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1. Introduction

Fractional calculus has gained significant attention in recent decades due to
its broad applications in applied sciences. Fractional-order models, being more
flexible than their integer-order counterparts, play a vital role in providing deeper
insights into the dynamics of complex real-world phenomena. Within the realm of
fractional calculus, numerous open problems await exploration, encompassing
both theoretical and experimental research avenues. Hence, delving into the study
of differential equations is of paramount importance for comprehension.
Analytically solving differential equations remains a challenge, with limited
available techniques. Consequently, numerous scholars employ integral
transform techniques to tackle both ordinary and partial differential equations.
The PDE's, in particular, play a pivotal role in investigating diverse applications
such as heat transfer, gravitation studies, quantum mechanics, and the behavior of
perfect fluids [2, 3, 4, 5, 11, 16, 22, 23, 26, 27, 29, 31].

Differential equations are fundamental tools for modeling and solving
real-world problems across diverse fields such as engineering, biology,
physics,and applied sciences. Their significance lies in their ability to describe
complex systems and dynamic processes. However, finding analytical solutions
to differential equations is often challenging, as only a select class of these
equations can be solved explicitly. To address this issue, researchers have
introduced various analytical techniques, with the Laplace transform method
being one of the most effective. This method has been extensively utilized in the
literature to solve differential equations efficiently, as reported in [16, 19].
Building upon the concept of the Laplace transform, KA+lA+A§man et al.
introduced extensions such as double Laplace transform and double Sumudu
transform. These advanced methods have proven effective in solving complex
equations, including Poisson and wave equations [23]. Moreover, The Sumudu
transform has proven to be an effective tool for solving DE's in various
applications, particularly in control engineering applications. Several integral
transforms share similarities with the Laplace transform [1, 9, 14, 15, 20, 21, 24],
such as the Sumudu transform [17, 32], the Mellin transform (MT)[30], and the
Shehu transform [28, 13]. The Laplace transform continues to be a highly
effective method for deriving analytical solutions to differential equations. The
solution for wave and Poisson equations has been presented in [23] using the
double Laplace transform (DLT) [18] and Sumudu transform. In control
engineering, DE are effectively handled using the Sumudu transform.

In the quest for solving integral equations and partial differential equations,
researchers have explored various advanced transform techniques. Notably, the
Double Shehu Transform (DST) was introduced in [6, 7] to facilitate the solution
of such equations [12, 13]. Building on this concept, Alkaleeli, Mtawal, and
Hmad [8] proposed the (TST) as a natural extension of the triple Laplace
transform. This novel transformation has proven effective in obtaining exact
solutions for FPDE involving three variables, further broadening the scope of
analytical techniques in fractional calculus.
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In addition, the Quadruple Shehu Transform (QST) was introduced in [26]
as a more generalized form of the Sumudu and Laplace transforms 24. This
extension provides a powerful mathematical tool for tackling complex differential
equations. In this study, we investigate the effectiveness of QST in obtaining
analytical solutions for the three-dimensional heat equation, demonstrating its
potential in addressing fractional-order problems in mathematical physics.

As mentioned earlier, FC broadens the conventional notion of integrals and
derivatives by extending them beyond integer orders to encompass any positive
real value. This extension provides a more flexible mathematical framework
where fractional derivatives, inherently defined as definite integrals, offer a
deeper geometric interpretation of function accumulation. Within this generalized
setting, classical integer-order calculus emerges as a specific instance. The
distinctive properties of fractional calculus facilitate a more comprehensive
analysis of real-world dynamics, enabling a global perspective in contrast to the
predominantly local focus of traditional calculus.

Furthermore, in many real-world phenomena, which are influenced by
inherent memory effects and hereditary characteristics, fractional order models
prove to be more advantageous than their classical counterparts. These intriguing
and practical attributes of fractional calculus have inspired our exploration of heat
equations within the framework of fractional order concepts, aiming to provide a
comprehensive and globally oriented structural analysis.

