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Abstract

This paper presents mathematical models that may be applied to enhance the
management of the health of the population and prevent pandemics. It is based on
compartmental models such as SEIR and control variables such as the vaccine, quarantine,
and social isolation to model disease spread and the effectiveness of interventions. Dynamic
programming and optimal control theory are optimisation techniques that are applied to
identify the optimal reaction plans. The outcomes of the simulation indicate that there are
significant decreases in the rate of reduction of the number of infections and consumption
of resources. The proposed models provide the lawmakers with practical information that
can be applied to them in times of outbreak and pandemic scenarios to make timely and
data-driven decisions.
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1. Introduction

One of the largest challenges to the health, businesses, and social order the
world is facing is pandemics, which require effective and robust plans of
managing public health. The COVID-19 pandemic demonstrated the way in
which random infectious disease propagation can be. This further enhanced the
need to be able to respond swiftly and in a scientific manner. Mathematical
modelling is a significant method to comprehend the methods of disease
transmission, make assumptions about the way the outbreaks will be, and
develop good solutions to prevent them [1, 2]. SIR and SEIR are examples of
compartmental models that have been extensively applied to forecast disease
transmission and understand the impact of practices applied to control the spread
e.g. vaccinations, quarantine, and social isolation [3, 4]. Although standard
models can be helpful, they do not necessarily perform effectively in the context
of simple adjustment and identification of the most appropriate settings of
various intervention factors when resources are scarce [5, 6]. Many of the
existing techniques do not utilize information to make decisions and they fail to
consider the way in which diseases increase in an erratic and random manner
[7]. The issues above demonstrate that we should have a superior modelling
methodology that can enable us to make strategic and effective policy choices.

The aim of the study will be to develop and analyze mathematical models
that do not only better predict pandemic spread but also involve optimal control
techniques to determine the most appropriate public health interventions that
require the minimal amount of resources [8, 9]. The primary objective is to
assist lawmakers to decide by providing them with evidence-based, practical
measures to reduce the number of infections and the social and economic impact
of the latter. A modified SEIR model, factors of control that vary with time, and
the application of dynamic optimization techniques to analyze various public
health reaction situations are the most significant teachings that this study
contributes [10, 11].

2. Mathematical Modeling Framework
2.1. SEIR Model Formulation

The SEIR model divides the population into Susceptible S(t), Exposed
E(),

Infectious 1(t), and Recovered R(t) compartments. The system of
differential equations is:

Lo —p s (1)
%:ﬁ*s(t)*%—a*E(t) (2)
L= EM -y 1®) 3)
Sy I “)

The total population is constant:
N=S®+ E®+ I(t)+ R(®) 5)
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Theorem (Existence and Uniqueness): For initial conditions S(0), E(0),1(0),
R(0) = 0,and S(0) + E(0) + I(0) + R(0) = N, the SEIR system has a
unique global solution.

Proof Sketch: Define the vector function:

—B xS *I/N
B*Sx*I/N—ox*E,

cxE —vy=x]
y * 1

The Picard-Lindel6f theorem says that there is a unique answer that stays
positive for all t > 0. This is because the function is Lipschitz continuous over a
limited region [12].

fit, y) =

Basic Reproduction Number:

RO =

<RI

If RO > 1, the disease spreads; if RO < 1, it eventually dies out.

2.2 Incorporation of Control Variables

We use time-dependent control functions to describe intervention methods.
These are ul (t) u 1 (t) for vaccine and u 2 (t) u 2 (t) for separation. With the
changes, the formulae become:

=By —ul®s (6)
& = 0E —yl —u2(t)l 7

In this case, ul(t) lowers the number of people who can get sick by
immunizing them, and u2(t) lowers the number of people who can get sick by
isolating them. These controls are limited: 0 < ui(t) < 10 <ui(t) < 1.
They were picked to minimize an objective function that shows the trade-off
between the number of cases and the cost of control [13]. This changes the
model into an optimal control problem that can be solved with straight
collocation or Pontryagin's Maximum Principle.

