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1. SALUJA ET AL.

Abstract

The study examines the application of scientific stochastic differential equations
(SDEs) to machine learning techniques to make them more robust and predictive. This is an
approach that enhances generalization in evolutionary and complex environments because
it characterizes the skepticism and clatter of data that are constructed in with SDEs. We come
up with new SDE-based systems that can modify the fast rate at which they learn as well
as the frequency with which they revise parameters. This ensures that converging is more
stable. Big changes in measures of speed are seen in experimental results on test datasets
when compared to traditional optimization methods. The proposed approach provides a
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solid mathematical means of incorporating stochastic dynamics that provide more data of
how algorithms behave in the case of doubt.

Subject Classification: 34K50.

Keywords: Stochastic differential equations, Machine learning, Robustness, Optimization, Predictive
modeling.

1. Introduction

Machine learning (ML) has transformed many areas and allows computers
to identify trends in data and make intelligent decisions. However, the real world
is usually full of confusing, unclear, and changing data, and thus it is difficult to
make standard ML systems work. Many of these common optimization
techniques are only effective in known predictable settings [1], [2]. This may
render models to be less reliable and useful in case of random changes.
Therefore, it is relevant to understand how to handle uncertainty effectively to
make machine learning more effective, particularly in areas where the data is
likely to be inconsistent, such as banking, healthcare, robots, and self-driving
systems [3]. Stochastic differential equations (SDEs) can be an effective tool to
apply math to the description of systems, which are perturbed by noise and
random variations. SDEs find application in physics, economics, and control
theory to demonstrate time-varying changes in processes in the case of random
forces [4]. The application of SDEs in machine learning can provide a rational
means of demonstrating confusions and variations which occur over time as we
learn. This combination simplifies the handling of computers in relation to noise
data and settings that are difficult to comprehend. Most recently, researchers
have been interested in stochastic optimization schemes using SDEs [5]. They
are Langevin dynamics and stochastic gradient Langevin dynamics (SGLD).
The techniques introduce noise to the parameter variations so as to bypass local
minima to enable exploration to be more effective [6][7].

2. Mathematical Foundations of Stochastic Differential Equations
2.1. Ito and Stratonovich Calculus Overview

Stochastic differential equations (SDEs) are a special type of equation, and
are usually written using ito and Stratonovich calculus, and concerned with
chance. Ito calculus is concerned with stochastic integrals that lack any
predictive properties [8], [9]. This is suitable in the modelling of the processes
that involve all-random noise and the future value does not have the ability to
alter the present.

Definition (Ito Integral): Given a Brownian motion W_t and an adapted
process X_t, the Ito integral over [0,T] is defined as

0 .
f XtthT = llm{n_,w}X (W{t{i+1}} - W{tz}) (1)
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Where, 0 = t 0 < t.1 <...< t_n = T isapartition of [0, T].

Equation 1 (Ito's Lemma): For an Ito process X t and twice differentiable
function f(t,x),

arxo = (Dac+ (Daxor Q@ @nr. o
Theorem (Ito Isometry):

E[(f“T xtdwt)z] = E [f“T X%dt] 3)

Equation 2 (Stratonovich Integral): The Stratonovich integral is defined as
X {ti}+ X {

—t{“}}] (W —wg,) “)

0 . -1
f TXt o th = llm{n—wo} Zgl:()}} [ 2

Equation 3 (Relationship between Ito and Stratonovich):

[°T X, 0 dw, = [°T X,dw, + (%) Iy (%) dt )

Equation 4 (Chain Rule for Stratonovich): For f(t,X t) with Stratonovich
calculus,

df = (g) dt + (%) « dX, (6)

2.2. Analytical Solutions and Numerical Approximations

There aren't any closed-form mathematical answers for most SDEs,
especially when the drift and diffusion terms are complicated. To simulate
random processes, numerical approximation methods such as the Euler-
Maruyama and Milstein schemes are very important.

Definition (Strong Solution to SDE): A process X t is a strong solution to the
SDE

dX, = p(X, t)dt + a(X, t)dW, @)
if X tis adapted to Brownian filtration and satisfies the equation almost surely.