The structure of this paper is outlined as follows: Section 2 introduces
fundamental definitions related to fractional derivatives and the ST. In Section 3,
we discuss key aspects of the Shehu transform and its extended variants,
including the Double, Triple, and Quadruple Shehu Transforms. Section 4
focuses on deriving specific formulas for the Quadruple Shehu Transform
adapted to fractional Caputo operators. In Section 5, we apply this transform to
determine the solution of a third-order fractional heat equation. Finally, Section 6
concludes the paper by summarizing our findings and providing final remarks.

2. Preliminaries

In this part, we present essential concepts of FC and the foundational
principles of the Shehu transform.

Definition 2.1: 1The Riemann-Liouville (RL) partial fractional integrals for
continuous function @(x,y) are defined as follows [10, 11]:

JEP(x,y) = %fy (y — 6)51d(x,0)do, (2.1)

AP (x y)—%f (x — @) (0, y)do. (2.2)

Where §,{ > —1 and (y, x) € (0, o) X (0, o).

Definition 2.2: 2According to [11], the Riemann-Liouville (RL) partial
fractional derivatives for a continuous function @(x,y) are expressed as follows:

WDioy) = 5 (5) [ 0 -y ree o, @3

F(T 9
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1

WDiOy) = (L) X et e, (24)

Definition 2.3: 3For a continuous function @(x,y) the Caputo partial fractional
derivatives are expressed as follows in [11]:

Di®(x,y) = ——[7 (y — ) 10" (x,0)do, (2.5)

Lr-%)
1 iy

Jy =" e™ (g, y)dog. (2.6)

Here, n—1<{<nr—1<é<r,andr,n € N.

DY) =t

Below are key properties of Caputo derivatives and the partial fractional integrals:
(D) G5 L@ )] =

om0 =0 - )¢ Vo (p,0)dodg.
@) DiDi[®(x,y)] =

—1 —-&— ——
T(n—O)r(r—0) foy =01 (x — )" 10 (¢, 0)dOdg.

(B) LD [®(x, )] = (x,¥) — Xip
@ IEDS[®(x, )] = d(x, ¥).

M (x,0)

r!

Definition 2.4: 4The Mittag-Leffler function E, ¢ (t) is a generalization of the
exponential function and is defined as:

Eqe(t) = 520 ——(, a,t € GR( > 0),R(a) > 0). 2.7)

I'(ar+{)
This function plays a fundamental role in fractional calculus, particularly in
solving fractional differential equations, as it naturally generalizes exponential
behavior in non-integer order systems.

Definition 2.5: 5In 1961, Fox presented the H-Function which is expressed as a
Mellin-Barnes type contour integral:

(ag, Ag)’f] _ 1 ]'[?=1 (eg—Egr) HE=1F(1—a<+1A()0Jd‘r
(ee, Eg)y ™ 2mi~L Mopyy T(A-eg+EgD ey (ag—TAg)

Here, L represents an appropriate contour, and the orders (r,n,u,v) are
integers satisfying the conditions 0 <n <v,0<r <u, Moreover, the
parameters a; € ]R{,Ag >0,(= 1,2,3,....,u,e§ € ]R{,Ef >0,¢§=123,...,v
are such that A((eg +a)# Ef(a( —a—-1),a=0123,..

L s [_0_ (1 - al'Al): B (1 - a‘rﬂA‘r)
nztl (1,0),(1 — ey, Ey),..,(1 — e, E,)

_ woo T(ag+A;s)..T(ag+Ars)o®
= XsZo SIT(e1+E1S)..[(ez+Ezs) | (2.8)

Hey [0
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The H-function serves as a unifying framework for numerous special
functions, making it particularly valuable in fractional calculus and integral
transforms.

3. Shehu Transform

This section covers the Shehu transform and its extended forms, including
the Double, Triple, and Quadruple Shehu Transforms, as well as the Quadruple
Inverse Shehu Transform. Additionally, we discuss the convolution property of
the Quadruple Shehu transform.

