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Abstract

This paper discuss fixed-point theories can be used to train deep neural networks. We
find a mathematical link between nonlinear analysis and learning dynamics by looking at
neural network optimisation as a fixed-point problem. In repeated training processes, fixed-
point formulas ensure convergence, stability, and equilibrium in a theoretical sense. The
results of experiments show that fixed-point-based algorithms are faster and more stable
than standard optimisation methods such as Adam and gradient descent. This study shows
how fixed-point principles can help make learning methods for complicated neural systems
more accurate, easy to understand, and effective.

Subject Classification: 37C25, 68T07.

Keywords: Fixed-Point theorems, Deep learning, Convergence, Stability, Optimization.

I. Introduction

Fixed points are very important in mathematical analysis because they help
us understand how stable states work in processes that repeat. In deep learning,
training neural networks can be seen as a process that tries to find this kind of
balance, where the model's parameters stay the same even after many
optimisation changes [1]. By connecting gradient-based updates to fixed-point
rounds, one can learn more about how training works, how stable optimisation
is, and how generalisation works [2, 3]. This fixed-point approach not only adds
to our theoretical knowledge of deep learning, but it also leads to new ways of
writing algorithms that make complicated neural systems more stable, easy to
understand, and able to converge faster [4, 5, 6].
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II. Mathematical Formulation of Fixed-Point Problems

A fixed-point problem is an attempt to solve a point xto obtain x = f(x)
with fa mapping [7, 8, 9]. Existence, originality and convergence conditions are
based on conditions of contraction and continuation [10, 11].

There is a unique fixed point x but by the Fixed-Point Theorem of Banach
this fixed point is x*.

Algorithms "Generate an iterative sequence:

= fad (1

The sequence {xx} converges to x*.
The error at iteration k:

ex = d(x,x *) 2
Convergence rate is bounded by
et < dey
Hence,
ex < Aked

Therefore, as k — o, ex — 0 and xx — x*.

I11. Mapping Neural Network Training Dynamics to Fixed-Point Problems

The neural network training steps as fixed-point maps, where changes to
the weights describe transformations that try to find balance in the parameter
space for stable convergence [12, 13]. Figure 1 illustrates iterative parameter
updates converging toward equilibrium fixed-point solutions.

Define loss function
L(6)
v
Initialize parameters
Ch

Compute update
f(8) =6t -nVL(6)

i

Check for fixed point
0" =f6"")

v
[ Convergence? ]

Figure 1

Flowchart of Mapping Neural Network Training Dynamics to Fixed-Point Problems

Let 0 represent the parameters (weights) of a neural network.
Define a loss function L(0).
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The standard gradient descent update is
6= 0, — n Ve L(6,)
Define a transformation function
f(6) = 6. — n VO L6
Then the update becomes
0t+1 =f (CB)
A fixed point occurs when
0= f(6%)
Substituting f
Ox= 60 —nVOL(O =)

Simplifying gives the stationarity condition
VoL@ x) =0
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3)

“4)

)

(6)

This represents the equilibrium or convergence state of training.
The Jacobian J_f(0) =1 - n H(0), where H(0) is the Hessian.

Convergence requires

<1

| Ve
This implies stability around 6*.

Thus, deep learning training dynamics can be viewed as finding a fixed
point 8* of the update mapping f.

IV. Algorithmic Implications

A. Fixed-Point Inspired Training Algorithms
Fixed-point-inspired algorithms rewrite optimisation as repeated maps.
They use stability constraints and contraction principles to improve
convergence, reliability, and speed in training deep learning models.

Let 0(t) denote the continuous-time parameters of a neural network.

Define the objective function:
L) = [,¢(f(x; 6),y) dx

The goal is to minimize L(0) over the domain Q.
Define a transformation operator:

F©) =0 —n [,Vet(f(x; 0),y) dx

The fixed-point condition is:
0= F(0 %)
Substituting F gives:

9*: 9* —T] fQVG’B(f(x; 9*);)’)dx

Simplifying:
fn Vot (f(x; 8 %),y)dx = 0

(7

®)

©)

(10)
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Introduce an iterative mapping;:

Opery = Ok — 1 [, Vot (f(x; 6,),y) dx (11)
Define the residual function:
R(®) = [,Vot(f(x; 6),y) dx (12)

The update becomes:

Otk+1y = O — N R(6) (13)
For convergence, assume:

|IR(8gesn)l| < A1IRBILO < 2 < 1
Define the energy functional:
2

E®) = [ |IRO)| dx (14)
At the fixed point, V_0 E(6*) = 0.
Using contraction mapping theory:

0k +1} — 6*]|| < A||6_k — 6 *|| (15)

Hence, 0 k converges exponentially to 6* satisfying the integral
equilibrium condition.

B. Comparison with Conventional Optimization Techniques

Fixed-point methods focus on equilibrium convergence instead of gradient
descent, which focusses on minimising loss directly.

Oticr1y = Ok — 1 VoL (6y) (16)
Fixed-point formulation defines:
F(6) = 6 — 1 [,Va (f(x; 6),y)dx (17)
Fixed-point updates exploit contraction mapping:
[IF(6_k) — F(O || < 1][6_k — 6| (18)

V. Result and Discussion

Table 1 clearly shows that convergence is getting better in terms of
numbers. The loss goes down from 0.845 (Gradient Descent) and 0.722 (Adam)
to 0.693 (Fixed-Point) and 0.681 (Contraction-Based) at epoch 10.

Table 1
Convergence Behavior of Fixed-Point vs Gradient-Based Training
Epochs Gradient OAt?:rll?zler Fﬁ:f;ggi]nt Contraction-Based
P Descent (Loss) P Fixed-Point (Loss)
(Loss) (Loss)

10 0.845 0.722 0.693 0.681

20 0.623 0.518 0.477 0.452

30 0.512 0.396 0.351 0.338

40 0.437 0.328 0.287 0.265

50 0.398 0.294 0.243 0.228
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By time 50, the loss has dropped even more, to 0.398, 0.294, 0.243, and
0.228. Figure 2 shows training loss trends where fixed-point algorithms achieve
faster convergence and lower final loss compared to traditional optimization
methods.

Loss
=4 o =4 e o
w = w o -~

0.2
10 15 20 25 30 35 40 45 50
Epochs
~e— Gradient Descent {Loss} ~ —#— Fixed-Point Iteration {Loss)
—m— Adam Optimizer (Loss) Contraction-Based Fixed-Paint (Loss)
Figure 2

Loss Comparison Across Optimizers

The contraction-based method has the least amount of loss at all times, and
it's about 42.7% better than gradient fall. Figure 3 shows how different
optimizers reduce loss across epochs, highlighting stable and consistent
convergence for fixed-point—based training methods. These steady numerical
gains show that fixed-point—inspired algorithms lead to faster and more stable
convergence when compared to other optimisation methods.
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Loss

Epochs
W Gradient Descent (Loss) BN Fixed-Point Iteration (Loss}
mm Adam Optimizer (Loss) Contraction-Based Fixed-Point (Loss)
Figure 3

Optimizer Loss across Epochs
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VI. Conclusion

This research shows that fixed-point theories are a strong mathematical
basis for understanding deep neural network training and making it better. When
we think of optimisation as a fixed-point problem, it's easier to understand how
convergence works, what stability means, and what equilibrium means. When
compared to traditional methods, fixed-point—inspired algorithms converge
faster and are more stable. These new ideas connect theoretic math with real-
world deep learning. They open up new ways to create effective, stable, and
theoretically sound training methods for neural systems that are getting more
complicated.
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