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Abstract

In this paper, we have demonstrated several results for the Wright functions. We
studied some basic properties, successive differentiation recurrence relations, various types
of integral representations, integral duplication formulae, multiplication theorem, etc.
Several particular cases give important results in the forms of well known Special Functions.
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1. Introduction
In 1933, Wright [1] introduced the function W (z) for real and positive &
and t is any number, real or complex. It was modified in accordance to his theory
of asymptotic partitions in [2]. Later, in 1940, he consider —1 < ¢ < 0, [3]. Itis
given by the series
© zJ
Weo(2) = Xjzo frgreey (1.0.1)
where z, T € C: £ > —1 and I'(+) is the Gamma function.
For £ =0 and 7 =1, the Wright function reduces to the exponential
function.
The generalization of the Wright function [4] defined for z,d;, h, € C and
Di,H.€R ;dj,h.#0;i=12,..,p; r =1,2,...,q is given by the series
(dy,Dy) - (dp'DIJ);Z] _ g [@14Du)-Ty+Dp) o7
P4 |(hy, Hy) - (hg Hy); J=0 T(hy +Hyj)T(hg+Hg)) J!

(1.0.2)

" E-mail: zalabhaven1550@gmail . com
* E-mail: drjyotindral8@gmail.com (Corresponding Author)

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2380

910 B. V. ZALA AND J. C. PRAJAPATI

Taking H; =¢, hy=t, d;=1, D;=0, h,=1, and H, =0; i =
1,2,..,p; r = 2,3, ...,q inequation (1.0.2), we obtain equation (1.0.1).

The works of Gehlot, Prajapati, and Patel [S], Luchko [6], Mehrez [7],
Mehrez and Sitnik [8], and many others contain numerous results connected to the
Wright function. Motivated by their efforts, we have derived several results on the
Wight function. For more details, refer to Mainardi and Consiglio [9] and
Gorenflo, Luchko, and Mainardi [10].

Some functions (viz. generalize k-Mittag-Leffler function, generalized
k-Wright function, extended k-generalized Mittag-Leffler function) also allied
with Wright function and the detailed study of these allied functions mentioned by
Singh and Dubey [11], Dubey et. a/ [12], D’Costa and Menaria [13].

The following well-known definitions and results are useful to investigate
several properties of the function W .(2).

*  Gamma function [14]:

The Gamma function is defined by
I(s) = [ e~tsldt, (1.0.3)
where R(s) > 0.
The Gamma function satisfies
I['(s+ 1) = sI'(s). (1.0.1)
*  Beta function [14]:
The beta function is defined by
B(n,w) = [, t""1(1 - t)* 1dt, (1.0.5)
where R(n) > 0, R(w) > 0.
A relation between the Beta function and the Gamma function is given by

r(mr
B(n,w) = 7102 (1.0.6)

*  The Mittag-Leffler function [15, 16]:
The Mittag-Leffler function is defined by

oo zJ
Eer(2) = Lito rg5vey
where &, T € C; R(E) > 0.

*  The modified Bessel functions of the first and second kind [17]:

The first-kind modified Bessel function I,(z) with v € R and z € C is
given by the power series

(1.0.7)

1 v+2n
7%)

IV(Z) = Z;?:O (

—2 L (1.0.8)
n!If(v+n+1)
We define the second-kind modified Bessel function K, (z) as,
K,(z) = —— (I, (2) — I, (2)) (1.0.9)

2sinmy

Furthermore, K, (z) = K_,(z) for all z # 0, with Taylor series
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ﬂ) (1.0.10)

) (@)'ss
n=0 niIr(1+v+n)

nir'(1-v+n) 2

K,(2) = L((g)_” P

2sinmy
* Legendre's duplication formula [14]:
For ze C;R(z) >0
Var(2z) = 27T (2 +2) (1.0.11)
*  Gauss's multiplication formula [14]:
For z€ C;R(z) >0 and k = 2,
_ 1 1
Mk, T (z + %) = 2m)2% VT (k2) (1.0.12)
*  Mellin transform of product of Gamma functions [18]:
For R(z) >0,
Mt T (z+2) = 7w (wdu (1.0.13)
where hy(u) is given by