Definition 3.1: 6As defined in [24] The (ST) of a function @(x) of exponential
order is defined over the set of functions that satisfy the condition of existence,
ensuring that the integral representation of the transform converges. Specifically,
if @(x) is a real-valued function defined for x = 0 and of exponential order,
then its (ST) is given by:

S (D) el = [ e TID(x)dsx, G.1)

where &; and 7; are Shehu transform parameters that play a role in determining
the transform properties.

The function ®(x) must satisfy appropriate growth conditions to ensure the
convergence of the integral.

Definition 3.2: 7Alfaqeih [6] investigated the double Shehu transform for the
function @(x,y), which is expressed as:
0 (o0 _[M.'_ﬂ]
S:Sy(@(x,¥)) = Ql(er, &), M)l = [y [ e ™ 72 @(x,y)dxdy.
(3.2)

This transformation serves as an extension of the single Shehu transform,
enabling the analysis of two-dimensional problems more effectively. It is
particularly useful in solving integral and PDE's, making it a valuable tool in
mathematical and applied sciences.

Definition 3.3: 8Alkaleeli [8] introduced the triple Shehu transform (TST) of the
function @(x,y,t) which is formulated as:
SxSySt[(D(x' ¥, = Q[(&1, €2, €3), (M1, M2,M3)]

E1X &Y , E3L

= fooo fooo fooo e_ H-'—E-'—E]':D(X, v, t)dxdydt

This transformation provides a powerful mathematical tool for analyzing
three-variable functions in applied mathematics and engineering.

(3.3)

Definition 3.4: 9Expanding on previous work, the Quadruple Shehu transform
(QST) was introduced in [26] as a natural extension of the TST to four variables.
The transform of a function @(x,y, z,t) is given by:

Si,y,z,t[cb(x' ¥,2,0)] = Q[(&1, &2, €3, €4), (11,12, M3, M4) ]
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—[Erx a2 2az pat)

= f f f f e m m2 m3 mald(x,y,z t)dxdydzdt, (3.4
Here, the non-negative variables t,z,y,x = 0, represent the independent

parameters of the function, while &;,¢,,€3,64,11,12, 13 and n, are the

corresponding Shehu parameters. This transformation is particularly useful in

handling multi-dimensional integral equations and fractional differential

equations.

Definition 3.5: 10The Quadruple inverse Shehu transform, as presented in [25] is
given by:

xyzt(Q[(glrgZJEBr&L) M1, M2:m3,M8)]) = ®(x,y,2,t)

§+ico 1 1% Hioo 1 £2y ytio 1 (8% /1
fgloo - ( )[ f( 10077 ( )( f e(ns)(_

2m 2mi 2mi YY—i® 13 2mi

(3.5)
fftlc: nie(m)S‘} [®(x, 3,2, t)]d84) deg) dez] de;.

This inverse transform allows for the retrieval of the original function from
its quadruple Shehu representation, making it a crucial component in solving
equations that utilize this transformation.

Theorem 3.6: 117he convolution of the Quadruple Shehu transform for the
functions ®,(x,y,z,t) and D,(x,y,z,t) is represented as (P ****
®,)(x,y,2,t) and is formulated as follows in [25]:
t
(g x5 D) (x,y,2,t) = fox foy foz Jo @1(x—pLY = P27 —ps,t —ps)
@, (p1, P2, P3, P4)AP1AP2dp3dpy,
t
= fox foy foz fo Gy (x = p1,Y = P22 = p3, t = pa)P1(P1, P2, P3, P4)AP1AP2dp3dpy.
(3.6)

4. Main Results

In this part, we develop the Quadruple Shehu transform (QST) for fractional
integrals and derivatives.

