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Abstract

In this research study, the importance of set theory and logic as the building blocks
of artificial intelligence (AI) that can be explained and the representation of knowledge are
examined. We render Al more understandable through formalization of knowledge with the
help of set-theoretical and logical schemes. The research examines the roles played by the use
of the space of vectors, orthogonal sets and sequences in a manner that streamlines knowledge
bases in a manner that is mathematically sound. It further demonstrates the importance of
logical reasoning methods in making decision-making processes of Al systems transparent,
which is significant standards of explainability. By integrating Al models in such a manner,
they will be simpler to comprehend, more credible, and will address complex issues more
efficiently.

Subject Classification: 03E15.
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1. Introduction

Over the last couple of years, artificial intelligence (AI) has increased
faster than at any other time in history. It is now applied in numerous sectors
such as health, financial services as well as self-driving vehicles. Artificial
intelligence has developed significantly, and a major issue with it at the moment
is that it cannot be seen and comprehended simply [1,2]. Explainable Al (XAI)
attempts to show people how the Al systems make decisions, which enhances
trust, responsibility, and moral behaviour. We must do that with clear strong
theory foundations that might portray the complex information easily and enable
the rational thinking in making choices that may be comprehended [3]. Set
theory and formal logic are examples of well-known branches of mathematics
which allow powerful methods of organizing and presenting information in a
structured manner [4, 5]. Set theory can be used to give a clear description of a
group of things and its relationships. This is what allows to model facts and
ideas in a clear manner [6]. The conceptual framework of the relationship
between set theory and logic is indicated in figure 1. To this logic contributes by
providing us with formal languages and inference rules that will enable
computers to think which is required to reach clear conclusions out of facts that
we already know about [7, 8].
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Figure 1
Conceptual Framework for Set Theory and Logic in Explainable Al

By including set theory and logic to Al knowledge modeling, one can
create more than just smart systems, but also easy to comprehend [9]. Such a
combination simplifies the creation of knowledge bases in which information is
well defined and connected by logical principles. In this manner, Al can support
what it does using obvious connections of reasoning [10]. Besides this, concepts
in mathematics including the use of vector metric spaces and orthogonal
sequences are useful in describing complex bodies of knowledge which possess
desirable properties like independence and convergence. This further renders Al
models more descriptive and rigorous [11].

2. Set Theory and Logic in Knowledge Representation

2.1. Formalizing knowledge using set theory

Set theory provides us with a method of formalizing information by saying
that things are elements of sets and their relationship can be expressed using set
operations. It enables the demonstration of complex data format, groups and
categories in an understandable manner [12]. Groups, unions, and intersections
can help to arrange knowledge in a systematic manner. This allows Al systems
to process and conceptualize information in a rigid and stable manner.

Definition (Set): A set S is a well-defined collection of distinct elements.
Formally,

S = {x| xsatisfies a property P(x) }.

Equation 1 (Subset): A set A is a subset of B if
AcC B e Vx(x€eA=>x€B) 1)
(Set Difference):
AB ={x|x € Aandx ¢ B} 2)



648 D. M. GOHIL ET AL.

Equation 3 (Power Set):
The power set P(S) of set S is

P(S) = {A|Ac S} 3)
Equation 4 (Cartesian Product):
For sets A and B,
AX B = {(ab)|a € Ab € B} “)

2.2. Logical representation of knowledge bases

Logical representation is a process of storing knowledge bases by use of
formal languages and deduction rules. This facilitates easier thinking and
decision-making by computers. The propositional and predicate logic clarify the
facts and rules, and this is useful in checking factual accuracy and acquiring new
knowledge [13, 14]. This logical framework allows the Al systems to have a
clear view of the steps they have taken to make their conclusions. This
simplifies knowledge bases and allows processes that are executed with the
assistance of Al to be explained.

A formula ¢ in propositional logic is built from propositional variables p,
q, 1, ... using logical connectives:

o:=pl-gle' A @*lo' Vv ¢*lo! = @ Q)
Logical Implication:
- V . (6)

=9

Theorem (Modus Ponens):

Logical Equivalence:
Two formulas ¢ and y are logically equivalent if

=Yoo (9=>PINT = @) (7)

Conjunction:
¢ A v is true iff both ¢ and v are true.

Disjunction:
@ V YPistrueiff atleast one of @ or Y is true.