Equation 1 (Analytical Solution for Linear SDE):
solution is

X, = X%exp ((a —?)t + bWt) 9)

Theorem (Existence and Uniqueness): If u and o satisfy Lipschitz continuity
and linear growth conditions, there exists a unique strong solution.
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Equation 2 (Euler-Maruyama Numerical Scheme): For step size At,
approximation:

X{n+1} = Xn + [l,(Xn, tn)At + O'(Xn, tn)AWn, (10)
where AW~ N(0, At).

Equation 3 (Milstein Scheme):
1 !
Xnety = Xn+ BX)AL + 0(X)AW, + (3)o(X,)0' (X)) (12)

Equation 4 (Strong Convergence Rate): Euler-Maruyama strong order 0.5:

E”XT - x{;‘”” = 0o(Var). (13)

Equation 5 (Weak Convergence Rate): For expected values, Euler-Maruyama
weak order 1:

|ElF ] - E[f(x9)]| = o). (14)

3. Proposed Methodology
3.1. Integration of SDEs into ML Algorithm Frameworks

Adding stochastic differential equations (SDEs) to machine learning
systems makes it possible to describe error in an organized way while training

[10], [11].

d8; = —V (8;) 8 = —VL(6;)

dt +o (8, tW +4/23-1dW

Stochastic SDE-Driven Fokker-Planck

Parameter Gradient Flow Equation for

Dynamics Parameter
Distribution

Figure 1
Integration of Stochastic Differential Equations into Machine Learning Algorithm
Frameworks

Figure 1 shows integration of stochastic differential equations within
machine learning frameworks. By showing changes to parameters as random
events that happen all the time, SDEs make it possible for algorithms to
naturally handle noise and adapt to changing data distributions [12, 13]. This
method improves stability by avoiding overfitting and smoothing out
optimization paths.
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Definition (Stochastic Parameter Dynamics): Parameters 6 t evolve as
stochastic processes via:

de, = —Vy4L(6)dt + a(0,,t)dW,, (15)
where L(8_t) is the loss function, and o(8_t, t) modulates noise intensity [14].

Equation 1 (SDE-Driven Gradient Flow):
do, = —VyL(0)dt + |/2p-Vdw,, (16)

B is inverse temperature parameter controlling noise scale.
Theorem (Fokker-Planck Equation for Parameter Distribution):
Probability density p(0,t) satisfies:
a -1)4
2= Vo (pVsl(®)+ BS M p, (17)
describing parameter distribution evolution under SDE.
Equation 2 (Stationary Distribution):
pss(e) & exp(—ﬁ L(e))- (18)
Equation 3 (Discretized Parameter Update):
Using Euler-Maruyama:

Oy = Ok — MVoL(O) + Y27 B1E,, (19)
&~ N(0, 1), n is learning rate.

Additional Equations:
1.  Gradient noise covariance:

2(0) = E[VoL(0)V4L(0)T] — VoL(0)V,L(6)T. (20)
2. Stochastic Gradient Langevin Dynamics (SGLD):
Oty = Ok — (%) VoL(B1) + ik @)

3. Continuous-time Langevin diffusion:
do, = —V,L(8)dt + V2dw,.

3.2. Formulation of Stochastic Optimization Algorithms

Using the SDE framework as a base, stochastic optimization methods are
created to use both drift and diffusion to make parameter changes that are more
flexible. These algorithms go beyond traditional optimizers by adding controlled
noise terms that help get out of local minima and make exploring the loss
landscape better.

Definition (Stochastic Optimization with SDEs): Parameter updates as:
det = - g(et)dt + G(et)dwt,
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where g(0_t) is biased gradient estimator.

Equation 1 (Generalized SDE for Optimization):
do, = — (VoL(8,) + b(8,))dt + a(8,)dW,, (22)

b(6_t) models gradient noise bias.

Theorem (Convergence under Lipschitz Conditions): When L has a
Lipschitz gradient, 7(0) is bounded, then, 7(0) —t approaches the acute points of
L in distribution.