L

—1)"1yk

h.,(w) = fe—2 k__l - 1 u
k( ) (T[) Z]_l Hé;iSin(%)HI;;{_lSin(%)

(GO

X Vo= = e m 1.0.14
2020 I T 2 2 (e ) (1.0.14)
In particular for k = 3,
1 2
i ud1 W ce u42
ha(W) =T S M 20120 Goirirard) ™ sin(D) 2920 Ganr(aeayed) (0 1)
The Taylor series (1.0.10) shows that
1
hs(u) = 2uzK1(2Vu) (1.0.16)
3
*  Some special values of W, (z) [19]:
x2
e F
W_%%(x) == (1.0.17)
cosh(2vx)
W1,§( )= N (1.0.18)
sinh(2Vx)
WL%( )= N (1.0.19)
Wli(x) _ Zﬁcosh(zx/?)—:inh(zx/?) (1.0.20)
2 2mx2
w = Z)+1 1.0.21
@ =erf(5)+1, (1.0.21)

where erf(x) is the Error function [20] defined by,
2
erf(x) = ﬁfox exp(—t3)dt
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Binomial theorem [21]:

For x, y € C,
Gty =Xk=0m, Xy, (1.0.22)
Series manipulations [14]:
Yo 220 AL K) = Yoo T ALk =) (1.0.23)
and
Zl?:o f:o B(Lk) = Zl?:o Zﬁo B(Lk+1) (1.0.24)

Note: Since W (z) is an entire function for all z, T € C; ¢ > —1, we can
interchange the summation and integral.

2. Derivative and Differential Recurrence relation of W;.(z)

2.1 Derivative

Forz, Tt €C ¢ER; &> —1,
d o zJ-1
az Ver®) = 21 o

_ V' 2/
= 2% JITEG+D)+7)
= Wi 146(2)

Again taking differentiation with respect to z

d? d
2Wer(2) = - Werie(2)

zJ)=1

= i1 oD
oo zJ

= 2% JITEG+D)+T+8)

= We1426(2)

Repeating this process m(€ N) times, gives

dm
dz_mWf,T(Z) = W§,1:+mf(z) (2.0.1)

2.2 Differential recurrence relation

thus,

Using equation (1.0.4) to equation (1.0.1), we can write
- xiz
We(2) = 220 figienrmen

xiz§itT-1

-1 Y=y __  *¥z7 =
2 Weo(x2%) = S0 S nrges

(2.0.2)

differentiation of (2.0.2) with respect to z gives

xizSitT-2

d —_ o
a7 W37 )} = X0 Sy

dz
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ie.
T Weo(x2%)} = 27 Wy (x25) (2.03)
Again differentiating (2.0.3) with respect to z,
2
T W (a2} = Lz W (x2%)

= ZT 3W5,T_2 (xz%)
Repeating this process m-times yields

a” {277 We ,(x2%)} = 2™ W 1 (x2%). (2.0.4)

dzm

3. Recurrence Relations
Couple of recurrence relations are obtained in this section.

Lemma 3.1: For complex vales of z and t and real & > —1, then
Wf,T(Z) TWf ‘L'+1(Z) + EZ WE T+1(Z) (311)
Proof: From the right-hand side of the above equation, we get

d co
TWer41(2) + SCZEW;TH(Z) = Wi 111(2) + 82352, e

j+T+1)j!

jzl 7t

_ v Dzl
= Xj%o [(&j+T+1)j)!

by using (1.0.4), we get
W{‘r(z) - TWf 1:+1(Z) + fZ W{ 1:+1(Z)

Lemma 3.2: Let z and t be complex numbers, & > —1 and m € N. Then
WE T+mé (Z) - (T + m'f)Wf r+m$+1(z) + fZ W{ r+mf+1(z) (3'2~1)

Proof: Consider,
(T + mf)W‘f ‘r+mf+1(z) + EZ Wf ‘r+m€+1(z) - (T + mf)WS ‘r+m§+1(z)

izl
r¢j+t+mé+1)j!
(€j+r+mf)zj
rj+t+mé+1);j!

