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Abstract

Let f denote a normalized Hecke eigenform of an even integral weight k > 2 on the
group SL, (Z). We study power moments of the coefficients of an L-function associated with
the eigenform f over square-free positive integers represented by the polynomial

2 2
(X, %,,X,,X,,X5,X,) =X, +X; +3<IZ<6x].(x]. +1) e Zlx,,x,,x,,%,,%5,%].
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1. Introduction

Let M, (N, y) denote the space of modular forms of even integral weight
K = 2 for the congruence subgroup I[,(N) with the nebentypus y and S, (N, x)
denote the subspace of cusp forms in M, (N, ). A Hecke eigenform f € S,.(1)
is a cusp form on the group I[,(1): = SL,(Z) that is an eigenfunction for all the
Hecke operators T,, with the Fourier coefficients af(n). We say that a Hecke
eigenform f € S,(1) is normalized when a;(1) = 1. The normalized Fourier
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coefficients A¢(n) are given by

ar(n)
Ar(n):= 2=

n 2

The normalized Fourier coefficients A¢(n) are real and multiplicative.
These coefficients satisfy the following Hecke relation [1, Eq. (6.83)]:

A (M)A (My) = Xajgedimymy) A (%) )
for all positive integers m; and m,. Let & be any arbitrarily small positive real
number. From Deligne's bound, we have

14 ()| < 7(n) K 1, 2

where 7(n) is the divisor function. Studying the average behaviour of arithmetic
functions has attracted significant attention from mathematicians and is
particularly interesting. In 1927, Hecke [2] established that

1
Ynex Ar(n) < Xz
Subsequent works have established improved upper bounds for the average
behaviour of A¢(n) (for more details, see [3], [4]). Wu [5] proved the bound

1
Lnex Ar(n) < X3(logX)"

for some 1 € R (for the value of 71, see [5]). Independently, Rankin [6] and
Selberg [7] established that

3

Tnsx () = X + 0(X3),
where ¢ is a constant. In [8], Huang refined this result with a power-saving error
term

Snex () = ¢X + 0(X%),
where a:=§—6 and & S%.
behaviour of these coefficients over certain polynomials. In the case of a monic
quadratic polynomial q(x) in one variable, Blomer [9] studied the first moment
associated with Hecke eigenvalues over the sequence given by the polynomial
q(x). For q(x,y) = x* + y?, Banarjee-Pandey [10] and Acharya [11] studied
the distribution of {A;(q(k, 1))} iez, and established an asymptotic formula for

2 Ar(q(k, D).

k,EZ
k2+12<x

Similarly, one can also study the average

K—1
Let f(z) =Xp; Ar(mn'z e?™ €5,(1) be a normalized Hecke
eigenform. We define the L-function L(s, f) associated with f as

L(s,f) =¥%, @ =11, (1 A L)‘l 1, (1 ~ a;(sp))—l (1 ~ ﬁf(p))—ll

pS pZS pS
3

for Re(s) > 1, where ar(p), Br(p) € C satisfy
ar(p) + Br (@) = A (p) and ar()Br(p) =1=las(@)| = 1B (D). (4)
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Following [12], we consider the L-function associated to f defined by
w MOre-eym
L f®F® ®ef)=Yna—

n

. i1

=11, [, (1~ /)7 P @) - af P w)p™)
for Re(s) > 1, where 0:{1,2,...,#} = {1,2} runs over all the functions. The
coefficients Argrg..g,r(n) satisty

Aore-.sP) = 4 ®)- (6)

Recently, several researchers have investigated the asymptotic behaviour of

normalized Fourier coefficients of Hecke eigenforms; see, for instance, [13, 14,
15,16, 17, 18, 19].

Throughout the manuscript, the symbol ¢ represents a positive quantity, but

its value may vary in different contexts. Let £ be a positive integer. For r < £,

)

we denote the binomial coefficient by (f), and define (f) := 0 whenever

r < 0, and [m] denotes the greatest integer < m.
Let Z[x] denote the set of polynomials over Z in six variables. Denote
x: = (Xq, Xp, X3, X4, X5, Xg) € Z°. We study power moments of the Dirichlet
coefficients Argrg..@,r(n) of the L-function (defined in (5)), at the square-free
positive integers represented by the polynomial
G(X1, X2, X3, X4, X5, %) =: g(X) = x{ + x5 + Yacjce 4 (x; + 1) €Z[x].  (7)
For fixed ¢, € N, we prove a general asymptotic result for
Ser(X)=% _ A @re-@.r (M (8)
n=g(x)+1x€L®

as X — oo, where Y. indicates that the sum is taken over square-free positive
integers.

