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Abstract
The study investigates the application of the concept of the addition of a deep 

learning system to fractional calculus (FC) in order to accelerate and generalize the learning 
process. We propose a different form of neural network FGNN, Fractional Gradient Neural 
Network. In this network, the derivatives of fractional order are the gradient dynamics in 
control resulting in the optimisation being more fluid and the extraction of features being 
improved. The approach is a hybrid between the ease of use and memory capabilities of FC 
and the adaptation and data-driven capabilities of DL. The picture and signaling datasets 
experimental results indicate that these networks are more precise, more robust and less 
prone to overfitting as compared to standard networks. These findings indicate that FC is an 
excellent mathematical foundation to make next-generation deep learning models improved.
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Abstract- The study investigates the application of the concept of the 

addition of a deep learning system to fractional calculus (FC) in order to 
accelerate and generalize the learning process. We propose a different form of 
neural network FGNN, Fractional Gradient Neural Network. In this network, the 
derivatives of fractional order are the gradient dynamics in control resulting in 
the optimisation being more fluid and the extraction of features being improved. 
The approach is a hybrid between the ease of use and memory capabilities of FC 
and the adaptation and data-driven capabilities of DL. The picture and signaling 
datasets experimental results indicate that these networks are more precise, more 
robust and less prone to overfitting as compared to standard networks. These 
findings indicate that FC is an excellent mathematical foundation to make next-
generation deep learning models improved. 
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1. Introduction 
In recent times, deep learning (DL) has evolved, altering artificial 

intelligence to be incredibly good at certain tasks, such as speech, vision and 
natural language processing. Despite such results, issues such as overfitting, 
vanishing gradients and limited interpretability remain [1]. Fractional calculus 
(FC) refers to a branch of mathematical analysis where differentiation and 
integration are used to integer powers, rather than fractional powers [2], [3]. As 
opposed to classical derivatives, fractional derivatives examine the system 
history [4]. Due to this, the FC-based approaches such as Fractional Gradient 
Descent (FGD), Fractional Convolutional Layers, and Fractional Gradient 
Neural Network (FGNN) is a strong contender to the conventional models 
[5],[6]. 

2. Theoretical Background 
2.1 Fundamentals of fractional calculus 

FC was used and applied to the PDE order fundamental upon which the 
system model inheriting the some property depending on the memory performs 
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during the processing was also inheriting the feature of weighted calculation [7, 
8].  

Riemann–Liouville fractional integral: 

      ( )   (
 

 ( )) ∫ (     )      
  ( )   (1) 

Caputo fractional derivative: 

      ( )   (
 

 (     )) ∫ (     )          
  ( )( )   (2) 

Fractional differential equation: 
      ( )      ( )           (3) 

Laplace transform of fractional derivative: 
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2.2 Integer-order and fractional-order derivatives 
The derivatives with an integer order are used to explain the changes which 

occur immediately, as it is local and does not require previous behavior [9] [10]. 
Fractional-order derivative (Riemann–Liouville): 

      ( )   (
 

 (     )) (
  

   ) ∫ (     )          
  ( )   (6) 

Relation to integer derivative (α = n): 

      ( )  
   ( )
    (7) 

Fractional-order gradient update: 
   *   +             (  ) (8) 

2.3 Mathematical intuition and nonlocality in FC 
In fractional calculus, nonlocality means that each of the result are based 

on the input weight history value that used in the moment during the process. 
Kernel function given as: 

    (     )  
(     )  

 (     )  (9) 

Fractional dynamical system: 
      ( )      ( )      ( ) (10) 

Fractional loss gradient propagation: 

        ( 
  

   )   (
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3. Proposed Method: Fractional Gradient Neural Network  
The Fractional Gradient Neural Network (FGNN) uses fractional-order 

derivatives to calculate its gradient.  
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Figure 1 

Architecture of FGNN 
 
This lets it make weight updates that are memory-aware and take into 

account both present and past learning dynamics. By changing the fractional 
order α, FGNN gets better stability, smoother convergence, and better 
generalisation across complex, nonlinear deep learning systems. This figure 1 
shows the structure of FGNN, with input, hidden, and output layers that work 
together with fractional gradient processing to help with memory-based learning 
and adaptive optimisation. 

3.1 Architectural design and mathematical formulation 
Fractional gradient update rule, this controls how weights are changed 

using a fractional derivative for better, smoother optimisation that takes memory 
into account. 
   *   +             (  ) (12) 

Fractional loss function: 

    ( )   (  
 (     )) ∫ (     )   

  ( ( ))   (13) 

It takes into account how past events have changed the loss situation, 
which makes learning more stable and faster. 