2.3 Time-Dependent Parameters and Real-World Data Integration

To make it more realistic, B(t), m(t), and P(t) are depicted as a time-
dependent factor. These demonstrate the changes in behaviour, rules, and health
care over the years. As an example, S(t) 2 can decrease due to mask laws or
lockdowns. Real-life data is employed to estimate parameters, such as the
numbers of proven cases [14]. Appropriate techniques such as nonlinear least
squares, Kalman filtering or Bayesian inference are employed. This allows the
model to adapt to evolving circumstances and it is more effective at prediction.
Finding movement and testing data can enhance response time and strength, and
transforming the results of modelling into useful information to make decisions
about the future of the population health.
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3. Optimization of Control Strategies

In order to determine the best intervention strategies, we describe an
objective functional:

JLu2) = [JA*I(t) + B xul?(t) + C » u2?(t)]dt (8)

Where:

- A penalizes infectious cases,

The aim is to ensure that this cost function goes to minimum in the period
of time T and also to ensure that reduction in sickness is economically feasible.
The quadratic cost ensures that the process of control is smooth and the
punishment of the sudden change of policy is so that the latter can be
implemented.

Through adjoint variables, the number of infections, the cost of control,
and how the system varies through time is combined to form the Hamiltonian.
Adjoint equations are necessary to observe variations in the costate variables.
Minimizing the Hamiltonian results in the best controls u'(2) and u*(2). This
ensures that the vaccine and separation methods do not go beyond their
boundaries considering the way the population is evolving and the associated
costs.

H=Axl +Bsul’+ Cxu2®+ 21(—f+S+=— ul+5)

I
+/12(,8*S*E—0*E) %)
- Defines total cost including system dynamics and adjoint variables.

2. Adjoint Equation for Al:
dal 1 1
S (et ul)= 25f (10)
- Backpropagates the marginal cost of susceptible population changes.
3. Adjoint Equation for A2:
dd—ltz=/12*a—/13*cr (11)
- Relates changes in exposed individuals to system cost.
4.  Adjoint Equation for A3:
2= A+ 23(r +u2) - My (12)
- Connects infection burden with recovery effects on cost.

5. Optimal Control ul(t):
ul * = min (max (0, %) , 1) (13)

- Gives optimal vaccination policy bounded within feasible range.
6.  Optimal Control u2(t):

u2 * = min (max (0,%) , 1) (14)

- Derives isolation strategy to balance cost and disease control.
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Pontryagin’s Maximum Principle:
dAi OH

0=~ u*= argmin,H (15)

4. Simulation and Scenario Analysis

4.1. Description of Simulated Pandemic Scenarios

The simulation examines several various pandemic scenarios that are
simulated by the SEIR model and possess various initial conditions and control
strategies. As Figure 1 illustrates, all the components of mathematical modelling
combine together to assist us in determining the way to ensure that the spread of
infections is prevented and the ICU is not overcrowded. It achieves this by
relating SEIR models, optimization, and simulation.

Mathematical
Models

SEIR Model Numerical
Methods
Results and
Discussion

[ Infection Reduction (%) [ Numerical Cost (%) [ ICU Load Reduction (%)

Figure 1
Integrated Network Diagram for Pandemic Modeling and Control Optimization

These are the baseline (no action), early response (when the controls are
implemented within the first 5 days of the outbreak recognition), delayed
response (when the controls are implemented after 20 days), and dynamic
control change (depending on the actual case limits). The disease statistics, the
population size, and the rate of contact are kept constant in all cases to visualize
the effects of the treatment that are applied and the way in which they are
applied. The model is operated over 180 days and the values are calculated using
the actual world, i.e. B=0.4 and y=0.1.