In particular, we establish the following result that includes asymptotic
formulae:

Theorem 1.1: Let ¥,v be fixed positive integers and f € S, .(SL,(Z)) be a
normalized Hecke eigenform. Then, for any € > 0, we have

(i) forodd ¢ and odd 7,
3—L+s
Ser(X)=0|X ®er |,

where

fr-n+1 n

_ 1, 3 ([ ltr/2] tr-2n+1)? (fr
o= 3 (s 2 (4)

(i) foreven € oreven r,

3———+te
Ser(X) =X3Py,(logX) + O (X 2Per ),
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. [fr
¢r | =1 and
(br+2) \ —
2
fr = 2
_ (1 13 15 2 (r-2n+1)? (fr
Ber = (8 + 42(¢r+2) <%r> t s 4(6r+4) (— - 1) [Z fr-n+1 (n )D

2. Preliminaries
Let g(x) =x?+x%+x3(x3+ 1) +x,00, + 1) + x5(x5 + 1) + x6(x¢ +
1) € Z[xy, x5, X3, X4, X5, Xg| be a polynomial. Denote
Re(g;n):= [{x € Z°:n = g(0)}I.
We define the generating function O (z) of Rg(g;n) as
05¢(2) = Yyezs ¢9® = Ipo Re(gim)q", q=e’",z€H,

where H is the poincaré upper half-plane. We consider the generalized divisor
function

where Py, (logX) is a polynomial in logX of degree

Ty ()i = T W(d)x (3) d*

where y and 1 are Dirichlet characters modulo N . Let E;,, be the
generalized Eisenstein series
Eix(2) = Enmo k-1, (m)q" € M (To(N), ).

It is known that q0.(z) € M5(4, x_4) (see [20, Theorem 1.3]). Also, we
know that M;(4, y_,) does not contain any cusp form, and it has a basis
consisting Es;, , and Es, , 1, where 1 denotes the trivial character modulo
4. Hence, Sturm's bound allows us to get g0 (2) = Es;,_, 1(2). This gives

Re(gin—1) = Uz;x_4,1(n)- ©
We write (8) as
S X) := ! AL x)+1
2r(X) Zg(£)+15X£EZE fRf® ®€f(g(_) )
= Znsxl ;®f®~--®gf(n)R6(g;n -1) (10)

= Ynsx ' /1;®f®m®€f (n)oz;x_4,1(n).
To estimate S;,(X) defined in (10), consider the Dirichlet series

AT @, f(M02; g1 (M)
R{’,r(s) = anll L0758 Bef = D

nS

for Re(s) » 1. To establish our main result, first we decompose R,,(s) into
smaller degrees L-functions. Then, using their analytic properties, we obtain the
desired estimate.

For m = 0, we define the mth symmetric power L-function associated
with the normalized Hecke eigenform f € S, (1) as

m-
L(s,sym™f):= Hp H;n=o (1 - M) =2n=1 symmf(n)

ns
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for Re(s) > 1. The function Ay,,,me(n) is real and multiplicative. For each
prime p, we have
Asymmp(0) = X ar(P)™ 7 Br (p). (12)
It is known from Deligne's bound that
Msymmf(n)l < Tm+1(n) K¢ n®
for any € >0, where t7,,,4(n) denotes the (m+ 1) dimensional divisor

function.
Next, we define the twisted mth symmetric power L-function as

Asymm (M x(n)
L(s, sym™f X )1 = Eps 2L (13)

for Re(s) > 1. Recently, Newton and Thorne [21, 22] proved that L(s, sym™f)
is an entire function for each m > 1.

We see that L(s,sym°f) = {(s), L(s,sym*f) = L(s,f), L(s,sym°f X
X) =L(s,x), and L(s,sym'f x x) = L(s,f X %).

Throughout the paper, we denote s: = y + (t. Now, we state some valuable
results in proving Theorem 1.1.

Lemma 2.1: [23, Lemma 2.2] Let € be a positive integer and j be a non-zero
integer. Define

£ £

o (e—j>—<€—j_1>, if 0<j<“¥and j =¥ (mod?2),

Ap=\7 )\
0, otherwise.

Furthermore, define T,,(2x):= W,,(x), where W, (x) is the m th
Chebyshev polynomial of the second kind. Then

xt = Z?:o AgjTo_;(x).

