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Abstract
In this paper it examines the mathematical principles of the neural networks and how 

these can be applied to simulate the thoughts of people in computer systems that are expected 
to be intelligent. Certain significant aspects of the learning process are considered, such as 
linear algebra (with an emphasis on the operations of vectors and matrices) and calculus 
techniques such as the differentiation and gradients. The backpropagation technique is 
discussed in detail as one of the simplest approaches to training neural networks to minimize 
the error. There are also several optimization techniques including gradient descent and more 
advanced versions, which are considered to enhance the speed and precision of learning.  

Subject Classification:  68T10 P, 68T27.

Keywords: Neural networks, Vector metric space, Orthogonal sequences, Backpropagation, Gradient 
descent.
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1. Introduction 
There is now a lot of advancements in developing artificial intelligence 

(AI) systems, capable of learning, thinking, and decision making, similar to 
human beings. At the core of this success is the neural networks which are 
computer models that are grounded on the structure and functionality of the 
organic brain systems [1, 2]. Neural networks perform exceptionally well at 
such tasks as identifying pictures, comprehending ordinary language, or acting 
autonomously. Despite such findings, there is still the need to know the 
mathematics of neural networks to enhance its design, usage, and compatibility 
with human thought processes [3, 4, 5]. The mathematical system should be 
highly robust in order to represent with neural networks how people think and 
learn since it is a complex process to process information and learn. Neural 
processes are based on linear algebra. Vectors and matrices are used to represent 
inputs, weights and changes that pass messages between layers [6]. Neural 
networks are mathematical, and the figure below, Figure 1, illustrates the core 
mathematical concepts behind cognitive AI. The possibility of differentiation in 
calculus allows one to optimize these networks with a gradient-based training 
method.  

 
Figure 1 

Mathematical Foundations Framework for Neural Networks in Cognitive AI 
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This allows the networks to minimize errors and work better and better. 
The algorithm of the backpropagation enables this process to occur and rapidly 
calculates the gradients of the loss functions on the basis of network factors [7]. 
Gradient descent along with variations of it are also of great importance in order 
to give good answers to networks with high dimensions in spaces. These 
mathematics aids ensure that learning is stable and convergent that are suitable 
in brain modelling correctly [8, 9].  

2. Linear algebra in neural networks 
2.1. Vector and matrix operations 

Neural networks need to process data very fast and that is why some of the 
functions are very important to the neural networks namely the vector and 
matrix functions. The vectors and matrices of inputs, weights, and activations 
are depicted, and this allows one to perform small operations simultaneously 
[10, 11]. Through these processes, data across network levels is easily changed 
and combined. They are the mathematical understanding of the signal-
propagation and attributes of feature-extraction in neural designs. 

Definition (Vector): The real number ordered set of real numbers given as:  
      (          )        (1) 

Definition 2 (Matrix): An m n matrix M is a rectangular table of real numbers, 
i.e. a table with m rows and n columns:  
      ,   -                             (2) 

Equation 1 (Vector Addition): For vectors u, v   ℝⁿ,  
          (                       ) (3) 

Equation 2 (Scalar Multiplication): For scalar α   ℝ and vector v   ℝⁿ,  
        (                ) (4) 

Equation 3 (Matrix-Vector Multiplication): For matrix M   ℝ^(m×n) and 
vector v   ℝⁿ,  
               (5) 
       ∑        

*   +  (6) 

Equation 4 (Matrix-Matrix Multiplication):  
                          

                 (7) 
        ∑         

*   +  (8) 

Proof: The matrix multiplication and distributive property of sums over 
multiplication lead to follows. 
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2.2. Weight matrices and transformations 
Weight matrices demonstrate the strength with which neurones in various 

layers are connected to each other. Neural networks implement linear 
transformations which project input data to an elevated-dimensional space of 
features [12, 13]. This they do by multiplying input vectors to weight matrices. 
The result of these changes is that the network is capable of learning complex 
representations and this is significant when stacked concepts are used to model 
nonlinear brain processes [14, 15]. 