Theorem 4.1: 12For & > 0, if the function @(x,y,z,t) exhibits exponential
order behavior, then the fractional integral of the Quadruple Shehu transform,
represented as  15®(x,y,z,t) isformulated as:

S,S,S,S. (I P(x,y,7,t)) = (—1) $,S,S,S.P(x,y, 7 t) 4.1

Proof: Using the Convolution with respect to x of Quadruple Shehu transform,
we get

$,S,S:S: I (x,y,2,1)) = S,S,S,S (F@ sk d(x,y,2,t))

= $,S,S: (= Sy (x5S, D(x, ¥, 2, 1))

r'e)



APPLICATION OF QUADRUPLE SHEHU TRANSFORMS 799

¢-n!
=S, St(@ gl)f S,®P(x,y,2,t))

( )f§§§¢(xy,zt)

Theorem 4.2: 13For y > 0, if the function ®(x,y, z,t) is of exponential order,
then the fractional integral of the Quadruple Shehu transform, represented as
yIY®@(x,y,2,t) is expressed as:
€2

S,S,S,S. (1Y D(x,y,2,t)) = (—2) $,S,S,S.P(x,y,7t) 4.2)

Proof: Using the Convolution with respect to y of Quadruple Shehu transform,
we get

$,x$,S,S:(GI"P(x,y,2t)) = S,S,S,S ( Laxx ®(x,,2,t))

Iy )
y-1
T )S OIS, @ (x,y,2,1))

r-1)!
= $.5,8(; (zmyy SyP(.7,2.1)
712

= (;—Z)—Vgxgzgthx, y,z,t).

=S,S,S,(—

Theorem 4.3: 14Let [ > 0 and function @(x,y,z,t) have exponential order.
Then, the fractional integrals of Quadruple Shehu transform of 1P ®(x,y,z,t)

is expressed as:
£3

S,S,S,S. L IFD(x,y,2,1)) = (—3) S,S,S,S:P(x,,2,t) (4.3)

Proof: Using the Convolution with respect to z of Quadruple Shehu transform, we
get

1 _
$xS,S,S: 1P D(x,y, 2, t)) = SXSySZSt(%Zﬁ Lisx d(x,y,2,1))

=S,S,S ( S,(zF 1S, (x,y,2,t))

T'(B)

(B-1)!
=S§,S,S; (F(B) (53)5 S,®(x,y,2t))
n3

= (&)7FS,S,S,.P(x,y,2,t).
13
Theorem 4.4: 15Let § > 0 and function @ (x,y,z,t) have exponential order.

Then, the fractional integrals of Quadruple Shehu transform of I°®(x,y,z,t)
is expressed as:

S,S,S,S: (I°D(x,,2,1)) = (Ez) $,S,S,S. (%, y,2,t) (4.4)

Proof: By applying the convolution with respect to t in the Quadruple Shehu
transform, we obtain:
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S$+S, S, S (12D (x,y,2,1)) = S,S,S,St (=t xxx D(x,y, 2,1))

(&)
=S,S,S (F(s) (DS, D (x, y,2,1))
=S Gt S, ®(x,y,z,1t))

xSyS Z(r(a) =
= (27%5,S,S,9(x,y,2,t).
N4

Theorem 4.5: 16Let &,y,B3,6 > 0 and function ®(x,y,z,t) have exponential
order. Then, the fractional integrals of Quadruple Shehu transform
WL y 1Y A5 (x,y,2,t) are given as follows:
S5 _ E4N—-6/E3N\— E2N—v ,€1N—
SeSyS,Se(tl? LIF I JE0(x,y,2,0) = (7 (E)F (B ()
$xS,S8,S:P(x,y,2,t)

Proof: Using the convolution of Quadruple Shehu transform we get,

5 B Y 3 = A
SxSyS;Sc(el® 217 1Y (I ®P(x,y,2,t)) = S,S,S,S f(r@) T T TG)

YV 1zB 10 sk B(x, y, 2, 1))
1 1 1 1

- = E-1,,y-1_B-146-1
= O TE T T@) SxSySeSc (YT ZE TS, S, S @ (x, v, 2, 1)