Lemma 2.2: For any € > 0, we have
13
@y + 1) e (1 + eyt
13
and  L(y +t,)x) < (1 + [t))e=7*e (14)
uniformly for y € [%, 1+¢€] and |t] = 1.
Proof: The result follows from [24, Theorem 5] and [25, Lemma 2.7].

Lemma 2.3: [26, Corollary 1.2] For any € > 0, we have
5
L(y +1t, sym?f) <o (1 + [t)a77%e (15)

uniformly for y € E,l + 8] and |t| = 1. The same subconvexity bound will

work when sym?f is twisted by a Dirichlet character y, modulo D and the
absolute constant depends on f, € and |D|.
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Let £(s) be a general L-function (in the sense of Perelli [27]) of degree
m= 2.
Lemma 2.4: For any € > 0, we have
(i) flT [2(s)|?dt <, T™"V*e yniformly fory € E, 1+ e] and T = 1,

(1) L2(s) K (1+ |t|)7(1_7’)+s uniformly fory € E, 1+ e] and |t| = 1.
Proof: 1t follows from [27, Theorem 4] and [28, Proposition 1].

3. Key Lemma
The next result is crucial in proving the main theorem.

Lemma 3.1: For fixed positive integers € and r, we have
Rf,r(s) =L€,T(S)U€,r(s)'

where for each odd € and odd r,
[¢r/2]

Loy(s) = 1_[ (L(s -2, sym“'Z"f)<(["r)_(”€'r1)>ll(5, symér=2nf x X_4)(({Z)_(ntf1)>>‘

_ (16)

and for each even £ oreven r,

Lor(s) = (s — 2)((;;2)_(#2—1))“5’ X_4)(<{’£;2)_(€r/€;—1)>
X H:?r;ol (L(S -2, sym”—“f)((ir)’("e-rl)h(s, symér=anf x x_4)((ir)("irl)>>,

A7)
where U, ,(s) is a Dirichlet series converging absolutely and uniformly in the
region y > ; and U,,(s) does not vanish at y = 3.

Proof: By Deligne's bound, it is known that A¢(p) = 2cos8, and A;(p’) =
Tp(2cos8y,) for some 0, € [0,7], where Tp(2x) = W,(x) and Wp(x) is the
£th Chebyshev polynomial of the second kind. Following (6) and Lemma 2.1 , we
get

Hore oy ®) = 4" () = (zosmsmm ((f,f) -( 1)) Asymfr-sz(p)).
(18)

Since As(n) and 0y, _, 1(n) are multiplicative, the function Ry, (s) has
the Euler product
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4T @MW ozy_ya () AN o241 @)
Rep(5): = By A 0002020200 (1 4 QLD P2a0a)

nS pS
for Re(s) > 3. Since
02y (@) = P* + X-2(D),
we have

/1;®f®--~®[f(p)az;x_4,1(P) :/I,fr(p)gz;x_4,1(17)
= (Zosmsw/Z] ((f,:) ( o 1))/1 mér= me(P)>(p + x-4(p))

S N, ((f’r)( ) [m—

{’r
m

+ Yosmser/2) ( m )) mtr=2m (D)X= (D).

We define

or or or
Lpy(s) = HLZ]O (L(S -2, sym”‘znf)((")_("—l)> L(s, sym?r=2nf
or or
‘s )(<n>—<,,_l>)>

for Re(s) > 3, and write its Euler product in the following form

A A(p?
M (1+52+252 4+ ), where A®) = —4(P)" 02y ,1(P)-
Define the sequence
ry. _ (A@) +AQ@TOA ()02 () if T 22
B(p"):= .
0 if r=1

Since B(n) « n?*¢ for any positive &, we define the Euler product for
Uy (s) as

2s

Ugr(s) =TI, (

Thus, we get the result.

B(m ; )+,_,)_

4. Proof of Theorem 1.1
Deligne's bound (respectively, Weil's bound) implies that

oo, Knf and oy, ,41(n) K n®*e
for any € > 0. Let 1 <Y < g, and consider a smooth, compactly supported
function w(x) such that:

w(x) = {1 for x € [2Y,X],
0 forx<Yorx>X+Y,
Then, we have

and w®(x) «, Y7 forallr > 0.
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Ser(X) = Yot K@re-@r (M) 02y_,a (M) + O(YX¥).
For more details, see [29]. By Mellin inversion, the main term becomes
Zn>1 Af®f® ®ff(n) 02:v_4, 1) wm) = tf(3+g) @(s) Rpr(s) ds,
where @(s) is the Mellin transform of w(x). Shifting the contour of integration
from Re(s) =3+ ¢ to Re(s) =y,, for a fixed §+£Syo <3+e¢, and
applying Cauchy's residue theorem, we obtain
1 ~ ~ -

o Jiarey B(S) Rey(5) ds = Res(Ry () @(5)) + Ve | + 00X )
for any arbitrarily large A € R, where