Linear Transformation representation as:  
   (     )    ( )    ( ) (9) 
   (   )      ( ) (10) 

Equation 9 (Neural Layer Transformation): Given input vector x   ℝⁿ, 
weight matrix       (   )  and bias vector b   ℝᵐ, the output y   ℝᵐ is  
              (11) 

Theorem -Linearity of Weight Transformations: The transformation T(x) = 
W x is linear. 

Proof: With any U belong to V is subset of Rn given as: 

Additional Equations: Composition of Transformations:  
Two layers with weights W₁ and W₂ compose as  

    .  ( )/     (   )   (    )  (12) 

Equation 11 (Eigenvalue Equation):  
                                 (13) 
            (14) 

From Equation 12 (Spectral Norm): The spectral norm of W is  

  ‖ ‖     *     + .‖   ‖ 

‖ ‖ / (15) 

3. Calculus for learning 
3.1. Differentiation and gradients 

Differentiation is a significant component of neural network training since 
it determines gradients that indicate the impact of factors on the output. 
Gradients are used to make adjustments of parameters that reduce forecast 
errors. Calculus provides us with the instruments to quantify such changes of 
rate, which allows networks to enhance weights repeatedly to better cognitive 
modeling learning and generalization. 

Definition (Derivative): Let             be a real-valued function. 
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The derivative of phi at a point x is defined as 
      ( )         *     + ,    (     )       ( ) -    (16) 
provided the limit exists. 

Definition (Gradient): For a scalar function phi :       , the gradient at 
    (            ) is defined as the vector of partial derivatives: 

      (   )( )   .                         /  (17) 

Chain Rule: Then the derivative of psi is given by 
      ( )       (     ( ))         ( )  (18) 
    
       *     +,    (                    )      (            ) -      

   (19) 

Directional Derivative: The directional derivative of phi at point x in the 
direction of a unit vector d is given by 
       ( )       (   )( )    (20) 

3.2. Backpropagation algorithm 
Backpropagation is a quick method of computing gradients by using the 

chain rule of math successively by reversing the network levels. It pushes errors 
of the outputs to the inputs and alters weights to ensure that loss functions are 
minimized. The approach is the foundation of neural network training, and it is 
scaled and accurate in terms of observed data. 

MAE given as: 

      .  /∑(      )  (22) 

Error at Output Layer:  
   *( )+           ( *( )+)  (23) 

Proof Sketch: Gradient      of parameters θ is computed, and the computation 
graph of the network outputs is broken up in local derivatives and combined 
together with the chain rule, along with the reverse propagation of errors in an 
efficient manner. 

4. Analysis and Discussion 
Results of learning success of three classes of neural networks are 

presented in Table 1. These are Feedforward, Convolutional, and Recurrent 
Networks.  
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Table 1 
Neural Network Learning Performance Metrics 

Model 
Architecture 

Accuracy 
(%) 

Training 
Loss 

Validation 
Loss 

Convergence 
Epoch 

Feedforward 
Network 92.4 0.085 0.103 45 

Convolutional 
Network 95.1 0.062 0.089 38 

Recurrent 
Network 90.7 0.095 0.11 50 

 
Figure 2 compares model architectures and the accuracy of those. 
 

 
Figure 2 

Model Architecture vs Accuracy 
 
Convolutional Network is the most accurate score being 95.1%. Its training 

and validation losses are also the lowest which indicates that it is highly general. 
The third one is the Feedforward Network whose accuracy is 92.4% which 
indicates that it is a fairly well trained network.  

5. Conclusion 
The paper was discussing the important ideas in mathematics, linear 

algebra, calculus, and optimization that the neural networks use to develop the 
human thinking and learning process. It is the intersection between theory and 
practical AI applications by formalising the operations of vectors, differentiation 
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and gradient-based learning. These roots not only facilitate learning networks 
more easily but also the advantage of this is that AI systems can be trained much 
more effectively thus enhancing their ability to reproduce brain processes. The 
future researcher must strive to use these mathematical instruments in more 
complex frameworks, and combine them with the new theories of cognition.  
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