11 1 1 S, S,S, ((5—1)!()/—1)!(3—1)1 (5—1)1)

T T(B) TW) x=y=z EE (E2yy (BB (E4

BGEBEGRO) GDF GHY GHE Gh?
$xS,S,8:P(x,y,2,t)

=D TSNS, S, S @(x,y, 2, t).
4 2 M

Theorem 4.6: 17Let 04,0,,05,0, EN and &,v,5,6 > 0 such that 0, — 1 <
6<504,0;—1<f<030,-1<y<o0y0 —1<E&<ZL 0, .Lets make a
selection | = max{o,,0,,05,0,} and Let @ € C/(R* XR* xRt xR")
Furthermore, suppose that for uj, Uy, Uz, Uy >0 we have ®' € S;[(0,u;) X
(0,uy) x (0,u3) X (0,uy)]. Furthermore, suppose that for t > Uy, z > Uz, y >
Uy, X > Uy, and constants L,iy, 15,103,014 >0 the inequality |®(x,y,z,t)| <
Le*u+Yi+zisttis nolds Thus, the Quadruple Shehu transform corresponding to
partial fractional derivatives in the Caputo sense is formulated as follows:

S¢S,Sy S {ED5 @ (x,,2, 1)}
—1— 9T
= (9 [S5,8,8:(0(x,7, 2,0} = Ty (H717118,8,8,GL @0,y 2,D),
S;:S,S Sx{yD +@(x,y,2,t)}

=&y [5:5.8,S:{®(x,y,2,6)} - 172, Hins,s ,Si (22 d(x, 0, 2, )],

dyT2
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S¢S,S, S DL @ (x, v, 2, 1)}
= (@) [SCSZSny(D(x,y,Z, ) -37, 2)71os, S Yt 2 o(x,,0, t))]
S¢S,y Sy {EDS D (x,y, 2, )}
E° [5:5,8,8,0(x,,2,0) - £9:2, SZ)—l—msxsySZ(:%qa(x,y,z, 0)].
SeS.SySe{sD5+ §Dyr SDye EDYP(x,3,7,0)}
= (Y (P [55,8,8:0(x, 2,0 - Ly (DTS,

S, S, (0rlcb(0y,zt))—2'721 )HZSSS( ° ®(x,0,2,t))

oy"2

_ —1-714
_Zg3 -1 (83) 113§, S, S (a = d)(x ¥,0,t)) — ng ; (;_1) Sy S,

S (atm Cb(x y,2, 0)) +Z:11 gzuz -1 a3 1 g::_ol (;_1)—1—1“1 (%)—1—rz

gr1tr2+r3+rs

€3\ —1-13 €4\ -1,
(713) " (714) ' (6x’”1 dy"2 0z"3 9tT4 @(0,0,0,0))].

Proof: Theorem 4.6 can be proven in a manner analogous to the proof of
Theorems 4.1, 4.2,4.3,4.4 and 4.5.

5. Application

(1) Solution of Fractional Heat Equation:

This section of the study focuses on utilizing the Shehu transform to obtain a
solution for the third-order fractional heat equation, based on the theoretical
foundations established earlier.

Example 5.1: 18Consider the following equation:
Dl ®(x,y,z,t) = %(Df +Di +DHP(x,y,z,t), tzyx>0. (51)
Along with the initial and boundary conditions:
®(x,y,2,0) = sin(my) sin(nz) sin(mx),

@(0,0,0,t) = ®(0,y,z,t) = &(x,y,0,t) = P(x,0,2,t) =0, (5.2)
®,(x,¥,0,t) = D,(0,y,2,t) = D,(x,0,21t) = mE,(—t%),

Here, D, D,,D,,D, are partial derivatives with the respect to t,z,y,x
respectively and 0 < o < 1.

