) — h(s,w*(s))|ds
(1= log) [719(s,wa)()) = g(s,w* ().
Since
J1GE v () = 0. llods < oG [y (1) = w* (1) o

g and h are continuous, Pz, (r) —z*(t)P, - 0 as n - co. Then y is
continuous and so from Lemma 13 T =yoSg, has a closed graph.

Consequently, and from Corollary 1 in [7] T is an upper semi continuous
operator.

Step 5: A priori bounds on solutions.

Let w be such that w € t7w with 7 € [0,1], so there exists v € Sz,
such that, for each r € 7,
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w(t) = TR, () + T [{ G(r,s)v(s)ds
This implies by ($3) that, for each r € J, we have
w@| < [ 16, )llv(t)|ds +,110grfff h(s,w(s))ds
+1(u = plogn)| [ * g(s, w(s)))ds

Wl < G*@o + A9, (lIwl)) + usop (liwl)

Thus,

Iwlleo <1
G"@o+A9d(lIwID+uso (lIwl)

Then by condition (7), there exists £ > 0 such that ||W||, # L. Let
Q={w€CUR):|W|eo<M+1}. The map T:Q — P(C(J,R)) is upper
semi continuous and compact. From the choice of (1, there is no w € 9 such
that w € tTw), for some 7 € [0,1].

From the non-linear alternative of Leray-Schauder 1.8, we conclude that T
has a fixed point w € Q, so the problem (1) admits a solution.

Non convex case

Theorem 2.3: Assume the following hypotheses hold:

. (9:):F:[1,e] x R—>P(R) is compact and the w - F(r,w(r)) is
measurable for each r € [1, e].

. (96): There exist 1, y € L*([1; €], R,) such that

lg(r,wy) — g(r,wo)| < n(r)lwy — wy|,
|[h(r,wy) — h(r,wy| < x()[wy — ws|.
. (97): There exists j € L*([1, e], R") such that:

H (‘{y(r, wy(r)), (7, wz(r))) < j(r)|lwy — wy|, for each ,w, € C([1,e],R)
and d(0,&(r,0)) < j(r)a.e.r € [1,e].

Then the problem (1) admits at least a solution provided
G* [ d(s)ds + Allxllz + plinll <1

Proof: Define an operator I such that: 7:C([1,¢e], R) = C(J,R)
Tw(r) € {z € C(I|,R): z(r) = ff G(r,s)v(s)ds + 4 logrfﬁl2 h(s,w(s))ds +
(u—plogr) fff g(s,w(s))ds}, where v € S,

From the condition (Hs) the set valued map §(r,w) is measurable to
closed and convex values, so by theorem selection measurable for each w €
C([1, e], R), there exists a measurable selection v(r) € F(r,w(r)), then Tw is
non- empty and well defined.

Step 1: Tw is closed for each w € C(J,R):
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Let (Zp)nso € TW such that z, - z. Then there exists v, € Sg,,
converges to v, for all v € J and verifies

Zp (1) = fle G(r,s)v, (s)ds + /Ilogrfﬁ,’iz h(s,w(s))ds

+(u— plogr) [, g(s,w(s))ds.
We prove firstly that v € Sg,, .
Since §(t,w) is compact we can extract a subsequence vy, converges in

S ws since (v, ) has the same limit as (vy,), then v € Sg . Passing to the limit
of the previous relation, we find:

z(t) = fle G(r,s)v(s)ds + A logrflfl2 h(s,w(s))ds

+(u— plogr) [, g(s,w(s))ds.
Since v € Sg,, then z € Tw.

Step 2: T is a contraction.
We will prove there exists 0 < p < 1 such that:

H(Tw (1), Twy (1) < pllwy () = wy ()|, for all wy, w, € C(3,R).

