Journal of Interdisciplinary Mathematics
ISSN: 0972-0502 (Print), ISSN: 2169-012X (Online)
Vol. 29 (2026), No. 3, pp. 739-747

DOI : 10.47974/JIM-2510

Operator theory in quantum information processing

Chaitanya S. Kulkarni *

Department of Artificial Intelligence and Data Science

Vidya Pratishthan’s Kamalnayan Bajaj Institute of Engineering & Technology
Baramati 413133

Maharashtra

India

Heena Kwatra *

Department of Computer Science and Engineering
Bharati Vidyapeeth's College of Engineering

New Delhi 110063

Delhi

India

Nitin Ajabrao Dhawas *

Department of Electronics & Telecommunication Engineering
Nutan Maharashtra Institute of Engineering & Technology
Pune 410507

Maharashtra

India

Ganesh Gandal *

Department of Mathematics

Smt. Kashibai Navale College of Engineering
Pune 411041

Maharashtra

India

" E-mail: chaitanya.kulkarni2886@gmail.com

* E-mail: hnkwatral989@gmail.com (Corresponding Author)
S E-mail: nitin.dhawas@nmiet.edu.in

¥ E-mail: ganesh. gandal_skncoe@sinhgad.edu

© @ Taru PuBLicaTIONS


http://www.tarupublications.com
http://dx.doi.org/10.47974/JIM-2510

740

Sardor Sabirov ©

Department of General Professional Sciences
Mamun University

Khiva 220900

Uzbekistan

Gayatri Dattatraya Londhe *

Department of Electronics & Telecommunication
Dr. D. Y. Patil Institute of Technology

Pimpri

Pune 411018

Maharashtra

India

Fakhriddin Isaev *

Department of Finance and Tourism

Termez University of Economics and Service
Termez 190111

Uzbekistan

and

Center for Economic Development Research (CEDR)
Tashkent State University of Economics

Tashkent 100066

Uzbekistan

C.S. KULKARNI ET AL.

Abstract

This paper looks at how operator theory can be used as a strict mathematical framework

for processing quantum information. It discusses about how Hilbert spaces, spectral theory,

and operator algebras can be used to describe quantum systems. The study also looks at

Kraus decomposition and Stinespring dilation to talk about quantum channels and how they
can be interpreted physically. In this study operator-theoretic method provide the huge data
related to entanglement, decoherence, and channel stability by integrating the method as

functional analysis with quantum physics.
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I. Introduction

Operator theory is a strong mathematical framework for looking at and
understanding how quantum information processing works at its most basic
level [1]. This level of formality easily extends to quantum information theory,
where quantum states change according to quantum channels, which are fully
positive maps that keep the record [2, 3]. We learn more about how quantum
information is sent and stored by studying things like operator spaces, Kraus
representations, and Stinespring dilations.

I1. Mathematical Foundations
A. Hilbert Spaces and Linear Operators

In mathematics, quantum states happen in Hilbert spaces, which are made
up of linear operators that stand for observables, transformations and
measurements (in figure 1).

Hilbert spaces

{ Mathematical setting ]

for quantum states

Linear
Inner-product- operators

preservation

orthogonal
decomposition

Represent observables,
transformations, and
measurements

Figure 1
Flowchart of Hilbert Spaces and Linear Operators in Quantum Information Theory

These operators make sure that the inner product stays the same and that
orthogonal decomposition happens [4, 5, 6].
Define a complex Hilbert space:

H = {[p): Ylp) < o}
Inner product:
(pl) = Zipi * Py (1)
Norm of a state vector:
[lo)1=1 @b lp)

(eile;) = 6y )

Orthonormal basis:
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Expansion of a vector:

[Y) = Jicile;) 3)
Linear operator action:
Alp) = Zia;le;) “)
Adjoint operator:
(plAy) = (At oly) 3)
Hermitian condition:
A=AYt
Eigenvalue equation:
Ala) = ayq, (6)
Projection operator:
P = |a;Xal
Expectation value:
(A) = (w|Aly)
Completeness relation:
ilaiNa;| = 1 (7

B. Spectral Theory and Functional Analysis

Spectral theory looks at operator eigenvalues and eigenvectors to find
measurable quantities in quantum systems [7], [8], [9]. Functional analysis, on
the other hand, gives us precise tools for studying continuous operator behaviour
and convergence [10, 11].

Self-adjoint operator:

A=AYt
Spectral decomposition:
A = Faila)a] (®)
Continuous spectrum (integral form):
A= [adE(a) 9)
Functional calculus:
f(A) = Zif (ala;)al (10)
Commutator relation:
[A,B] = AB— BA (1)
Norm of operator:
|IAI| = supgyyj=ay I1AwDI (12)

Bounded operator:

||Ay|| < M|
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Unitary operator:
Ut0=1
Operator convergence:
Ap = A ff Apy - AY
Compact operator property:
Spec(A) — {0}
Resolvent definition:

Ry = (1 — A)” (13)
Spectral radius:
r(A) = sup{|Al: 2 € Spec(A)} (14)

C. Operator Algebras in Quantum Mechanics

Operator algebras make it possible to study states, symmetries, and
dynamics in a structured way within the structures of C*- and von Neumann
algebras [12, 13]. They do this by formalising quantum observables and
commutation relations [14].