Neuron activation with fractional dynamics: 

        (    (                 )) (14) 

This introduces a fractional differentiation of neurone activations, which 
illustrates changes in the propagation of features with time. 

Fractional back propagation Equation: 

          (
  
    
) (15) 

It alters the slopes with the help of fractional order to control the sensitivity 
and smooth out the error distribution. 
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Network output representation: 
   ( )               ( ) (16) 

The outcome is the effects that are fractional and enhances the learning in 
contextual and temporal settings. 

3.2 Integration of fractional derivatives into gradient computation 
The back propagation method when used together with fractional 

derivatives alters the mechanism of back propagation by introducing the effect 
of memory and learning in the past. 

The fractional gradient is mathematically given as:  

     (  )   (
 

 (     )) ∫ (     )    
  ( ( ))   (17) 

This equation introduces a memory kernel (  –   )   that ensures that the 
past gradients are used equally to the present update. 

The updated rule of the weight is: 
   *   +            (  ) (18) 

Shown by is the learning rate and controlled by is the level of memory and 
nonlocality   (         ). 

When      , the method reduces to the classical gradient descent: 
   *   +           (  ) (19) 

When,      , the fractional term evens out slopes that change quickly 
and makes training more stable. 

4. Results and Discussion 
It is evident that the FGNN outperforms the conventional architectures 

such as DNN and CNN with the comparison of the results of the performance. 
The table 1 demonstrates that FGNN achieves higher accuracy, precision, and 
F1-scores with a significantly lower loss value on a regular basis.  

FGNN is already 1.2 percent more accurate than CNN and the loss value is 
nearly half of the previous one at alpha = 0.8. Performance is further increased 
when alpha increases to 0.9. The model achieves 98.6 percent and a very 
negligible 0.019 loss. Figure 2 presents the graphs of accuracy by type of model 
and loss by fractional order (±). 

 
 

Table 1 
Performance Comparison of FGNN with Traditional Models 

Model Accuracy (%) Precision Recall F1-Score Loss 
DNN 95.4 0.94 0.93 0.93 0.045 
CNN 96.9 0.96 0.95 0.96 0.038 
FGNN (α=0.8) 98.1 0.98 0.97 0.98 0.022 
FGNN (α=0.9) 98.6 0.99 0.98 0.99 0.019 
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Figure 2 

Comparison of Accuracy vs Model Type and Loss vs Fractional Order (α) 
 
The fact that the proposed model integrate with FC tend to increment the 

score value is depicted in the figure 3. 
 

 
Figure 3 

F1-Score Comparison Across Models 
 

Table 2 
Convergence and Robustness Analysis 

Model Epochs to Converge Gradient Variance (σ²) Robustness Index (R) 
DNN 45 0.032 0.82 
CNN 39 0.027 0.86 
FGNN 
(α=0.8) 

31 0.013 0.92 

FGNN 
(α=0.9) 

28 0.010 0.95 



FRACTIONAL CALCULUS APPLICATIONS� 699

Table 2 on convergence and robustness show it is evident that Fractional 
Gradient Neural Network (FGNN) is superior to other models. The FGNN 
learns in fewer epochs 28-31, as compared to 39-45 that the CNN and DNN take 
to reach convergence, and hence better optimisation.  

The numbers of the Gradient Variance (π²) also indicate that FGNN keeps 
the gradients more stable (0.010 -0.013) that is nearly three times smaller than 
DNN (0.032). Higher variance implies that weights are estimated repeatedly and 
chances of erratic changes are reduced. This implies that there will be gradual 
improvement towards the world minimum.  

 

 
Figure 4 

Convergence and Robustness Comparison 
 
Robustness Index (R) increases as 0.82 in DNN to 0.95 in FGNN (±=0.9) 

indicating that the model is more resilient to noise and variations, comparison in 
figure 4.  

5. Conclusion 
This study has demonstrated that when deep learning models are combined 

with fractional calculus (FC), learning becomes significantly faster, more robust 
and more general. The proposed Fractional Gradient Neural Network (FGNN) 
involves the application of the concept of fractional-order derivatives to indicate 
how the learning is currently and has happened in the past. This facilitates the 
optimisation process and convergence. Experimental findings indicate that 
FGNN is less prone to overfitting, it trains more quickly and is more accurate 
than other models. Fractional order parameter (alpha) gives an ideal 
combination of memory and flexibility and thus complex learning behaviour can 
be manipulated in various ways. In sum, FC offers a good mathematical 
foundation towards the development of the next generation deep learning 
systems that are memory and reliably aware. 
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