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Abstract
This article introduces an expansion of the triple Shehu transformation concept, 

extending it to the fourth order. Our approach begins by establishing the theoretical framework 
for these extended Shehu transformations, which we subsequently apply to obtain solutions 
for the fractional order partial differential equations within a three-dimensional context. It 
is important to note that the fractional derivatives in this study are considered in the Caputo 
sense. To illustrate the utility of our approach, we specifically focus on the fractional-order 
of the three-dimensional homogeneous heat equation. To present the resulting solution in a 
concise and elegant manner, we leverage the principles of Fox-function theory.
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1. Introduction 
Fractional calculus has gained significant attention in recent decades due to 

its broad applications in applied sciences. Fractional-order models, being more 
flexible than their integer-order counterparts, play a vital role in providing deeper 
insights into the dynamics of complex real-world phenomena. Within the realm of 
fractional calculus, numerous open problems await exploration, encompassing 
both theoretical and experimental research avenues. Hence, delving into the study 
of differential equations is of paramount importance for comprehension. 
Analytically solving differential equations remains a challenge, with limited 
available techniques. Consequently, numerous scholars employ integral 
transform techniques to tackle both ordinary and partial differential equations. 
The PDE's, in particular, play a pivotal role in investigating diverse applications 
such as heat transfer, gravitation studies, quantum mechanics, and the behavior of 
perfect fluids [2, 3, 4, 5, 11, 16, 22, 23, 26, 27, 29, 31]. 

Differential equations are fundamental tools for modeling and solving 
real-world problems across diverse fields such as engineering, biology, 
physics,and applied sciences. Their significance lies in their ability to describe 
complex systems and dynamic processes. However, finding analytical solutions 
to differential equations is often challenging, as only a select class of these 
equations can be solved explicitly. To address this issue, researchers have 
introduced various analytical techniques, with the Laplace transform method 
being one of the most effective. This method has been extensively utilized in the 
literature to solve differential equations efficiently, as reported in [16, 19]. 
Building upon the concept of the Laplace transform, KÄ±lÄ±Ã§man et al. 
introduced extensions such as double Laplace transform and double Sumudu 
transform. These advanced methods have proven effective in solving complex 
equations, including Poisson and wave equations [23]. Moreover, The Sumudu 
transform has proven to be an effective tool for solving DE's in various 
applications, particularly in control engineering applications. Several integral 
transforms share similarities with the Laplace transform [1, 9, 14, 15, 20, 21, 24], 
such as the Sumudu transform [17, 32], the Mellin transform (MT)[30], and the 
Shehu transform [28, 13]. The Laplace transform continues to be a highly 
effective method for deriving analytical solutions to differential equations. The 
solution for wave and Poisson equations has been presented in [23] using the 
double Laplace transform (DLT) [18] and Sumudu transform. In control 
engineering, DE are effectively handled using the Sumudu transform. 

In the quest for solving integral equations and partial differential equations, 
researchers have explored various advanced transform techniques. Notably, the 
Double Shehu Transform (DST) was introduced in [6, 7] to facilitate the solution 
of such equations [12, 13]. Building on this concept, Alkaleeli, Mtawal, and 
Hmad [8] proposed the (TST) as a natural extension of the triple Laplace 
transform. This novel transformation has proven effective in obtaining exact 
solutions for FPDE involving three variables, further broadening the scope of 
analytical techniques in fractional calculus. 
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In addition, the Quadruple Shehu Transform (QST) was introduced in [26] 
as a more generalized form of the Sumudu and Laplace transforms 24. This 
extension provides a powerful mathematical tool for tackling complex differential 
equations. In this study, we investigate the effectiveness of QST in obtaining 
analytical solutions for the three-dimensional heat equation, demonstrating its 
potential in addressing fractional-order problems in mathematical physics. 

As mentioned earlier, FC broadens the conventional notion of integrals and 
derivatives by extending them beyond integer orders to encompass any positive 
real value. This extension provides a more flexible mathematical framework 
where fractional derivatives, inherently defined as definite integrals, offer a 
deeper geometric interpretation of function accumulation. Within this generalized 
setting, classical integer-order calculus emerges as a specific instance. The 
distinctive properties of fractional calculus facilitate a more comprehensive 
analysis of real-world dynamics, enabling a global perspective in contrast to the 
predominantly local focus of traditional calculus. 

