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Abstract

In this paper we define Soft Quantum Logic and Lukasiewicz fuzzy topology, and
study the relation between Soft Quantum Logic and Lukasiewicz fuzzy quantum logic,
as well as the relation between Soft Quantum Logic and Soft Topology and other related
structures, providing many illustrative examples.
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1. Preliminaries

The fuzzy set was first introduced in 1965 [1] so that for each given set
A C U and x € A there is a membership function

pa(x): A - [0,1]
such that

A= {(x,pa(0)):x € A, pa(x) € [0,1]}.
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The complement, in fuzzy sense, of the mentioned set A is given by

—A = {(x, 1~ pa(x)): x € 4, p4(x) € [0,1]}
The fuzzy union (sum) of two fuzzy sets generated by the same set A is
defined by

EUH = {(x,upua(x)) + x € Eorx € H, ugyp(x) € [0,1], pgyn(x)
= max{ug (x), ua (x)}}-
Accordingly, the intersection of fuzzy sets generated by the same set A is
defined by
EnH={(x,usng(x)) : x € Eandx € H, ugng(x) € [0,1],
tena(x) = min{ug(x), ug (x)}}.
The next two operations are not satisfied in general for fuzzy sets:
E U —E # U, where U is the universal fuzzy set,

E n —E # ®,where @ is the empty fuzzy set.

Example 1: (Example 1.1). 1 Let U = {a, b} and
E ={(a,0.1),(b,0.5)}, =E = {(a,0.9), (b,0.5)}.
Then
Eu-E ={(a0.9),(b,05)} =+ U={a1),(b1)}
En=E = {(a,0.1),(h,05)} # 8 = {(a,0),(b,0)}.

One of the most effective fuzzy quantum frameworks evolved from classical
quantum models is the one introduced by Giles in 1976 [2]. The operations used
in this model are often referred to as Giles operations, bounded operations,
arithmetic operations, or Lukasiewicz operations. Later, in 1994, Pykacz [3]
proposed a specific formula tailored for fuzzy sets within this context.

Lukasiewicz union and intersection for fuzzy sets are defined as follows:

EUH = {(x,ppup(x)):x € E and x € H, ug,g(x) € [0,1], ugup (x)
= min{ug(x) + ug ()1},
EnH = {(x,usna(x)):x € E or x € H, upnp(x) € [0,1], ugnp (x)
= max{0, uz(x) + ug(x) — 13}
Example 2: (Example 1.2) Let U = {c,d} and
E ={(c,0.2),(d,0.7)}, =F = {(c,0.8),(d,0.3)}.
Then
Eu-E={(c1),d1D}=0,
En—E ={(0),(d,0)}=0.
So, in 1994 [3], Pykacz built a fuzzy quantum logic depending on
Lukasiewicz fuzzy union and fuzzy intersection operations in order to be

consistent with traditional quantum logic over crisp sets. In 2007 [4], he
summarized the idea as follows:
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Let LFQL(U) be a collection of fuzzy subsets of some universe U with
Lukasiewicz operations fulfilling the following axioms:

1. @€ LFQL(U),

2. If E € LFQL(U), then =E € LFQL(U),

3. The structure LFQL(U) remains stable when applying countable
Lukasiewicz unions to fuzzy sets that are weakly disjoint in pairs, meaning

for every pair their Lukasiewicz intersection results in an empty fuzzy set.
Symbolically,

if £, N E; = @ fori # j, then [I; E; € LFQL(U),
4, IfENE=0,then E = 0.

Then the collection LFQL(U) is known as Lukasiewicz fuzzy quantum
logic. The Lukasiewicz fuzzy quantum logic with crisp sets corresponds to
classical quantum logic.

Nadaban [5] introduced soft sets and the corresponding soft operations as
follows:

For a universal set H, the pair (H, M), where M is a set of parameters, is
said to be a soft set (simply S) on H if F:M —» P(H). That is, (H,M) is a
parameterized collection of subsets of H, with every set H(e) belonging to
P(H) foreach e € M.

The intersection of two soft sets, say (F,A) and (G,B), over the same
universe X, is a new soft set (H,C), i.e.