+27%0

= Z?:o
this can be written as

W{ T+mé (Z) - (T + mf)WE r+m§’+1(z) + fZ W{ r+m$+1(z)

Lemma 3.3: For complex vales of z and t and real ¢ > —1 and m € N, we
have

We rime-1(2) = (T+mE = DWe ryme (2) +$z2We rimere(z)  (3.3.1)
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Proof: Consider,

(T +m§ — DWe 1 yme(2) + §2We ryme 6 (2)
Yo (T+mf—1)zj 0 fzj+1
=Lj=o [(Ej+T+mé)j! + %o [(Ej+E+T+mE) !
_ (z+mé-1) 7o (t+mé—-1)z/ ¥ Ejzl
- r(r+m§) J=1 rgj+r+md) J=1 r(gj+r+md)jt
Ej+r+mé—1)z/
+X

F(T+m$ 1) rj+t+mé)j!

2
= Zj:o -

r¢j+r+mé-1)j!
therefore,

(T +mé = DW; yme(2) + E2Wi rymere(2) = Werome—1(2)

Theorem 3.4: For complex vales of z and t, § > —1, and m € N, we have

dz?
Wf,r+m$+1(z) - Wf,r+m§+2(z) §z 2 W{ r+m§+3(z)

+HE+2+2(0+ mE))Z ~We rime+3(2)
(@ +m& (T +mé + Z)Wf,r+mf+3(z)

Proof: Equation (1.0.4) and equation (1.0.1) gives
zJ

Werime1(2) = 2j20 Grmmemragrmron

and
7J

Wezsme+2(2) = XjZo EG+m)+T+D)EG+m)+DTE G +m)+7) !

equation (3.4.3) can be written as,

1 zJ
Werime+2(2) = Xjz 0{5(1+m)+r f(j+m)+‘r+1}l“(€(j+m)+r)j!

zJ

Wf,r+m$+2 (2) = W{,‘r+m{+1(z) - Z;”;O Erm)+t+ DIE(+m)+1))!

zJ

Let §=¥jZo EU+m)+T+1)TEG+m)+1) )
S= Wf,r+mf+1(z) - Wf.T*'mf‘*‘Z(Z)

Using the basic identity

= (H=&@+m)+1+1) to (3.4.6), we get

H H(H+1) H+1

Then, we have

S=y® 2!
= 2% (EG+m)+T+1)(E(J+m)+T+2)T(§ (+m)+0) !

oo zJ
+2i% EU+m)+T+2)TEG+m)+1)!
=y EG+m)+0)z) seo EU+mM+DEG+m)+T+1)7)
J=0 pE(i+m)+1+3) ! j=0 [ +m)+T+3)]!

(3.4.1)

(3.4.2)

(3.4.3)

(3.4.4)

(3.4.5)

(3.4.6)
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j— oo - —Zj
=$Xj%o r(f(]+m)+r+3)1' T+ X, TE(+m)+T+3)j!
Y (E2(j+m)%+ (2&T+E) (j+m)+1(z+1)}z]
j=0 T(€(+m)+1+3)j!
hence,
'zj o zJ
§=¢ ZJ =0 I‘(f(]+m)+‘r+3)]' + (@ +im) Zj:o FEU+m)+7+3)j!
2 \oo j 2z 2 0 L
+ z:J'=° T(E(+m)+1+3))! +2¢ mZFO FEG+m)+T+3)j! (3.4.7)
2.2 00 ; oo L o
M Lo tgrmreran T ET O L teGrmre
o 2 w
(25T + 5)mzf=° TE(+m)+1+3)j! tr(r+ 1) Zf:o FEG+m)+t+3)j!

The summation on the right side of (3.4.7) is now expressed as follows:

d o (+1)z
E{ZW5»7+35+3(Z)} = 2o TEG+m)+T+3)j!
then we have
co ij _ i
Xizo reGrmrry = Lz Werrsgrs(2) (3.4.8)
also
(+2)(+n2/
- LWy 202D} = T30 e (3.4.9)
from (3.4.9), we obtain
oo jzzj _
Lito tgimrng = Wf c+3843(2) + 4Z ~Wer1343(2)
jZ] e zJ
+2Wera3g43(2) = 3XjZo TEG+m)+T+3)j! 2Xj%0 TE(+m)+T+3)j!
using (3.4.8) above equation yields
® j2zJ 2 dz
Yo GGy — 2 az Werrsgs(D t 2 Ws w3g+3(2)  (3.4.10)