Furthermore, in many real-world phenomena, which are influenced by 
inherent memory effects and hereditary characteristics, fractional order models 
prove to be more advantageous than their classical counterparts. These intriguing 
and practical attributes of fractional calculus have inspired our exploration of heat 
equations within the framework of fractional order concepts, aiming to provide a 
comprehensive and globally oriented structural analysis. 

The structure of this paper is outlined as follows: Section 2 introduces 
fundamental definitions related to fractional derivatives and the ST. In Section 3, 
we discuss key aspects of the Shehu transform and its extended variants, 
including the Double, Triple, and Quadruple Shehu Transforms. Section 4 
focuses on deriving specific formulas for the Quadruple Shehu Transform 
adapted to fractional Caputo operators. In Section 5, we apply this transform to 
determine the solution of a third-order fractional heat equation. Finally, Section 6 
concludes the paper by summarizing our findings and providing final remarks.  

2. Preliminaries 
In this part, we present essential concepts of FC and the foundational 

principles of the Shehu transform.  

Definition 2.1: 1The Riemann-Liouville      partial fractional integrals for 
continuous function        are defined as follows [10, 11]:  

            
 

    ∫                      (2.1) 

            
 

    ∫                      (2.2) 

                                  .  

Definition 2.2: 2According to [11], the Riemann-Liouville      partial 
fractional derivatives for a continuous function        are expressed as follows:  

             
 

      (
 
  )

 
∫                        (2.3) 
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      (
 
  )

 
∫                        (2.4) 

Definition 2.3: 3For a continuous function        the Caputo partial fractional 
derivatives are expressed as follows in [11]:  

            
 

      ∫                           (2.5) 

            
 

      ∫                           (2.6) 

Here,                         .  
 
Below are key properties of Caputo derivatives and the partial fractional integrals:  
(1)                 

    
        ∫                                    

(2)                   

   
            ∫                                         

(3)                       ∑   
   

         
      

(4)                        

Definition 2.4: 4The Mittag-Leffler function           is a generalization of the 
exponential function and is defined as:  

          ∑   
   

  

                                (2.7) 

This function plays a fundamental role in fractional calculus, particularly in 
solving fractional differential equations, as it naturally generalizes exponential 
behavior in non-integer order systems.  

Definition 2.5: 5In 1961, Fox presented the H-Function which is expressed as a 
Mellin-Barnes type contour integral:  

      
       

         
         

   
   ∫   

∏   
           ∏   

                  
∏   
                ∏   

             
  

Here,   represents an appropriate contour, and the orders           are 
integers satisfying the conditions              Moreover, the 
parameters                                                  
are such that                                    

        
   [  |                                                  

] 

   ∑   
   

                        

                        
  (2.8) 
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The H-function serves as a unifying framework for numerous special 
functions, making it particularly valuable in fractional calculus and integral 
transforms.  

3. Shehu Transform 
This section covers the Shehu transform and its extended forms, including 

the Double, Triple, and Quadruple Shehu Transforms, as well as the Quadruple 
Inverse Shehu Transform. Additionally, we discuss the convolution property of 
the Quadruple Shehu transform.  

Definition 3.1: 6As defined in [24] The (ST) of a function      of exponential 
order is defined over the set of functions that satisfy the condition of existence, 
ensuring that the integral representation of the transform converges. Specifically, 
if      is a real-valued function defined for     and of exponential order, 
then its (ST) is given by:  

                 ∫   
    

   
  

         (3.1) 
where    and    are Shehu transform parameters that play a role in determining 
the transform properties. 

The function      must satisfy appropriate growth conditions to ensure the 
convergence of the integral.  

Definition 3.2: 7Alfaqeih [6] investigated the double Shehu transform for the 
function       , which is expressed as:  

                                  ∫   
 ∫   

    
   
  

    
  

             
 (3.2) 

This transformation serves as an extension of the single Shehu transform, 
enabling the analysis of two-dimensional problems more effectively. It is 
particularly useful in solving integral and PDE's, making it a valuable tool in 
mathematical and applied sciences.  