Table 1
Comparison of Intervention Strategies
Strate Peak Total Days to Control
gy Infection (%) | Infected (%) Peak Cost Index
No Intervention 38.2 724 46 0
Early Response 14.6 33.1 28 68.2
Delayed Response 294 59.7 40 42.5
Dynamic Adjustment 16.2 354 31 63.0
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Table 1 compares the various possible ways of responding to the
pandemic, based on key result measures. There is the highest peak infection rate
(38.2%), and total infection spread (72.4%) in the No Intervention situation
which is at its greatest day 46 with zero cost to control. Conversely, the "Early
Response" strategy reduces the maximal infection rate to a significant extent,
down to 14.6 percent, as well as the overall number of cases, down to 33.1.

80

Percentage

0.3)

d
A:aptive Thresho!

=0.9) =0.6) =!
(u=90 ce control “‘-“-o‘: control (u

trol
pigh COM L dera

Infection Reduction (%) B Economic Cost (%) I ICU Load Reduction (%)

Figure 2
Analysis of Policy Trade-Offs and Thresholds

It also has a higher control cost index of 68.2 as it reaches its peak earlier
on day 28. Although the "Delayed Response" scenario is an improvement of the
situation of doing nothing, it raises (29.4) numbers and a large number (59.7) of
cases at a minimal cost (42.5). Dynamic Adjustment approach has a cost index
of 63.0 with a decrease in peak infections of 16.2% and total infections of
35.4%. These data indicate that timely and agile control measures in the time of
pandemic will be of great importance to reduce the rate of infection and reduce
the overall costs to provide health and the economy to the population.
Comparison of the effectiveness of four methods of pandemic control was
conducted in terms of infection reduction, economic cost, and reduction of ICU
load (Figure 2). The highest control intensity (u = 0.9) minimizes infections
(82.5), which is light to the intensive care unit (88.1) but is the most expensive
(65.3). The opposite is true with low control, which has minimal impact on the
strain of infection and ICU.

5. Discussion

5.1 Key Findings from Model Simulations

The results of the modelling indicate that prompt and carefully considered
tactics of action can produce a significant impact on the end of the pandemic.
Total number of sick people, peak cases and the number of patients in intensive
care unit (ICU) also decreased significantly in the situation whereby the control
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measures were undertaken early or flexibly changed. Slow and non-response
reactions, on the other hand, resulted in increased infections and extended stress
on hospital resources. The outcomes indicate that less extreme interventions are
more effective at the beginning of the interventions than stricter limits are at the
end of the interventions. Real-time limits-based adaptive strategies (such as the
reproduction number) were a moderated approach as well, reducing not only the
disease burden but also the economic impact with targeted measures using data.

5.2 Effectiveness of Optimized Strategies

The best control methods that are developed using the theory of optimal
control, and the SEIR model, proved to be effective in ensuring that costs of
action are minimized as well as the spread of infection. The early response
option reduced the peak cases by over 60 percent compared to default of the
action with only significant cost involved. The dynamic control that varied
according to the real-time conditions reduced the number of infections and ICU
stays without creating an excessive financial burden on the system. The flexible
approach never allowed control to go beyond the options of costs and was more
apt in answering unknown factors. These findings apply in practice as they
demonstrate the practical use of mathematical optimization in the development
of solutions that are efficient and sustainable in the context of the real world of
public health management.

6. Conclusion

This paper demonstrates that mathematical models are required by the
public health managers when making decisions regarding the prevention and
spread of pandemics. We developed a model that has the necessary precision to
take into consideration the spread of diseases and test treatments based on
compartmental models, such as SEIR, optimal control theory, and numerical
methods. Simulation based on early and adaptive control strategies can decrease
the peaks of infections, overall cases, and ICU loads at limited costs. The best
approach is the dynamic threshold based responses that are a balance between
societal health and resource -effectiveness. Dynamic programming and
Maximum Principle developed by Pontryagin are useful in exploiting facts to
enhance decision-making. The results prove the necessity of real-time data and
flexible regulations in the preparation of pandemics. Through this model driven
method, the expenses of health and the economy are minimized and the
readiness of the public health system to handle epidemics is enhanced.
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