Applying (3.4.8) and (3.4.10) to (3.4.7), we get

s = fziwg iages () + o+ fm)W$r+3$+3(Z)
+8 {22 LWy ys15(2) + 22 W, mm(z)} + 282mz S W r45645(2)
+E2M? We 14343 (2) + (28T + f)ZEW5,1+35+3(Z)

+(2¢t + E)mwf,r+3€+3 (z) +t(r+ 1)W§,r+3§+3 (2)
after rearranging, the previous equation reduces to

§= EZZZ dz2 Wf T+3§+3(Z) + f{f +2+ Z(T + Em)}z dz WE ‘E+3f+3(z) (3 4. 11)
+(@+Em) (T + Em + 2)We r13643(2)
equation (3.4.6) gives us
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W§r+m§+1(z) - W{ r+m§+2(z) =
EZZZ W$r+m§+3(z) +é{§+2+2(r+ {m)}z W§r+m€+3(z) (3.4.12)
+(T+ mf)(T +mE + 2)We rime+3(2)
Corollary 3.4.1
1
fO tr+m€W5,T+mf(tf)dt = Wf,‘r+mf+1(1) - WE,T+mf+2(1): (3413)
where z and T be complex numbers, & > —1, and m € N.
Proof: Put z =1 in (3.4.6) to obtain
[ee) 1 —_— p—
2o CUr It DTGt D] We cimes1 (1) — Werimes2(1)  (3.4.14)

One can easily derive that

B W ()t =

oo zJ
2720 GG DG rmTO
Comparison of (3.4.14) with the identity obtained by setting z =1 in
(3.4.15) yields the required eq. (3.4.13).

(3.4.15)

4. Integral Representation of W (z)
The following outcomes are derived from the aforementioned results:

Lemma 4.1: Let z and t be complex numbers, and & > —1, then
Jo We(At5)e™1dt = 2" Wy 110 (A2°) (4.1.1)
Proof: Consider,
z _ (% v (Atf)j —
Jy We(at8)ttde = [ 252, F({jmﬂtf ldt
— Z] %0 J‘ §]+r 1dt

F(é’} +7)J!
A&+t

= 2% E+DTEj+1))!
Ajzfj

=7 X% T(j++1))!
=z W{Hl(/lzf)

Corollary 4.1.1: For z, T € C; £ > —1 and m € N, we have
Jo We rame Q)T ™ME=1dE = 275 MEW, ey (225) (4.12)

Proof: Replacing 7 by 7 + mé in Lemma 4.1, we obtain the required eq. (4.1.2).
Lemma4.2:If 1, n € C; R(n) >0, & > —1 then

r(n)f (z — O W (657N dt = 2T W 1y (A2F) (4.2.1)
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Proof: Consider,

j
f (z—-"1'E%, “?5) -t 1dt

rj+1)j!

= 0 = _ o \n-14Ej+T-1
rm) ZFO F(§j+1:)j!f0 (z-0)""t dt

f (z — )" W (At5)t7 M dt =

r(m) -0 l"( )

on simpliﬁcation we get

f (Z_t)n 1W§' (Atf)tr 1dt Z] -0 (77 §]+T)Z§]+T+n 1

r(m) -0
using (1.0.6), we can write
A g&j+Tin—1

_ gyt £)pr-1 A
r(n)f (z = O W (A6°) 7t = T72, T(Ej+4+m))!

3
— Tn-1y® Mz
25 B0 T e
= ZT+77_1W€,T+,7(/12€)

r@m F(f} +7)j!

Note: If we take n = 1, then Lemma 4.2 reduces to Lemma 4.1.

