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examples are presented to illustrate the applicability and validity of the theoretical 
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1. Introduction and Preliminaries 
In recent decades, differential equations of fractional (non-integer) order 

have emerged as powerful tools for modeling various complex processes across 
multiple scientific disciplines, including chemistry, physics, thermodynamics, 
hydrology, control systems, and biomedical engineering-particularly in analyzing 
blood flow dynamics. Due to their ability to describe memory and hereditary 
properties of diverse materials and processes, fractional differential equations 
have become increasingly significant. Numerous studies have been conducted in 
this direction; for a detailed discussion, see [5, 9, 13, 14, 22] and the references 
therein. 

http://www.tarupublications.com
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The question of existence and uniqueness of solutions to fractional 
differential equations has received growing attention, especially under various 
types of boundary conditions and using different definitions of fractional 
derivatives; relevant contributions can be found in [2, 3, 5, 12]. Notably, Jarad, 
Abdeljawad, and Baleanu [15] proposed in 2012 a novel operator known as the 
Caputo-Hadamard derivative which blends the Caputo and Hadamard 
approaches, offering additional flexibility in modeling real world systems. This 
operator has since inspired further analytical investigations and results, as 
reported in [6, 1, 23, 17, 19, 18]. 

Motivated by these developments, the present work aims to examine the 
existence of solutions for a class of differential inclusions involving the 
Caputo-Hadamard derivative, subject to nonlocal integral boundary conditions. 

We focus on the following problem: 

  

{
 

  
                      

      ∫    
  
            

      ∫    
  
            

 (1) 

where    is Caputo-Hadamard derivative,      ,            
    ,      ,                and           are given 
continuous functions. 

Let            the space of continuous functions on         with 
real values, equipped with uniform norm  

‖ ‖     
     

       

This space is a Banach space. 
We set  

                                    
here         denotes the space of absolutely continuous functions and 
      . 

Denote by       the set of closed subsets of  ,       the set of closed 
and bounded subsets of   and       the set of compact and convex subsets of 
 .  

Definition 1.1: [8] A set valued map            is a Carathéodory, if: 
(1)           is measurable for each     
(2)           is upper semi -continuous for almost all       

Lemma 1.2: [10] Let     be Banach spaces and             be a set 
valued map, if   is   -Carathéodory and upper-semi continuous then it has a 
closed graph. Further, if   is completely continuous, then it is upper-semi 
continuous.  
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Lemma 1.3: [18] Let   be a Banach space,   be a compact real interval,   is a 
Carathéodory operator, and let   be a linear continuous operator from 
               such that  

                      
Then          has a closed graph.  
For each          , define the selection set of   by  

                                                  
Let     ̂  be a metric space. The Hausdorff metric               

   is defined by  
               

   
 ̂         

   
  ̂        

Definition 1.4: [16, 20] Hadamard's integral type of order     for   
        is given by:  

           
     

∫    (    
 )

       
     

with the existence of the integral.  

Definition 1.5: [15] Let                 with      , then Caputo- 
Hadamard derivative of non integer order     is given by:  

            *     ∑     
   

      
  (    

 )
 
+      

where     and        .  

Lemma 1.6: Let                 or              and    . Then  

                   ∑     
   

      
  (    

 )
 
  

Theorem 1.7: [21] Let     ̂  be a complete metric space and           
be a set valued contraction, that's for all       there exists         such 
that:  

           ̂       
Then   admits a fixed point.  

Theorem 1.8: [11] Let   be a Banach space and   be a nonempty and convex 
subset of  . Let   be a nonempty convex subset of   with    . If an operator 
   ̅        is upper semicontinuous and compact. So either  
(i)    has a fixed point in  , or 
(ii)  there exist      and         such that           
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2. Main results 
A function   is a solution of (1) if there exists             satisfying 

the following problem:  

  

{
 

  
                 

      ∫    
  

            

      ∫    
  

            
 

Lemma 2.1: If a function   is a solution of the problem:  
                               (2) 
with the boundary conditions:  
        ∫    

  
            (3) 

        ∫    
  

             (4) 

then it is a solution of the following integral equation  

     ∫                        ∫    
  

                       ∫    
  

              

(5) 
where  

          
     

{ 
 
  
                          
     

  
                              

                         

 (6) 

Proof: If   is a solution of (2), by Hadamard integral of order   to both sides of 
(2), and using Lemma (1.6), we get  

                         

                   
 

    ∫    (    
 )

       
     

From (3)-(4), we get  
           ∫    

  
            

and  

             
 

    ∫    (    
 )

       
     ∫    

  
             

so  

     ∫    
  

             ∫    
  

             
    ∫    (    

 )
       

     
By substitution, we find  
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       ∫    
  
             

    ∫    (   
 
 )
       

   

          ∫    
  
             ∫    

  
             

    ∫    (   
 
 )
       