3. Foundations for Explainable Al

3.1. Explainability requirements in Al systems

For Al to be explainable, decision-making processes must be clear, open,
and easy to understand so that users can believe them and Al is held ethically
accountable. Al systems must give clear reasons for the results they produce so
that users can check and question choices. Some important requirements for
using Al properly in important situations are making models clear, being able to
show how conclusions were reached, and being able to explain thinking in terms
that people can understand.
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Definition (Explainability): Explainability is the property of an Al system that
allows humans to understand the reasoning behind its decisions. Formally, an Al
model M is explainable if there exists a function E such that:

E: Inputs X Outputs — Explanations

where E(x, y) provides a human-understandable explanation for output y given
input x.

Transparency Measure:
Let T(M) denote the transparency of model M defined as:

{Number of interpretable components}
T(M) = (3

{Total components}

Fidelity of Explanation:
Given explanation E and model M, fidelity F is:

F = Py pymeo= (500 2

where ({M}g, is the interpretable approximation induced by E and D is the data
distribution.

Theorem: [f explanation E captures all causal factors influencing M's output,
then E is sufficient to represent M's decision-making process.

Proof: 1f for all inputs x, the explanation E(x, M(x)) accounts for all variables
causally affecting M(x), then no other factors can change the output. Thus, E
fully represents M's reasoning.

Complexity vs Explainability Trade-off:
Explainability € is inversely related to model complexity C:

[€ x %] (10)

Explainability Score:
[e=a-T(M)+ B-F — y-C] 11

3.2 Logical inference for transparent decision-making

Logical inference is the foundation of making clear decisions and it allows
Al-based systems to make decisions using clear and rule-based reasoning.
Through formal logic, Als are able to create understandable chains of reasoning
to explain results step by step. This process simplifies things hence individuals
with a vested interest in the decision-making process will be able to view and
validate how the process operates. This generates trust and enables the
explanation of Al in a manner that would be explicable by human thinking and
accounting standards.
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Logical Inference:

A logical inference is the way in which one is able to deduce new
statements out of existing facts using the rules of logic. Suppose we have
premises, and these are: G Phi; an inference rule, G R; and conclusion, G psi.

[® Fr Y] (12)
Equation 2 (Soundness):
If (®+19Y) 13)
then () is logically entailed by ( ®): [® E Y]
Completeness:
For any (®) and (Y),if (® Ey),then (P + P) 14)

Proof: Completeness guarantees that any inference rule has the ability to make
semantically valid conclusions in the form of a syntactically constructed result.

4. Discussion

Combining set theory and logic yields the possibility to define information
accurately and make the AI thought understandable. Formal frameworks
simplify the understanding of things as they provide us with clear models that
are founded on maths. Explainability Logical reasoning provides clear courses
of decision making.

Table 1
Knowledge Representation Evaluation Metrics
Model/Method Aci‘l;l)')acy Con(sij:;zncy Com]()i/it)eness
Set Theory Formalization 92.5 95 90.8
Logical Knowledge Bases 90.2 93.5 89.1
Hybrid Approach 94.1 96.7 923

In Table 1, show the way that the various methods of representation of
information are evaluated. Hybrid Approach is much better than the other
options since it scores the highest in terms of accuracy (94.1%), consistency
(96.7%), and completeness (92.3%). Figure 2 presents an assessment measure of
the various knowledge representation models. It demonstrates that it is an
excellent method of uniting logic and set theory.

Set Theory Formalization is not doing bad, getting 92.5% accuracy, and
95% consistency, which shows how well it models structures. They are
somewhat lagging behind even though logical bases of knowledge also perform
well. This demonstrates that the two methods when united will yield a stronger
and complete knowledge model that is explainable Al systems.
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Figure 2
Evaluation Metrics across Knowledge Representation Models

5. Conclusion

This study demonstrates the significance of set theory and logic as
components of Al which can be justified as well as knowledge representation. It
is more evident and simpler to comprehend AI systems where they are
formalized through set-theoretic structures that represent the knowledge and
logical thinking process. Such scientific foundations enable Al to provide clear
explanations of its decisions, which creates trust and makes AI responsible.
These additions of strict structures help to resolve some of the hardest problems
with the explainability, resulting in Al systems more in tune with the human
ways of thinking and morals. Ultimately, this approach enables the easier
application of Al to the spheres where an unambiguous and reliable decision-
making is required. This leaves room to smarter technologies which are
accountable and simple to comprehend.
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