Let w;,w, €C([1,e],R) and z; € Tw; and there exists v,(r) €
&(r,w;(r)) such that forall r € 7 :

z(r) = fle G(r,s)v,(s)ds + llogrf[flz h(s,w;(s))ds

+(u — plogr) f;7 g(s, i (s))ds.
From (), there exists w € &(r, w,(r)) such that
lv,(r) —w| < d@)|wy(r) —wy(r)| forallr € 7.
Define an operator Q by:
QM) ={weR |v;(r) —wl}nTw,

As the operator Q N T is measurable, there exists a measurable selection
v, € &(r,w,) such that for each t € 7 we have:

[v,(r) — v, ()| < d(@)|wy(r) — wy(r)| forall r € 7].
Let z, € Tw, which given by

2z, =P, + fle G(r,s)v,(s)ds,
so we have:
|20(r) = 22 (M| < [ 1G(r, $)v1(s) = v2(s)]ds + 2 logr [ |h(s, w4 (s))
—h(s,w(s))lds + (u— ulogr) [, * 1g(s, w1 (s)) — g (s, w2(s))Ids.
From ($¢) and ($H,) we get
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|21(6) = 2, < [ 1G(r, ) Im(©)wi ()
—wz($)lds + Alogr [* £()|wa(s) — wa(s)lds
+(i = plogr) f71(s)Iwi (s) — wy(s)lds.
< [ 160, )@ wi(s) — wa(s)lds + Alog r [12 ¥(8)Iwi (5) — wy(s)|ds
+(i = plogr) 2 1(s)Iwi (s) = wy(s)lds.
< [} 1G(, ) Im(D)Iwi(s) = wy($)ds + A [} x(5)wi (5) — w(s)]ds
i [} n($)Iwi(s) — w(s)]ds
I2:(r) = 22l < (G* [ d(s)ds + Allxllx + pllnll ) Iwy = we e,
Since
p=G" [ dm(s)ds + Ayl + ulnlls < 1,
so by interchanging the role of z; and z, we get
}[(TW1(T):TW2(7”)) < pllwy —wylle, forall ;,w, € C(J,R).
So, T is a contraction. Then from Nadler Theorem (1.7) T has a point
fixed which .
Example 2.4:

D%w(r) EF(r,w)),1<r<e,

1
1 3 w

3
w(e) = %00[34 (4 + s%sinw)ds,
3

F:[1,e] Xx R = P(R) is a set valued map given by
T T
Srw() = [Iw(r)|3+2' |w(r)|+1]
1. & isa Carathéodory mapping:
a) 1 — §(r,w) is measurable for each w € R,
let r,, » r so w(r,) = w(r) and

lim 5 w(r) = [ o)

(w(tn)3+2” [w(rn)|+1

_ [; ;]
T Lwm B2’ w)l+1
=g, w(),

SO

Im H (F (5, w (1)), @, w(r)) = H 0w (), S(r,w(r))
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as H is a metric then

lim H (§(, w(5)), S, w(r))) = 0.
So, r = &(r,w) is a continuous map. then § is measurable for each
w € R.

b) w — F(r,w) is upper semi-continuous for almost all r € [1, e].
Let w, = w, for each t € I we have

Im§(r,wa(r) = [ 5wl

lwn ()3 +2” wa (r)|+1

T T
= [eom ol
=, w(r),
)
lim H(F(t, wa (1)), (@, w(r)) = HE @ w(r), S, w(r))) = 0.
So, w = &(r,w) is continuous for each r € J.
2. T is compact:
To prove that T is compact, we use the Arzela-Ascoli theorem.
We go first show that FBy is bounded, then we will prove that it is
equicontinuous, where Bg: = {w € C(J,R), |lw||, < R}.
a) & is bounded.
For v € &, we have:

[v(r)| < max {; 4 } <r,

w@P+2” jw(r)|+1

SO
IFr, wiDllew = sup{|v()],v € F(r,w(r))} < @(1),
where @(r) =1 and ¢, = e* — 1.
b) ¥Bg is equicontinuous.
Let r, 1, €1 with iy <71, and v € § we have:

1 1
1 < < 1
war)B+2 = v(n) < lw(r)l+1’
T2 T2
—_— < <
wr)B+2 = v(r) < w(r)l+1°
So
1 2 T1 2
- < |v(np) —vr)| < - .
||w(r1)|3+z |w(r2)|3+z| [v(r) = v(r2)| ||w(r1)|+1 |w(r2)|+1|
Then
lim n___ B ” < lim ||v(ry) — v(r:
rory HwE)B+2  wip)3+21l rﬁrzu () = v()ll
< lim n_____L ”
= w1 we)l+ll

r1—oT2

we have
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r T .
L || < lim
w(lIP+2  w(r)lP+2ll ) oy

wir)l+1  [w(r)|+1

: -l -
-T2 oo
then

lim |[v(r;) — v(ry)lle = 0.

r1—oT2

So By is equicontinuous and bounded, then § is compact.
3. & is convex:
let vy, v, € F(r,w(r)) and w € [0,1], and for each r € 7 we have:

ﬁ = on(r) = |w(‘:)r|+1’
A < (1 - @)rp(r) <
Then
e S o () + (- w)n() <
0y (1) + (1 = 0)vy(r) € |t ] = B w(r).

4. Taking 9(r) =Inr + 1 and $(|lw|) = 1, we get
lgr,w@m)| <.
For h we take ¢(r) =5+ 12 and (||W|]) = 1, we get
|h(r,w(r))| < 5+7r?
5.  Thereis £ > 0 such that
L>G"po + udod(llwll) + Agop(lIwll)

= ﬁ(e2 — 1)+ (107 (e — 1) + 1072[5(e — 1) + 5 (¢? — 1)] = 0.67799.

Then according to Theorem (2.2) the problem (8) has a solution on J.

Example 2.5:

Diw(r) € Fr,w(r), 1<t <e,

1
w(l) = 110 JZ (ns + %)ds,
3

)

3
w(e) = %Oofz“ (4 + s%sinw)ds,
3

F:[1,e] Xx R = P(R) is a set valued map given by
w - F,w(r)) € {Ivv;_r)l + nr},n ={0,1,2,3}.

Clearly that § is compact, so it is closed and bounded.
For v; € §(r,w;) and v, € §(r,w,), we have:
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v (1) = v, ()] = |2+ 373 + 50) — (214 313 + 5m)
_ |M_M
|2 2

1
=7 [wy — wy|.
Then for j(r) = %, we get
lv:(r) = v2(O)lleo < Wy (F) = w2 ()l
So
H(Fr,wr), §(r,w)) < 5wy = wylleo:

Remark that for n(r) = i, we get:

Wil o W2
3+wq 3+wsy ’

lg(r,wi(r)) — g(r, w2 ()| = |Inr +
1
< 5 |W1 —W; |I
also for {(r) = 1 we get:
[h(r,wi (1)) — h(r,w,(1))| = |sinwy + 2r% + 4 —sinw, — (2r? + 4)|
= |sin wy (r) — sin w, (1)].
The mean value theorem gives:
[sin w, —sinw;| < |wy, —wy|
< lwyp —wyl.
On other hand, we have:
N . 1 1 _
k=G [ j(s)ds + Allnlls + g€l = G + =+ 1072)(e — 1)
= 0.4310941407 < 1.
Then from Theorem 1.7 the problem (9) has at least a solution on J.

Remark 2.6: The obtained results considering as a generalization of those due to
Ahmad and Ntouyas [4], where we tried to change the derivative type to
Caputo-Hadamard one, and we modified in the boundary conditions.

Conclusion

In this work, we used two different fixed point theorems to prove the
existence of solution for a Caputo-Hadamard boundary valued problem of
fractional differential inclusions, the first one is topologic which needs more
conditions, but in the second of Nadler [21], where we proved only the closeness
of the rang, boundless and contractive condition of the operator. So consequently,
we think that the metric fixed point theory rests one of the efficacy tools in the
study of non linear problems.
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