    
 

and  

  

                 ∫    
  
                   ∫    

  
           

  
     ∫  

 
                 

         

   
     ∫    [(   

 
 )
   

                    ]        

 

thus  

      ∫                      ∫    
  
            

           ∫    
  
             

where  

         
     {

(     )
   

                             

                             
 

Convex case  
Theorem 2.2: Under the following hypotheses:  
•        ̃               is a Carathéodory set valued map.  
•       There exists             such that  

‖ ̃     ‖                                         
•       There exist two non decreasing and continuous functions        

   and             such that  
                  ‖ ‖                       

| (      )|        ‖ ‖                       
•       There exists     such that  

   
                    

    (7) 

where  
      

      
         

       ‖ ‖    
the problem (1) has a solution on  .  

Proof: Firstly, we transform our problem (1) into a fixed point problem. Consider 
the set valued operator,   
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                           ∫                         
where  

               ∫    
  
                       ∫    

  
            

 
and the function   is given by (6). Clearly, from Lemma (2.1), any fixed point of 
  is a solution to (1). We show that   satisfies the coditions of the non-linear 
alternative of Leray-Schauder (1.8) and the proof will be given in five steps. 

Step 1:    is convex for each  . 
If         , then there exist       such that for each        , we 

have  
           ∫                         

Let      . Then, for each         we have  
                          ∫                              

Since      is convex (   has convex values), we have 
                

Consequently,    is convex.  

Step 2:   is bounded. 
Let                  ‖ ‖     be a set in            and 

    . For each     ,         and from          , we have  

  
       ∫                            ∫    

  
              

                             ∫    
  
              

 

so we have:  

  

        ∫                            ∫    
  
   ‖    ‖   

                        ∫    
  
        

                     ‖ ‖ ∫          
                        ‖ ‖ ∫           

 

Then we get 
‖    ‖                          

where       ∫                   ∫             
So    is bounded.  

Step 3: The family    is equicontinuous. 
Let         with      ,      and let     , we have   
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                             ∫    
  
             

                  ∫    
  
              ∫                             

                  ∫    
  
   ‖ ‖                  ∫    

  
   ‖ ‖

    ∫                       
                   ∫    

  
       ‖ ‖   ∫    

  
           

  ∫                               

 

Passing to the supermum, we get  

  
‖           ‖   ‖           ‖      ‖ ‖        ‖ ‖  
                                    ∫                            

 

For      , we get ‖           ‖   , so from Ascoli theorem, we 
conclude that                    is completely continuous.  

Step 4: The closness of the graph of  . 
Let       and        with      . We show that       .  
       implies that there exists         , such that, for each    , 

we have  
            ∫                   

Consider an operator                  defined by  
                   ∫                  

We will prove the continuity of  , in fact let      be a sequence in         
such that      , we have  

  

        ∫                   
       

                             ∫    
  
                         

                                 ∫    
  
                           

 

Since  
  ∫            ‖           ‖       

 ‖           ‖   
  and   are continuous,                  as    . Then   is 

continuous and so from Lemma 1.3          has a closed graph. 
Consequently, and from Corollary 1 in [7]   is an upper semi continuous 
operator. 

Step 5: A priori bounds on solutions. 
Let   be such that       with        , so there exists     ̃   

such that, for each    ,   
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               ∫                 
This implies by      that, for each    , we have  

  
        ∫                          ∫    

  
           

                               ∫    
  
            

 

‖ ‖            ‖ ‖       ‖ ‖  
Thus,  

  ‖ ‖ 
          ‖ ‖       ‖ ‖ 

    
Then by condition (7), there exists     such that ‖ ‖   . Let 

            ‖ ‖      . The map    ̅            is upper 
semi continuous and compact. From the choice of  , there is no      such 
that       , for some        . 

From the non-linear alternative of Leray-Schauder 1.8, we conclude that   
has a fixed point    ̅, so the problem (1) admits a solution.  

Non convex case  
Theorem 2.3: Assume the following hypotheses hold:  
•                      is compact and the             is 

measurable for each        .  
•        There exist                  such that  

                               
                              

•        There exists                such that:  

 ( (       )  (       ))                                       
                                  

 
Then the problem (1) admits at least a solution provided  

    ∫            ‖ ‖    ‖ ‖     

Proof: Define an operator   such that:                      

                       ∫                        ∫    
  
            

           ∫    
  
              where       . 

From the condition      the set valued map        is measurable to 
closed and convex values, so by theorem selection measurable for each   
          , there exists a measurable selection               , then    is 
non- empty and well defined. 

Step 1:    is closed for each         : 
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Let            such that     . Then there exists          
converges to  , for all     and verifies  

        ∫                         ∫    
  

            

              ∫    
  
             

We prove firstly that       . 
Since        is compact we can extract a subsequence     converges in 

    , since       has the same limit as     , then       . Passing to the limit 
of the previous relation, we find:  

       ∫                        ∫    
  

            

              ∫    
  
             

Since       , then     . 