Special cases of Lemma 4.2: For R(n) > 0, eq. (1.0.17) to eq. (1.0.21) are
applied to eq (4.2.1) to obtain several particular cases in terms of Wright function
as listed below:

=l z—trlese etide = AW ' %(«i—) (4.22)
il G- = cosh(2vAD)de = V2" HW, 02 (423)
sl G- sinh(VAR)de = VAR W, s0) (424
o dy @= 0" t¢3cosh(2VE)dt = {2,1zw ,2(12) +W1.n+%(/12)}
(4.2.5)
sl G—orterf () de = 27 {W_%‘n+1 (%)—m]lﬂ)} (4.2.6)

Theorem4.3: If 7, y, vy, z € C; R(7) >0, R(y) >0 and & > —1, then
t - — —
Jo W We, (yul) (6 — W We fz(t — w)}du = VT W 1y {5 (2 + )}

4.3.1)
Proof: The left-hand side of (4.3.1) reduces to
t - —
Jo w ™ Wey (ruf) (6 = W)™ We{z(t —w)f Jdu
—_ ([t y-1y» uby -1V {z(t—u)f}m
h f" w2 T(j+y)Jj! (t =)™ Xm=o r(Em+t)m! du
= Zj’;o 210‘;)1 0 LJ‘ uf]'*'y 1(t — u)fm+‘[ 1du

T(&j+y)T(Em+1)jim! ~0
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by applying the definition of the beta function, the previous equation becomes
t — —
Jy v We, (yu?) (6 — W) W {z(t —u)*}du
=y2, ¥ yj;mté’j%mﬂw—lg(f- +y,ém+1)
J=0 &4m=0 p(gjiy)r(Em+1)jim! JTY

using (1.0.6), we have

t 1 1 oo o yjzmt§j+§m+r+y—1

fo u T W, (yuf) (¢ — W) W {z(t — w)f Jdu = 2jz0 Zm=0 T(Ej+Em+y+17)jim!
e o JzmeEG+m)

= tV*T 1Zm=0 Zj:o Yz

r¢G+m)+y+r)jim!
applying (1.0.23), we get

t _ —
Jo u¥ ™ Wey (yul)(t — w7 W {z(t —w)¥}du
_ py+T-1 ylzm—Jgém
=t Zm=0 2J=0 TgmryriGn )
= ty+r-1 »o zmetm ym m!(%)]
- m=0 r(gm+y+rym! <=0 jim—j)

§m J
—prtr-lye 2P em (X)
t Lm=0 C(Em+y+r)m! ZJ:O m]

by using the binomial theorem (1.0.22), the above equation leads to

fot u T We, (yuf ) (6 — )" We {z(t — w)f Jdu

y+1-1 zmetm n\"
=t Lm=o C(Em+y+t)m! (1 + ;)

= ¢rtrlye tm(z+y)™
M=0 r(fm+y+r)m!

= tY+T_1WS,T+y{t€(Z + y)}

Theorem 4.4: For Tt € C; £ > —1 and t + 0, we have

w X T 4
fo e 4tW§‘T(x§)xT_1dx=\/Et2W§£+l (tz) (4.4.1)
2'2 2
Proof: Consider,
w X2 £\ o1 o X
J, e W o (x%)x" dx =[, e ZJ 0F(€1+T)J'x dx
1
=Xj%o r(€1+r)1|f € “xfjﬂ dx

2
on substitution of y = %, the last equation becomes

2
o X _ 0 1 -
Jo e W o (x%)x" " dx = Zj=o F(fJ+T)J'f y(4yt

§j+‘t_1
_ v 2t(4D) 2 oY STy
= 2j=0 Tgror fo ey Ty

Z(20)dy



CERTAIN PROPERTIES OF THE WRIGHT FUNCTION 919

oo 28j+T— 11: 2 —y §jtt gty
= L= o fo ey sy

using (1.0.3), the previous equation gives us

i §j+t
o X2 1 o 28T Ej+T
f e ‘;rw&(xf)xT dx :ij() WF( 2 )

f}

taking z = into Legendre's duplication formula (1.0.11) yields

Ej+ Ej+T+1
() () = vzt 9T + 1) (4.42)
using (4.4.2), we get
2§]+‘r—1t 2 ﬁzl—fj—r

F(gjﬂﬂ)j!