(F,A)n(G,B) = (H,0),
where the parameter set C is the overlap of A and B, and for every element e in
C, the corresponding set H(e) is formed by intersecting F(e) and G(e).
Notice: We can see from [6] that for an arbitrary soft set (F,E) we have

~(F,E) U (F,E)=T, (FE) N —(FE)=5,
where @ and U are the empty soft set and the universal soft set, respectively.
Therefore, there is no need to use the Giles union and intersection method to
generalize intersection and union in soft sets like Lukasiewicz's method with
fuzzy sets.

Given two soft sets (F,A) and (G, B) defined over the same universe X,
their union results in a new soft set (H, C), where C represents the union of the
parameter sets A and B, and for each element e € C, the values of H(e) are
determined as follows:

F(e), ife € A\B,
(F,A)U (G,B) = (H,C), H(e) ={G(e), ife € B\4,
F(e)uG(e), ifee AnB.
For a topology definition generated by crisp sets and its properties see [7]
and [8]. Fuzzy topology was first defined by Chang in 1968 [1] depending on

Zadeh's classical fuzzy sets [7]. Soft topology was defined in 2011 see [8] and [9],
depending on Molodtsov's soft sets [5], as follows:
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Let S be a family of soft subsets of an arbitrary universe U satisfying the
following axioms:

1. @es,
2. Ues,
3. IfABeS,then AR BeS,
4. If{A,} < S, then U, 4, ES.

Then the collection S is called a soft topology, and (U, S) is called a soft
topological space.

Example: Let U = {kq, k,, k3}, P (parameters) = {m,m,},
a = {(ml! Q))! (mZ' ®)}' U = {(ml! U)r (mZ' U)},
S = {6’ U, {(my, {k1}), (my, {k3 D}, {(my, {kq, k3}), (my, {ko, k311,

Sy = {0, U, {(my, {kq, k2}), (m, {k3 D}, {(my, U), (2, {k3 D1}

Then (U, S;) and (U, S,) are both soft topological spaces.

In this research, we define Lukasiewicz fuzzy topology (simply
LF-topology) according to Lukasiewicz union and intersection operations with
examples. We also define Soft Quantum Logic depending on Molodtsovs soft
sets [5] and fuzzy quantum logic definition [10]. Furthermore, we study the
relations between:

. LF-topology and LF-quantum logic with Soft Topology and Soft Quantum

Logic,

. LF-topology and Soft Topology with LF-quantum logic and Soft Quantum

Logic.

Finally, we define LF-concrete logic and introduce some examples and
counterexamples.

2. A Construction of Lukasiewicz Fuzzy Topological Space and Soft
Quantum Logic

Definition 2.1: Let LF be a collection of fuzzy subsets of some universe U with
Lukasiewicz operations fulfilling the following axioms:

1. @E€LF,
2. UE€LF,
3. IfE,H€LF,then ENHELF,
4. If {E;} € LF,then ||, E;, € LF.
Then the collection LF is said to be a Lukasiewicz fuzzy topology (simply
LF-topology), and (U, LF) is called a Lukasiewicz fuzzy topological space.
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Examples 2.2:

1.

4.

Let U # @, LF contains ® and U. Then (U,LF) is called the indiscrete
Lukasiewicz fuzzy topological space.

Let U = {m,n} and
LF = {{(m,0), (n, 0)}, {(m, 1), (n, 1)}, {(m, 0.2), (n, 0.8)}}.
We have
8 = {(m,0),(n,0)} € LF, U = {(m, 1), (n, 1)} € LF,
{(m,1),(n, D} LU {(m,0.2),(n,0.8)} = {(m, 1), (n, 1)} € LF,
{(m,1),(n, D} N {(m,0.2), (n,0.8)} = {(m, 0.2), (n,0.8)} € LF.

Similarly for other sets. Therefore, the space (U,LF) is a Lukasiewicz
fuzzy topological space.

Let U = {k} and
LF = {{(k, 0)},{(k, D}, {(k, 0.1)},{(k, 0.7)}}.

Then

{(k,0.1)} N {(k,0.7)} = {(k, max{0,0.1 + 0.7 — 1})} = {(k,0)} € LF,
but
{(k,0.1)} u {(k,0.7)} = {(k, min{0.1 + 0.7,1})} = {(k, 0.8)} & LF.
Therefore, the space (U, LF) is not a Lukasiewicz fuzzy topological space.
Let U ={d,e} and

LF = {{(d,0),(e,0)},{(d, 1), (e, 1)},{(d,0.2), (e, 0.8)},{(d, 0.8), (e, 0.2) }}.