Step 2:   is a contraction. 
We will prove there exists       such that:  
 (             )   ‖           ‖                            

Let                  and        and there exists       
           such that for all     :  

       ∫                         ∫    
  

             

              ∫    
  
              

From     , there exists              such that  
                                         

Define an operator   by:  
                         

As the operator     is measurable, there exists a measurable selection 
           such that for each     we have:  

                                              
Let        which given by  

         ∫                   
so we have:  

                ∫                                   ∫    
  

            

                            ∫    
  
                           

From      and      we get  
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               ∫                      
                 ∫    

  
                   

             ∫    
  

                    

  ∫                                       ∫    
  

                   
             ∫    

  
                    

  ∫                                 ∫                       
   ∫                       

   

        ‖           ‖      ∫            ‖ ‖    ‖ ‖   ‖     ‖  
Since  

      ∫             ‖ ‖    ‖ ‖      
so by interchanging the role of    and    we get  

 (             )   ‖     ‖                           
So,   is a contraction. Then from Nadler Theorem (1.7)   has a point 

fixed which . 

Example 2.4:  

  

{
 
 
 

 
 
  

 
                      

      
  ∫  

 
 
 
 
      

       

      
   ∫  

 
 
 
 
             

 (8) 

               is a set valued map given by  

            *  
          

 
        + 

1.    is a Carathéodory mapping:  
a)           is measurable for each      
 let      so            and  

  

   
   

             *   
          

   
         

+

                                  *  
          

 
        +

                                            

 

 so  
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 as   is a metric then  
     

   
                            

 So,          is a continuous map. then   is measurable for each 
   . 

b)           is upper semi-continuous for almost all          
 Let     , for each     we have  

  

   
   

            *  
          

  
         

+

                                 *  
          

 
        +

                                          

 

 so  
    

   
                                                  

So,          is continuous for each    . 
2.    is compact: 
 To prove that   is compact, we use the Arzelá-Ascoli theorem. 
 We go first show that     is bounded, then we will prove that it is 

equicontinuous, where               ‖ ‖      
a)    is bounded. 
 For    , we have:  

            ,  
          

 
        -     

 so  
          ‖         ‖                                

 where        and        . 
b)      is equicontinuous. 
 Let         with       and     we have:  

    
          

       
  

         
  

    
          

       
  

         
  

 So  
    

          
   

          
                   

         
   

         
   

 Then  

            
   
     

‖   
          

   
          

‖
 
     

     
‖           ‖ 

     
     

‖   
         

   
         

‖
 

 

 we have  
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‖   
          

   
          

‖
 
    

     
‖   
         

   
         

‖
 
   

 then  
   
     

‖           ‖     

So     is equicontinuous and bounded, then   is compact. 
3.    is convex: 

let                 and        , and for each     we have:  
    

                 
  

          

        
                     

      
          

Then  

   
                            

 
          

                    *
 

          
 

        +             
4. Taking            and   ‖ ‖   , we get 

                
For   we take           and   ‖ ‖   , we get  

                 
5.  There is     such that  

            ‖ ‖       ‖ ‖  
     

 √ 
                               

   
               

Then according to Theorem (2.2) the problem (8) has a solution on     

Example 2.5:  

  

{
  
 
 

  
 
  

 
                      

      
  ∫  

 
 
 
 
      

       

      
   ∫  

 
 
 
 
             

 (9) 

               is a set valued map given by  

              ,          -               
Clearly that   is compact, so it is closed and bounded. 
For            and           , we have:  
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               | 
    
    

               
     |

                                |      
    
 |

                                
         

 

Then for       
 , we get  

  ‖           ‖  
 
 ‖           ‖   

So  

                     
 
 ‖     ‖   

Remark that for       
 , we get:  

  
                         |    

     
    

       
    

|  

                                                        
         

 

also for        we get:  

                                     
                   

                                                                            
 

The mean value theorem gives:  
                        
                                           

 

On other hand, we have:  

      ∫            ‖ ‖    ‖ ‖    
 
 √ 
  
     

         
                   

Then from Theorem 1.7 the problem (9) has at least a solution on  .  

Remark 2.6: The obtained results considering as a generalization of those due to 
Ahmad and Ntouyas [4], where we tried to change the derivative type to 
Caputo-Hadamard one, and we modified in the boundary conditions.  

Conclusion 
In this work, we used two different fixed point theorems to prove the 

existence of solution for a Caputo-Hadamard boundary valued problem of 
fractional differential inclusions, the first one is topologic which needs more 
conditions, but in the second of Nadler [21], where we proved only the closeness 
of the rang, boundless and contractive condition of the operator. So consequently, 
we think that the metric fixed point theory rests one of the efficacy tools in the 
study of non linear problems.  
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