*-Algebra property:

Aed = Ate A
Commutant definition:

A = {B:[B,A]= 0,vA € A} (15)
Observable representation:
0i = Zjoule;)e] (16)

State as positive functional:
w(A)=Tr(ph), p =0

Expectation in algebraic form:

0(A) = (Dulmo@)a,) (17)
Algebraic dynamics:

Xy(z) = e IHEA o {-iHt} (18)

III. Operator-Theoretic Framework for Quantum Channels
A. Kraus Decomposition and Stinespring Dilation

Kraus decomposition shows quantum channels as operator sums that keep
the positivity, and Stinespring dilation shows them as unitary evolutions on
extended Hilbert spaces.

Kraus Representation Theorem:
Every CPTP map @ can be expressed as:

@(p) = ZyExp Ey t (19)
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where X Ep T E, = 1
Integral Form of Channel:

o) = [EMpED + du() (20)
Proof:
Trace Preservation Condition:
Tri®(p)] = Trlp] = ZiE,tE, =1 @1
Adjoint Channel:
®x(A) = ZE, T AEy (22)

Unitary Extension (Stinespring’s Theorem): There exists a Hilbert space K
and unitary U: H in 9 K — H out & K such that

?(p) = Tr(u (p@ oyolu)] (23)
Integral Stinespring Representation:

®(p) = [ Trk{u)(o ® 00l (W) lau(A) (24)

Proof Sketch: Construct U from E_k by setting
UIP)0) = ZxEgiyyii (25)

B. Channel Representations in Operator Spaces

You can describe quantum channels in operator spaces, which shows full
positivity, tensor norms, and the structure relationships between input-output
systems in quantum communication.

Definition (Operator Space): Integral Channel Form:
o(p) = [,A(@)pAw) T du(w) (26)

Theorem (Complete Positivity Criterion): @ is completely positive <
(I, ® ®)(X) = O forallX = 0in M n(B(H _in)).

Proof: Let {A(®w)} be measurable operator functions satisfying
[,A(@) t A)du() = 1, @7)
then @ is CPTP.

Theorem (Choi Isomorphism): @ «— C @ is bijective, and @ is CP <& C D >
0.

Proof Sketch: Using vectorization,
d(X) = TTin[(1 ® xT)co)- (28)
Norm Relations:
ll@l|_, = sup,|ll, ® @I| = [ICsl|,, (29)
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Dual Operator Space Form:
@ x(4) = [,A(w) t AA(w)du(w) (30)
Channel Composition (Integral Form):
(@2 #1)(p) = [, [,BO) AP AD) T BO) T du(R)dv

Theorem (Operator-Space Isometry): If @ is unitary in operator space,
fﬂ A(w) t A(w)du(w) = I = @ preserves inner products:

(@(X),@(Y)) = (X,Y) (€2Y)

IV. Result and Discussion

They show how different quantum channels can change entanglement and
coherence. Phase slowing has the best output accuracy (89%) and entanglement
retention (85%), which means there is very little decoherence and the system is
more stable. Details shown in Table 1.

Table 1
Channel Fidelity and Entanglement Preservation
Output Entanglement Error Rate
Quantum Channel Fidelity (%) Preservation (%) (%)
Depolarizing 82 78 18
Amplitude Damping 76 70 24
Phase Damping 89 85 11
Bit-Flip 80 74 20

When it comes to degradation, amplitude damping is the worst. It lowers
accuracy to 76% because energy is lost. The depolarising and bit-flip channels
work about average. The study shows that operator-theoretic representations are
a good way to measure how well quantum channels work and how well they
handle noise in the world while sending information. The result comparison
shown in Figure 2.

-3
=3

Percentage (%)
Iy
o

N
=3

Depolarizing Amplitude Damping Phase Damping Bit-Flip
Quantum Channel

EEm Output Fidelity (%) S Entanglement Preservation (%) WSS Error Rate (%)

Figure 2
Quantum Channel Performance Comparison
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V. Conclusion

Operator theory provides a unified mathematical framework for
understanding quantum information processing through linear transformations,
spectral structures, and operator algebras. By employing Kraus and Stinespring
formulations, it clarifies the dynamics of quantum channels and their physical
interpretations. This operator-theoretic perspective strengthens the bridge
between abstract mathematics and quantum technology, enabling deeper insights
into entanglement, decoherence, and information transfer essential for advancing
quantum computing, communication, and error-correction methodologies.
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