Solution: By applying definition of triple Shehu in Eq. (5.2) we get,
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3

S,S,S,®(x,7,2,0) = =

(GH2+n) (B2 +m) (D2 +m?)’
$,8,8:®(x,0,2,t) =S,5,S,P(x,y,2,0) =0
$,8,8:®(0,y,2,t) =S,S;S,P(x,y,0,t) =0,

(54)a—1
(53)(52)(“(‘”)“) (5:3)

n3° M2
€41
(s )a

$:8,S:D,(0,y,2,t) =

S,SxS:Dy (x,0,2,t) = e —a
? GHEHA+GHD’

f4va—-1
kSySXStDZ (x,,0,t) = W
Now applying the QST to both sides of the eq (5.1) we get,
S:S,S Sx{iD +@(x,y,z,t)} = StSZSny{(Df + Dj + DH)D(x,y,2,t)}.
(5.4)

By using the definition of the Quadruple Shehu transform as stated in
Theorem (4.6), the equation in (5.4) simplifies to:

(;_1)6 StSnySZ{(D(x’ V,Z, t)} _ (;_1)5—1 SZSXSy{CD(x. v, Z, 0)} - (;_:)6—2

1 2
S,8:S,{(x,7,2,0)} = = [(;—1) S:S,S:S,{P(x,y,7, )} — (f]—i) S,S,

S, {®(0,7,2,)} — $;S,S, D (®(0, 7,2, )} + (82) S¢S, 5,S,{®(x,7,2,t)} - (;—Z)
S¢S, S,{®(x, 0,2, 1)} — S;S,S5,D, {®(x, 0,2,)} + (83) S¢S, 5,S,(P(x,y, 2 1)}

— (2)5:5.5,{0(x,7,0,0} = 5,8, D,{®(x,,0,0}] (55)
Then we get

5
(f]—“) S,S,S,S.[®(x,y,2 )] S,S,S,S.[®(x, 7,2 1)]
4

€4

5-1 2
= (_) SxSyS,[P(x,y,2,0)] +
N4

+n2{( )S S;S:[®(0,y,z, t)]+§ S,S¢Dy[P(0,y,2,1)]

=[G
+(2)'5,8,5.5. [0(6,,2,01 + (2)5,5,5,5.[0(x,y.7 2l
)™

$xS,S,[P(x,y,2,0)]

+(2),8,8:[0(x, 0,2, )] + S,8,5. D, [0 (x, 0,2, )]
12 Y

+ (g) S, Sc[D(x, Y, 0,1)] +S,S, S, D, [P (x,y,0, )]}

By doing some small rearrangement in above Eq. we get
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TL’Z
8 2 2 2
72(52) {5+ () +(5) )
e\0-1 e
X {(E) S:8,8,[0(x,7,2,0) = () $,5,8,[®(x,7,2,0)]
1

-= [(;—11) S,S.Sc[@(0,y,2,8)] + S,S,S: Dy [9(0,y, z,t)]

s

Sx§y§z§t[cb(x, v,z t)] =

+(2) 5,800 (x,0,2, 0] +5,5,8:D, [®(x,0,2,0)]
2
+(2)8.5,8.[0(x,,0,6) +5,5,5:D,[@(x,,0,0]] }. (5.6)
Now by using the equation (5.3) in equation (5.6) we get,
nz(;_i)s—l
8 2 2 2
R TR

StSZSny{CD(x, v,z,t)} =

X

3 + 1 { 1 + 1 + 1 } (5 7)
£ E1E &3 F1E3 . .
(ﬁ+nz)(ﬂz+nz)(ﬂ3+nz) ”<1+(;—z)6> ﬁ ﬁ ﬁ
For finding the inverse Quadruple Shehu transform for equation (5.7), we
use the formula:

L+ 0% = Eiino (- 2752 (5.8)