2
fooo e_Z_tWS_T(xf)x’_ldx =Y
f}
({’]+r+1)]

£
= \/EtEW§ﬂ (t5>

2’2

_\/_tzzj 0

Theorem 4.5: For n € C; R(m) > 0 and & > —1, we have

o dy G = O W (A6 dt = X" Wy (A0F) (4.5.1)

Proof: Consider the integral,

_ -1 £ - — -1 M
map o Go= O We, (2ef)de K mp o =" S
— 1180
) o 0 r(f;+1)1'f (x =7 edt
on simplification, the above equation leads to
-1 £ _ A xSi+m .
F(n)f (= 17 W (25)d F(n)Z’ 0 tgans PP+ D
o A x&i+m
= LJ=0 g
= XMW1 (22F)
In view of Theorem 4.5, we have
Corollary 4.5. 1' For £ € R and & > 0, we have
f (x — )W, (Aeh)dt = —Wfo(,le) (4.5.2)

re)-o

Proof: Taking n = ¢ and multiplying (4.5.1) with 4, it reduces to

m,)f (c — O W, (Ae%)dt = xS We g4 (Ax%)
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920
_ A1 Ei+E
= 2j=0 Tgaerns
Ml
Z’ LrEpit
.. the above equation reduces to

as I'(z) has poles at 0,—1,—
,11x€1
(x — )%~ 1W51(/1t5)dt —21 o TEn

ol
= £ Weo(2x%)

Theorem 4.6: Let T € C; £ > 0 and R(z) > €. Then
-&-1

Wee(—2) = 72— | (1—t) W ¢ (—tx)dt .6.1)

Proof: Consider the integral,
T-&-1

1 1
1 1 l)":_f tx)j
= 1-1t¢ dt
=5 Jy ( 2j=o F(§J+f)1‘
. -1
21 ( — %)T j
fF(r 3] jo F({j+$)j!f0 1-t¢ t/dt
1
taking substitution t¢ = y,
1 1 -§-1

(GOL! —E-1 EjE-
Ii0 terendo (L= Yy tdy

s‘l"(f 3
applying (1.0.5), we have
1 —x)J
COSBE 6T )

7-¢-1
1 1 =
el (1 - tf) We g (—tx)dt r(r 5270 T

_ (=x)/
= 2% T(&j+7))!
= WE,T(_x)

5. Duplication Formula for W, (z)
Two forms of Duplication formulae have been obtained in this section.

First form:
Legendre's duplication formula is given in eq. (1.0.11). When we take

z = &j + 1, it reduces to
. _ VaT(2€j+21)
¢+ = —2251""2'[‘11"({j+r+%) (5.0.1)

using definition of the Wright function,
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zJ

Wer(2) = 2o riimmyi
228742711 (g 4743) 2
J=0 mr(2&j+21))!
527-1 zzfjr(fj+r+l)zi
= o 2
va =0 r@éj+an)

applying (1.0.3), leads to

27-1 281V oo gpisoal
W (=2) :2\/5 Y% 2 (=1)z ) I P

r(2£j+27)j! 90
221 o =L e 228 (—1)J2J¢8)
7 T T g
For & > —%, we have
221.'—1 o) _l _
Weo(—z) = = fo t" 2e tW2§VZT(—Z(4t)f)dt
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(5.0.2)

Equation (5.0.2) is the first form of duplication formulas for W .(z).

Second form: Eq. (5.0.1) can be written as

j - i _ _ Vm@Eéj+2r-1)reéj+2r-1)
G+r-Dr¢+r-1 = 22{j+2‘r—1(§j+1—_%)1—(§j+T_%)
- 2251’+27‘2F(§’j+r—%) ’

by definition of the Wright function,

o zJ
Wer(?) = 250t

— Yy 2
= Lj%o (Ej+T-DI(Ej+1-1)j!

using (5.0.3), we can write
22§j+27_21“(fj+1'—%)zj

Wf,r(z) = Zi=0 VAT (2&j+21-1)j!
_ 272 zzij(fjJrT—%)Zj
T Jr “J=0 rgjt+2r-1))

therefore,
2200 _ o 228i(—1)iz oo EjrT—i-1 ¢
Weo(—2) = N Zjzo r(zfj+21—1)j!f0 t et
_ 22(T-1) 2280 (~1)JzJ %)

oo ‘L'—3 —t Vo0
N fo t"ze Zj=0

For & > —% and R(7) > %, we get
22(7-1)

VT

r(2&j+21-1)j!

o 7.3 _
We,(—2) = fo t" 2e thf_zf_l(—z(ﬁlt)f)dt

(5.0.3)

(5.0.4)

Equation (5.0.4) is the second form of duplication formula for W; .(z).
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6. Multiplication Theorem for W;.(2)
In this section, authors have obtained two Multiplication theorems.