Then

{(d,0.2), (e,0.8)} N {(d, 0.8), (e, 0.2)}

= {(d, max{0,0.2 + 0.8 — 1}), (e, max{0,0.8 + 0.2 — 1})}
=1{(d,0),(e,0)},
{(d,0.2),(e,0.8)} U {(d,0.8), (e,0.2)}

= {(d, min{0.2 + 0.8,1}), (e, min{0.8 + 0.2,1})}
={(d, 1), (e, D} ELF.

Similarly for other sets. Therefore, the space (U,LF) is a Lukasiewicz

fuzzy topological space.

Definition 2.3: Let SQL(U) represent a collection of soft subsets defined over an
arbitrary universe U which satisfies the following conditions:

1.
2.

The empty soft set @ is included in SQL(U).

If a soft set A € SQL(U), then its complement —A also belongs to
SQL(U).

The collection is closed under countable unions of soft sets that are pairwise
weakly disjoint; that is, the intersection of any two distinct sets in the
collection is the empty soft set. Symbolically, if
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A;nA; =0 foralli #,
then
U; 4; € SQL(U).
4. Ifthe intersection of a soft set with itself yields the empty soft set, then that
set must be the empty soft set itself; in other words,
AnNA=0A=0.
A collection that meets all these criteria is referred to as a Soft Quantum
Logic over U.

Definition 2.4: A soft concrete logic L is defined as a collection of soft subsets

drawn from a specific soft set , satisfying the following conditions:

1. QecL,

2. IfSeL,then Q—S€EL,

3. If {S;:i € N} is a countable collection of mutually disjoint soft sets, then
their union

U; S; € L.

Examples 2.5: A soft concrete logic is a mathematical example of a Soft
Quantum Logic.

Let U = {p;1,p,} be the universal set of two events, and E be the set of
parameters corresponding to time t;. Suppose the probabilities of the event ¥
have two possibilities p; and p, over time t;. We express the probabilities of
the event as a collection of soft sets:

W = (@, (t1, {p1}), (tr, (P23), (t1, VD)

@ = (t;, ®) represents the empty soft set, meaning there are no events at
time t;.

. (t4,{p,}) means the event p; is happening at time t.
. (t1,{p,}) means the event p, is happening at time t;.

. (t1, {p1, p2}) means both events p; and p, are happening at the same time
ty.

We can see that
D= (t,0) EVY, =0 = (t;,U) € V.

If'S; = (t,{p:}) € W, then =Sy = (ty, {p2}) € W5 if 3 = (41, {p2}) € Y,
then _|SZ = (tl, {pl}) € q’,; lf S3 = (tli U) =UEe€ q’, thel’l _l.S‘g = (tll ¢) = ® €
Y.

For S; # S,, we have

5108, = (t, ) N (6, {p2}) = 6.

Then
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ULi Si=(t,U) e W,
For any soft set S in this example, if S NS = @, then S = @, which holds

only when S = @. Therefore, the collection W is a Soft Quantum Logic over U,
ie. SQL(U).

3. A Comparison: Topology, Soft Topology and Lukasiewicz Fuzzy
Topology; Classical Quantum Logic, Soft Quantum Logic and
Lukasiewicz Fuzzy Quantum Logic

A topology and soft topology [11], [12] satisfy the axioms for an infinite
collection of open sets (respectively, soft open sets). Consequently, these axioms
are also satisfied for any countable collection of sets. Therefore, the subsequent

study will be carried out over a countable set. You can see [13], [14].

Propositions 3.1: For a countable collection of sets:
Every topology is a soft topology but the converse is not necessarily true.

Proof: Since each classical set is a soft set but not necessarily the converse,
therefore each open set is a soft open set but the converse is not necessarily true.

Every topology is a Lukasiewicz fuzzy topology but the converse is not
necessarily true.

Proof: Since each classical set is a Lukasiewicz fuzzy set but the converse is not
necessarily true, each open set is a Lukasiewicz fuzzy open set but the converse is
not necessarily true.

Every Lukasiewicz fuzzy topology is a soft topology but the converse is not
necessarily true.

Proof: Since each Lukasiewicz fuzzy set is a soft set but the converse is not
necessarily true, each Lukasiewicz fuzzy open set is a soft open set but not
necessarily the converse.

Propositions 3.2: Every classical quantum logic is a soft quantum logic but the
converse is not necessarily true.

Proof: Since each classical set is a soft set but the converse is not necessarily true.