Definition 3.3: 8Alkaleeli [8] introduced the triple Shehu transform (TST) of the 
function          which is formulated as:  

   
                                          

                                      ∫   
 ∫   

 ∫   
   *

   
  

    
  

    
  

+               
 (3.3) 

This transformation provides a powerful mathematical tool for analyzing 
three-variable functions in applied mathematics and engineering.  

Definition 3.4: 9Expanding on previous work, the Quadruple Shehu transform 
(QST) was introduced in [26] as a natural extension of the TST to four variables. 
The transform of a function            is given by:  
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    ∫   
 ∫   

 ∫   
 ∫   

   *
   
  

    
  

    
  

    
  

+                    (3.4) 
Here, the non-negative variables            represent the independent 

parameters of the function, while                      and    are the 
corresponding Shehu parameters. This transformation is particularly useful in 
handling multi-dimensional integral equations and fractional differential 
equations.  

Definition 3.5: 10The Quadruple inverse Shehu transform, as presented in [25] is 
given by:  

                                                      

  
  

   ∫      
    

 
  
 (

   
  

) [  
   ∫      

    
 
  
 (

   
  

) (  
   ∫      

    
 
  
 (

   
  

) (  
   

∫      
    

 
  
 (

   
  

)                 )    )    ]     
 (3.5) 

This inverse transform allows for the retrieval of the original function from 
its quadruple Shehu representation, making it a crucial component in solving 
equations that utilize this transformation.  

Theorem 3.6: 11The convolution of the Quadruple Shehu transform for the 
functions             and             is represented as        
             and is formulated as follows in [25]:  

                     ∫   
 ∫   

 ∫    ∫                            
                                                                                                      

 

  ∫   
 ∫   

 ∫   
 ∫                                                         

(3.6) 

4. Main Results 
In this part, we develop the Quadruple Shehu transform (QST) for fractional 

integrals and derivatives.  

Theorem 4.1: 12For    , if the function            exhibits exponential 
order behavior, then the fractional integral of the Quadruple Shehu transform, 
represented as               is formulated as:  

                          (    )
  

                   (4.1) 

Proof: Using the Convolution with respect to x of Quadruple Shehu transform, 
we get  
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Theorem 4.2: 13For    , if the function            is of exponential order, 
then the fractional integral of the Quadruple Shehu transform, represented as 

              is expressed as:  

                          (    )
  

                   (4.2) 

Proof: Using the Convolution with respect to y of Quadruple Shehu transform, 
we get  

                                   
 

     
                    

          
 

        
                  

          
 

     
      
      

               

         
                    

Theorem 4.3: 14Let     and function            have exponential order. 
Then, the fractional integrals of Quadruple Shehu transform of               
is expressed as:  

                          (    )
  

                   (4.3) 

Proof: Using the Convolution with respect to z of Quadruple Shehu transform, we 
get  

                                   
 

     
                    

          
 

        
                    

          
 

     
      
      

               

         
                    

Theorem 4.4: 15Let     and function            have exponential order. 
Then, the fractional integrals of Quadruple Shehu transform of               
is expressed as:  

                          (    )
  

                   (4.4) 

Proof: By applying the convolution with respect to t in the Quadruple Shehu 
transform, we obtain:  
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Theorem 4.5: 16Let           and function            have exponential 
order. Then, the fractional integrals of Quadruple Shehu transform 

                       are given as follows:  

 
                                       

        
         

        
   

                                                                                              
 

Proof: Using the convolution of Quadruple Shehu transform we get,  

 
                                           

 
    

 
    

 
    

 
     

   

                                                                                                                  
 

    
    

 
    

 
    

 
              

                                   

  
  

    
 

    
 

    
 

             .
      
      

 
      
      

 
      
      

 
      
      

 /

                                                                         
 

         
        

        
        

                       

Theorem 4.6: 17Let               and           such that      
                                  .Let's make a 
selection                    and Let                   
Furthermore, suppose that for               we have              
                       Furthermore, suppose that for             
         and constants                 the inequality              
                  holds. Thus, the Quadruple Shehu transform corresponding to 
partial fractional derivatives in the Caputo sense is formulated as follows:  

               
              

        
 *                     ∑      

          
            

   
               +   

               
              

        
 *                     ∑      

          
            

   
               +   
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 *                   ∑      
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 *                   ∑      
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 *                   ∑      
          

        

      
   

                ∑      
          

            
   
                

  ∑      
          

            
   
                ∑      

    (    )
          

   (
   
              )  ∑      

    ∑      
    ∑      

    ∑      
    (    )

     (    )
     

 

       
           

                  
                           +  

Proof: Theorem     can be proven in a manner analogous to the proof of 
Theorems                 and    .  