By applying equation (5.8) in equation (5.7) we get,

o F(n-pmr(n-v)
S¢S, Sy Sc{®(x,y,2,0} = Tioo Tito Bveo yrrioron,

(_1)9+n+v+l

X [Z?:o Y0 Xm=0

F(V)T[Z(u+s+l+m+v)(;1)2(n—u—n‘)—l)(fl_z)—z(nﬂﬂl)
% 1 _ (_1)n+v+s
—2(u+9+10) 2a—-ap+av+l 2(u+v+n+1)

6 "

Zs 0 2( ) v+ l)+11 2(v+s-D)+1 2(v+as+u) (5'9)

{ G R G B 5 I ) I
_ZT 0 2(s—n—p)+1 2(v+n— 1)1 2(v+r=D+1 2(v+ar+p)

) () &) (e

1

_ZEO:O 2( )+1 2(v+n-D+1 2(v+c=D) 2(v+ac+ )}l
(:1) s—n—u (nz) v+n— (;z) v+c— (n4) v+ac+u

By taking the inverse Quadruple Shehu transfom of equation (5.9) yields,
O(x,y,2,t) = XjZo Xg=o Lizo Lm=0 Zn=0

(_1)\9+n+ szn—zp.—z\‘)—zl—l

y—zn—zl—lz—zu—zﬂ—ltza—au

nlg2pt+29+2l+2m
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1-n+u0),(1—n1).
t“n’z) (0,1), (2,0)%, (1 — u,0), (1 —n,0),(1,1),

(1+2n+ 24 +29+2L0), (1 +2n+21,2),
(1+4+2u+292),(—2a+ au,a).

2,1
X j'[1,12 - (

22y2

_ 200 Zw Zw (_1)n+vx—2n—2p.—lyzn—zl+2vz—21+2vt2p.+2p—1
u=0 Ln=0 Lv=0 nlyig2+2p+2vizn

A1-n+u0),1—-—n—-v0).
X Hig [ | zxt®)?|(2,0)%, (1 — 1, 0), (1 — n,0), (1 + 2n + 24, 2),
(—2n+ 21— 2v,0), (2L — 2v,0),(1 — 2u — 2v, 2a).

—2n-2u,,2n-214+2v—1,-2l4+2v 2u+2v-1
—Z°° Z°° Z°° (—1)MHVx 22y 2n-2142V=1 2142V 2P 2V
u=0 &n=0 &Lv=0 nlyig2+2p+2vizn

X H g [— | zxt®)?|(2,0)2, (1 — p,0), (1 —n,0), (2n + 24, 2),
(1-2n+21-2v,0),(2l — 2v,0), (1 — 2u — 2v, 2a).

_ ZOO ZOO ZOO (_1)n+vx—Zn—zuyzn—zl+2vz—2l+2v—1t2u+2v—1
u=0 &n=0 &Lv=0 nlyig2+2pt2v+zn

1-n+u0),(1—-—n—-v,0).
X 2y [— | zxt®)?|(2,0)%, (1 — p,0), (1 —n,0), (2n + 24, 2), .
(—2n+201—2v,0),(1 — 21 — 2v,0), (1 — 2u — 2v, 2a).
(5.10)

6. Conclusions

In this study, we extended the Shehu transform framework to the fourth
order, establishing a more comprehensive theoretical foundation for these
advanced integral transforms. This extension enhances the applicability of Shehu
transforms in solving complex mathematical models, particularly those involving
fractional-order systems. We illustrated the effectiveness of these higher-order
transforms by deriving analytical solutions for FPDE's in three-dimensional
space. Our methodology incorporated fractional derivatives in the Caputo sense,
which provides a more flexible and generalized approach to modeling real-world
phenomena with memory effects. By implementing this technique in solving the
fractional three-dimensional homogeneous heat equation, we highlighted its
efficiency in capturing intricate physical behaviors that classical methods may not
fully address.

Additionally, we leveraged the Fox-function theory to express the obtained
solutions in a compact, elegant, and computationally convenient form. This
representation not only simplifies the interpretation of results but also reinforces
the practicality of our approach in handling various applied problems in physics,
engineering, and related disciplines.
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