Theorem 6.1: Let z and T be complex numbers, & > —1, we have
1 1 o
We . (2) = 2n)z Pk Js Ry (WU Wy e (2K ut ) du,
where hy(u) is given by equation (1.0.14).

(6.1.1)

Proof: Taking z = ér + 7 in Gauss's multiplication formula (1.0.12), it reduces

to

k s—1 l(k—1) l—kfr—k‘r

T (4 T+ 2 = 2mt ks T(kér + kt)
therefore,

1 1
[¢r+1)= (2”)E(k_l,jfrk&_krrs(k&+kt),
1kt F(€r+r+;)

by equation (1.0.1),
0 z"
Wee(2) = 5o rporo

]'[?;11 F(€r+‘r+%)zr

= Z?o:o

(2n)%(k‘1)k%‘k5r"“r(k§r+kr)r!

Hfz_ll I‘(Er+‘r+%)zrkk§r
T(kér+kt)r!

using, Mellin transform of product of the Gamma functions (1.0.13),

1 1
= 2m KRR,

ZTRkET fo°° ufr‘”'lhk(u)du
[(kér+kt)r!

1 1 1 k&r, &r
_ ~(1-k) ,kt—= [(® _ 7-1 o Zk™u
= (2m)? k2 fo u " th (w) X722, oo 4

1 1
We.(2) = (2m):t K250,

therefore,
1 1 0 _
Weo(2) = (2m)2 ™0k 72 [7 b (U™ Wy e (kM u ) du
Equation (6.1.1) is the first Multiplication theorem for W; .(2).

Theorem 6.2: For complex-valued z and t with & > 0, we have

1 1 0 _
W{,‘L‘(Z) = (Zﬂ)i(l_k)kk(r_l)-'.i fO hk (u)u’ 2W5k,(1_1)k+1(zkkfuf)du,
where hy(u) is given by equation (1.0.14).

Proof: Equation (6.1.2) can be expressed as

1 1
_ (Zn)f(k_l) (fr+r—1)k§_kfr_kr+k[‘(k€r+kt—k)

k-1 F(€r+r—1+%) ’

Er+r-Dr¢r+t-1)

Now, by equation (1.0.1),

(6.1.2)

(6.2.1)

(6.2.2)
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W@ =370 rrrom
=¥, -

CEr+t-)r¢r+r-0r!

r

using (6.2.2), we can write

k-1 S
| by F(€r+r—1+z)zr
—kér—kt+k

Wf,‘r(z) 221.200

(27r)2(k 1)k2 (Er+t—1)T(kEr+kT—K)r!

K IIEE T(gr+t—143) 27 kKT
2 Xrso (k&r+kt—k)T(kér+kT—K)7!
Hs 11"(fr+‘r 1+ ) kST

I(kér+kt—k+1)r!

— (27.[)2(1 k) k(= 1)—-

1
— (Zn_)z(l—k)kk(f—l)'l'z Z;::o 0

using the Mellin transform of product of Gamma functions,
2T kéT f(;x’ usﬂ""_zhk(u)du

T(kér+kt—k+1)r!
2T EkETy 8T

1 1
We.(2) = (2m):0 PRk g0

1 1 »
= (Zn)g(l—k)kk(r—1)+§ fo U™ 2hy, (W) ¥,

therefore,

1 1 o
Weo(2) = (2m)20 Ok 0% [ by (U™ W o1y (25U ) du

Eq. (6.2.1) is the second multiplication theorem for W -(2).

Special Cases:
Case 1: Taking k = 3 in (6.1.1), it reduces to

1 1 e
Weo(2) = 2m)2" 7937772 [7 hy (W)u™Wag 5, (23%uf ) du

using equation (1.0.16), the previous equation becomes
1
3715 © 1
We.(2) = 3—n2f0 u' 2K 1 (2vVu) Wag 3. (23%uf ) du.
3
Case 2: Using (1.0.16) and putting k = 3 in (6.2.1), it reduces to

5
3T—5 0 _E
WS,T(Z) = %fo uT 2K1(2\/ﬂ)W3§_3f_z(Z33§u€)du
3
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