5. Application 
(1) Solution of Fractional Heat Equation: 

This section of the study focuses on utilizing the Shehu transform to obtain a 
solution for the third-order fractional heat equation, based on the theoretical 
foundations established earlier.  

Example 5.1: 18Consider the following equation:  

   
    

             
     

    
    

                            (5.1) 

Along with the initial and boundary conditions:  

  {
                                   
                                              
                                             

 (5.2) 

Here,             are partial derivatives with the respect to         
respectively and      .  

Solution: By applying definition of triple Shehu in Eq. (5.2) we get, 
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 (5.3) 

Now applying the QST to both sides of the eq (5.1) we get,  

               
              

              
    

    
                

(5.4) 
By using the definition of the Quadruple Shehu transform as stated in 

Theorem (4.6), the equation in (5.4) simplifies to:   

  (    )
 
                     (    )

   
                   (    )

   
 

                     
  [(

  
  
)
 
                     (    )       

                                     (    )
 
                     (    ) 

                                         (    )
 
                     

  (    )                                        +  (5.5) 

Then we get  

  (    )
 
                      

  [(
  
  
)
 
                      

   (    )
 
                     (    )

 
                    ] 

   (    )
   

                   (    )
   

                   

    
  ,(

  
  
)                                          

   (    )                                         

   (    )                                         }  
By doing some small rearrangement in above Eq. we get  
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  (    )
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                  (    )
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)                                         

   (    )                                         

   (    )                                       +-  (5.6) 

Now by using the equation (5.3) in equation (5.6) we get,  

                       
  (    )

   

  (    )
 
 [(    )

 
 (    )

 
 (    )

 
]
  

   [   

(      
 )(      

 )(      
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 .  (    )
 
/
{  
  
  

  
  
  

  
  

  
  
  

  
  

  
  
}]   (5.7) 

For finding the inverse Quadruple Shehu transform for equation (5.7), we 
use the formula:  

         ∑   
        

 
  

      
     (5.8) 

By applying equation (5.8) in equation (5.7) we get,   
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   ∑   
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 (5.9) 

By taking the inverse Quadruple Shehu transfom of equation (5.9) yields,  
            ∑   

   ∑   
   ∑   

   ∑   
   ∑   

    

     
                                           

               

  



804� D. D. PAWAR, R. D. KADAM AND W. F. S. AHMED

        
   

[
 
 
 
 ( 

   

    ) ||
                  
                                   
                              
                       ]

 
 
 
   

   ∑   
   ∑   

   ∑   
   

                                        

                 

       
     (      |

                    
                                   
                                     

] 

   ∑   
   ∑   

   ∑   
   

                                        

                 

      
     (      |

                    
                                 
                                      

] 

   ∑   
   ∑   

   ∑   
   

                                        

                

      
     (      |

                    
                                 
                                       

] 

 (5.10) 

6. Conclusions 
In this study, we extended the Shehu transform framework to the fourth 

order, establishing a more comprehensive theoretical foundation for these 
advanced integral transforms. This extension enhances the applicability of Shehu 
transforms in solving complex mathematical models, particularly those involving 
fractional-order systems. We illustrated the effectiveness of these higher-order 
transforms by deriving analytical solutions for FPDE's in three-dimensional 
space. Our methodology incorporated fractional derivatives in the Caputo sense, 
which provides a more flexible and generalized approach to modeling real-world 
phenomena with memory effects. By implementing this technique in solving the 
fractional three-dimensional homogeneous heat equation, we highlighted its 
efficiency in capturing intricate physical behaviors that classical methods may not 
fully address. 

Additionally, we leveraged the Fox-function theory to express the obtained 
solutions in a compact, elegant, and computationally convenient form. This 
representation not only simplifies the interpretation of results but also reinforces 
the practicality of our approach in handling various applied problems in physics, 
engineering, and related disciplines.  
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