Ver = 5= Jiy0y @(5) Rey(s) ds. (19)

2mL

Therefore, it suffices to find the residue at s = 3 and estimate the integral
Ver.
Applying Lemma 3.1, we estimate

T |Lor(yo+it)]| |Lpr(Yot+it)|
[Ver| < X0 [ BECIOREL dp o o {5+ ool dt,

for any fixed y, € G, 3). Using Lemma 3.1 for the first integral and a dyadic
subdivision for the second, we conclude
[Ver| < X7o + XYologT - max Iy, (Ty), (20)
<T; <

where
ler(T) = 7o Ly (ro + )] dt. @1
This implies
Ser(X) = Res (Rer(5)5) + IVir | + O(X ) + O(YX*9), @2)

1+¢&
where T = XT and Y is chosen later. Thus, we are left to estimate I,,(T) to
get the desired result for S, ,.(X).

(i) (Both £ and r odd): We take y, = 21/8 € (5/2,3), substitute (16) in
(21), and apply Cauchy-Schwarz's inequality, which implies

ZT
ller (M| € = [27 Lgr (vo + )] dt

N

1 o or 2
« TllOng x TE % szlTl H lT/Z L(V() -2 +1t, sym” an)(( ) (n 1)) dt
1

By applying Lemma 2.4(i), we get

3 [%T] (br—2n+1)2 r¢r
L 1 Te| Zn=0 (Fr-ntD) (3) |+
|1, (T)| « = logTy X TZ X T,
i Ty
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Thus, we have

_ 2
l+i<2[{’r/2] (r—2n+1) (ir))_“s

2 16\ “<n=0 fr-n+1
|1 (T)| < T (23)
We substitute (23) into (20) to get
1,3 Z[é’r/z] (er—2n+1)2 (fr > 1te
|V(r| <<X3 +X TZ 16( {r-n+1 (n) . (24)

Since R, (s) is an analytic function in the region Re(s) > 5/2, therefore,
combining (22) and (24), we have

21
Ser(X) = Ensx A;®f®'“®ef (n)ffz;){_4,1 =0 (X 8 Tw,r—1+e)
+O(YX?*e) + 0(X ™),
where

fr—n+1 n

¢r/2] (br—-2n+1)? (fr
e =3 2 (sl et (1))

1 —gi+s
Yer  to get

3— 3 +&
Ser(X)=0(X ®er .

(ii) (Either £ is even or r is even): We take y, = §+ € and substitute the

1+
Weput T = X

decomposition of the function L,,(s) (from (17)) when £ or r is even in
2 to get

|1 (T < — [

Loy (vo + 10)|dt

tr or
¢ Tl X sup <|((y0 -2+ [t)l((t’r/Z)_(fr/Z—l»

1 Ty<t<2Ty

tr or
X |L(yo—2+ut, symzf)|<<fr/2—1>_(fr/2—z>‘1>>

1

X (f2T1 [L(yo — 2 + tt, symzf)lzdt)

N|=

2
£r o
77 07 102+ esmemp )]

This implies

13 (T 15 [ fr -2 (pr—2n+1)2 0| 7
42(£’r+2)<€ > 4(£’r+4)( ) [Zn 0 Zr-m+1 ( ) “gte
|I,-(T)| < Ty " :

From the above and (20), we get
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f‘l" { r —2
13 15 2 (lr 2n+1) 7
42(€r+2)\ ) 4—(€r+4)\%—1> 7| Zn= fr-n+1 {’rn] 8+E>

fr
Note that R,,.(s) has a pole at s =3 of order ([rzﬂ)(ﬁ) Thus,
2

substituting the estimate of V,, from (25) in (22), we have

5 5
Ser(X) = X3Py, (l0gX) + 0 (X2*) + 0 (XaHT(Ber=1%0)) 4 O(YX?+e) + O(X4),

where

fr 2
_ (1 13 15 -2 (fr—2n+1)? fr
Ber = (s + 42(0r+2) (f—r> t e 4(¢T+4) (— - 1> [Zn 0 (fr-n+1) (“)D

Weput T =— and then select Y = X Zﬂz,r to get

3-——ts
Ser(X) = Xspf,r(logX) +0|X ?2Per ’

fr
where P,,(logX) is a polynomial in logX of degree Wiﬂ(?_r) — 1. This
2

completes the proof.
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