V 1 =-10 Sin 2 (Noise-Driven Escaping from Local Minima):
Noise o( 0t )dW t allows one to climb sharp minima by diffusion through
loss landscape.

Equation 3 (Discrete-time Stochastic Optimization Update):

Oy = Ok — M 8(0) + V2 M BUVE, (23)
8(0_k) noisy gradient, &~ N(O, I).

3.3. Model Architecture and Algorithm Design

The model framework has SDE-based optimization tools that can be used
with regular machine learning processes. This implies that it is applicable with
the deep neural networks and other popular structures. Flexibility is highly
valued when creating an algorithm since it allows altering ad hoc parameters
such as noise strength and time discretization steps in a fluid manner.

Definition (SDE-based Training Algorithm): Training modeled as solving
discretized SDE:
Or1y = O+ f(OL)AL + G(6,)AW,, 24)

f(0) deterministic dynamics, G(8) noise matrix.

Equation 1 (Euler-Maruyama Discretization):
Oy = Ok + (0 )AL + G(0,)VALS,,
&~ N(0, D).
Theorem (Mean-Square Stability): Assuming that f Lipschitz and G are

bounded, the Euler-Maruyama is a mean-square stable discretization when At is
small.

Equation 2 (Adaptive Step-size Control):
. tol
At 13 = At X min (max (e—,O. 1),5)

k
Where e_k is local error estimate.
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Equation 3 (Noise Injection Layer in Neural Network):
Add noise § ~ N(0, 6%) at layer output h:

h=h + 7.
1. Loss function with noise regularization:
2
L(8) = E¢[L(® + O]+ 2]l0]]| (25)
2. Gradient of noisy loss expectation:
VoE:[L(O + §)] = Ef[VoL(0 + §)] (26)

4. Result Discussion

The reliability and convergence stability were significantly enhanced by
the addition of empirical SDEs to machine learning algorithms. Experimental
tests based on standard optimizers on benchmark datasets have been found to be
more accurate in their predictions and less subject to over fitting as shown in
below table 1.

Table 1
Performance Comparison of Optimization Algorithms
. Accuracy Convergence Robustness
Algorithm (%) Time (Epochs) | to Noise (%)
Standard Gradient Descent 85.2 120 68.5
Stochastic Gradient Descent 87.8 110 72.1
SDE-Based Optimization (Proposed) 91.5 95 85.3

The comparison of the effectiveness of three optimisation methods
presented in figure 1 is SDE-Based Optimisation, Stochastic Gradient Descent,
and Standard Gradient Descent. Results of comparative performance analysis of
the various gradient descent algorithms are illustrated in figure 2.

120¢
100+
80r
60
40
20
¢ 4 GP GD opt
\C B
sranda¥ ctochast® sDE‘Based
Accuracy (%) mmm Robustness to Noise (%)
mmm Convergence Time (Epochs)

Figure 2
Comparative Analysis of Gradient Descent Algorithms
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It is evident in the results that the proposed SDE-based approach is more
effective than the old methods in every test that was conducted. Specifically, it
has the highest accuracy of 91.5, which implies that it can have better
predictions on datasets attempted. It also requires less epochs (95) to converge
which implies that it is quicker to learn and more cost-efficient in using
computers.

5. Conclusion

One recent method, which is demonstrated in this study, to improve
machine learning methods is to add scientific stochastic differential equations to
optimization processes. The approach incorporates a controlled noise that entails
discovery and exploitation in the training process by posing parameter change as
a stochastic process. The methods made are more stable and reliable particularly
in cases when dealing with data that is unclear or unsure or that which is not
steady. Real world results using various test tasks demonstrate that such a
combination is effective producing improvements in accuracy and convergence
behavior. The approach provides a mathematically reasonable and flexible way
of enhancing existing machine learning models. It also leaves the opportunity of
further research of stochastic methods of optimization in future. Finally, the
introduction of SDEs will simplify the consistent operation of machine learning
systems in complex real-world environments with a high level of uncertainty.
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