Every classical quantum logic is a Lukasiewicz fuzzy quantum logic but the
converse is not neessarily true. Every classical quantum logic is a Lukasiewicz
fuzzy quantum logic but the converse is not necessarily true.

Proof: Since each classical set is a Lukasiewicz fuzzy set but the converse is not
necessarily true.

Every Lukasiewicz fuzzy quantum logic is a soft quantum logic but the
converse is not necessarily true.
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Proof: Since each Lukasiewicz fuzzy set is a soft set but the converse is not
necessarily true.

Every classical quantum logic is a topology but the converse is not
necessarily true.

Proof: Directly from the definitions.

Theorem 3.3: For a countable collection of fuzzy sets: Every Lukasiewicz fuzzy
quantum logic is a Lukasiewicz fuzzy topology, but the converse is not always
true.

Proof: Let U be a universal set and let F be a family of fuzzy sets on U.
Suppose LFQL(U) is a Lukasiewicz fuzzy quantum logic generated by U and
satisfying the axioms of Lukasiewicz fuzzy quantum logic. We need to show that
this structure forms a tukasiewicz fuzzy topology.

From the definition of LFQL(U), we have:
(a) @ € LFQL(U),
(b) =@ € LFQL(U).

But note that
~p = U € LFQL(U),
since U is the universal fuzzy set.
Let A; and A, be two arbitrary fuzzy sets in LFQL(U). To prove that their

fuzzy intersection also belongs to LFQL(U), we consider the kL ukasiewicz
intersection defined by

(A, N Ay)(x) = max{0,4,(x) + A,(x) — 1},Vx € U.

Since LFQL(U) is closed under the L ukasiewicz conjunction (meet

operation), it follows that
A, n A, € LFQL(V).

Thus, the family LFQL(U) satisfies the axioms of kLukasiewicz fuzzy
topology: it contains the universal fuzzy set, is closed under complements, and is
closed under finite intersections and countable unions. Therefore, every
Lukasiewicz fuzzy quantum logic is a Lukasiewicz fuzzy topology. The converse,
however, does not necessarily hold.

Case 1: If A;,A, € LFQL(U) and A, # A,, and
Ay = A, -4, = Ay,
then by Definition (c) of LFQL, for A; # A, we have
A N4, =a¢.
Hence,
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A, U A, € LFQL(U).
Therefore,

_I(A1 L Az) = _l/zl M _IAZ = AzéAl € LFQL(U).

Case 2: If A;,A, € LFQL(U) and A; # A4, but
-4, # A, and =4, # A,,
then by Definition (2.4)(b), let
-A, =E,, -4, =E,
where E;, E, € LFQL(U) and E, # E,. (If E; = E,, then =4, = =4, and
A = A,, contradiction.)
By Definition (¢) for E; # E,, we have

El L E‘z = _lfgl L _lAAz.

Then,
~(B, UE) =—E, N—E, =4 N4, =k
Hence,
Kn-K = ®,Ku-K € LFQL(U).
Thus,

—(E, UE,) = K € LFQL(U),
and therefore,
A, A, € LFQL(U).

Let {4;} be a collection of countable fuzzy sets. For arbitrary A, assume
that A, € LFQL(U). We want to prove that

11, 4, € LFQL(U).
By LFQL definition (b), we have
-4, € LFQL(U) VA,
and by (¢),
-A; A, =@ VA
Therefore,
11, 4; € LFQL(U).
Thus, from items (1)-(3), LFQL(U) is a Lukasiewicz fuzzy topology over a
countable family of fuzzy sets.
In the next example, we show that for a countable collection of fuzzy sets, a

Lukasiewicz fuzzy topology is not necessarily a Lukasiewicz fuzzy quantum
logic.
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Indeed, let {A;} be a countable family of fuzzy sets with A, € LFQL(U)
for each A. Then, by (b),
-4, € LFQL(U) V4,
and by (c),
-4, N4, =@ VA
Hence,
11, 4; € LFQL(U).
Therefore, from (1)-(3), LFQL(U) is a fuzzy topology over a countable

family of fuzzy sets. The following example shows that a Lukasiewicz fuzzy
topology is not necessarily a Lukasiewicz fuzzy quantum logic.

Example 3.4: Let G = {c,d} and
LF = {{(c,0),(d,0)},{(c, 1), (d, 1}, {(c, 0.25),(d, 0.75)}}.
We have
® =1{(c,0),(d, 00} € LF,U = {(c,1),(d, 1)} € LF.
Moreover,
{(c,1),(d, 1D} {(c,0.25),(d,0.75)} = {(c,0.25),(d,0.75)} € LF,
and
{(c,1),(d, 1)} u{(c,0.25),(d,0.75)} = {(c,1),(d, 1)} € LF.
Similarly for other sets. Therefore, the space (U,LF) is a Lukasiewicz
fuzzy topological space.
However, if E = {(c, 0.25), (d,0.75)} € LF, then
-F ={(c,0.25),(d,0.25)} & LF.

Thus, the collection LF is not a Lukasiewicz fuzzy quantum logic.

Theorem 3.5: For a countable collection of soft sets: Every soft quantum logic is
a soft topology, but the converse is not always true.

Proof: Let U be a universal set and let S be a family of soft sets generated by U
satisfying the axioms of soft quantum logic. We prove that this space is a soft

topology.
From definition (a),
® € SQL(U),
and by (b),
—Q € SQL(U),
but
~@ = U € SQL(U).
Let A, and A, be two different soft sets in SQL(U). We prove that their
soft intersection belongs to SQL(U).
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Case 1: If A;, A, € SQL(U) and
A # Ay -4, = A, -4, = 4,
then by definition (2.3)(c), since A; # A,, we have
AnA, =g,
and therefore
A U A, € SQL(U).
By definition (2.3)(b),
—(A, U4, = -4, n=4, =4,n A, € SQL(U).

Case 2: If A, 4, € SQL(U) and A, # A, but {=4, # A;and—4, # A,}, then
by Definition (2.3)(b), let

_lA-l = Nl' _|A~2 = Nz,
where N, N, € SQL(U) and N; # N,. (If N, = N,, then =4, = -4, and

A; = A,, a contradiction.)
By Definition (2.3)(c), we have

N, # N,,NyUN, = =4, U—=4,,-(N;UN,) = =N, n =N, = 4, n 4, = K,
and
Kn-K=0 = Ku-=K e SQL).
Hence,
-(N, UN,) =K € SQL(U), so 4, n A, € SQL(U).

Countable unions: Let {4;} be a countable collection of soft sets, where
A, € SQL(U) for each A. By Definition (2.3)(b),

-4, € SQL(U) VA.
Also, by Definition (2.3)(c),

-4, NA; =@ VA
Thus,

Ua 4 € SQL(U).

Therefore, from 1-3, SQL(U) is a soft topology over a countable collection
of soft sets.

Example 3.6: Let
K ={e;, e €3}

be the universal set with three events, and let E be the time parameter t. Suppose
that the events e, e,, e3 occur over time t. We express the probabilities of the
events through time t as a collection W of soft sets:

W = {9, (t,{e]), (t,{e1, e2}), (¢, {e1, €2, €3})}-

Here,
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¢ =(0)
is the empty soft set meaning no events occur at time t,
§1 = (t{ei]), Sz = (t.{e1, e2), 55 = (t. {er, ez, €3})
represent the events happening at time t.
We have
PEW, P = (t,{e,ee}) =KeW.
Moreover, the intersections and unions satisfy
SSNS,eV,SNpeV,5\nKevy,
S;uS,ew,§

Conclusion
In this research, we defined Lukasiewicz fuzzy topology, Soft Quantum

Logic, and LF-concrete logic, providing illustrative examples. We conclude the

following:

. Soft Quantum Logic is a generalization of Lukasiewicz fuzzy quantum
logic.

. Lukasiewicz fuzzy quantum logic is a generalization of classical quantum
logic.

*  Every topology is a Lukasiewicz fuzzy topology.

. Every Lukasiewicz fuzzy topology is a soft topology.

. Soft Quantum Logic is a soft topology.

. Fukasiewicz fuzzy quantum logic is a Lukasiewicz fuzzy topology.

All previous conclusions are summarized in the diagram presented in the paper.

Lukasiewicz Fuzzy topology ‘

33 || 34 k Topology =

Lukasiewicz Puzzy Quantum Logic PN ‘ Soft Quantum Logic ‘

™~ 3.2.4
= e
322 £ 421

‘ Classic Quantum logic

Figure 1

The diagram shows the relations between quantum and topological types over a
countable collection of sets.

All previous conclusions are summarized in Figure 1.
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