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Abstract  
This study examines and investigates two novel subclasses 

    (       ) and    
  (       ) for a family   of κ-fold symmetric bi-

univalent function in a open unit disk. Furthermore, where function in these 
subclasses, bound of coefficient |    | and |     | were derived. Moreover, 
several refined results are presented for related classes..  
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1. Introduction  
If   family for analytic function  ( ) in  open unit disk   *     | |  

 +, normalize by a condition  ( )    ( )      . A Taylor's series 
expansions of an analytic function     takes the following form: 
   ( )    ∑         (   

    )        (1).  
Where   denotes functions class in  , that is univalent in a open unit disks. 

Under each  ( )    ,  image for   have disk which is radius 0. 5, based on 
Koebe's one-quarter theorem [1]. Certainly, an inverse    of each      
satisfies the following:    ( ( ))    (   ) and  .   ( )/  
    .| |    ( )   ( )  

 
 /  

Where  
 ( )     ( )         (       )   (             )      .   
   (2)  
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  ∈   is a bi-univalent function when both  and    are univalent in open 
unit disk. In  , let   denote to family for bi-univalent function. A coefficient 
bound derived in [𝟚𝟚] is provided by| 𝟚𝟚|        for each  ∈    where the 
author studied bi-univalent functions class Ʃ. At the beginning of 80s of last 
century, for all  ∈   , Brannan and Clunie[3] suggested | 𝟚𝟚| is less or equal to 
𝟚𝟚 (Lewin’s study has inspired the work). After that, the analytical and bi-
univalent function were revitalized in [4]. The studies “Bulut [5] and Adegani, 
Bulut, and Zireh [6]” pursued by Güney, Murugusundaramoorthy, and Sokół 
[7]. Author Orhan, Magesh, and Yamini in [8] introduced, defined by quasi 
subordinations, the bi-univalent class & determined  bounds for a coefficient. 
The following unified subclasses, commonly referred to as Ma–Minda 
subclasses, were introduced by M. Haji Mohd and M. Darus [9]. 

    ( )  , ∈        ( )
 ( )   ( )  ∈  -  

    ( )  ,  ∈           ( )
 ( )   ( )  ∈  -  

where  ( ) satisfies  ( )    and   ( )     and its analytic & univalent 
functions in   have the  positive real part. In relation to 𝟣𝟣𝟣𝟣, the starlike region is 
denoted by  ( ), which be symmetric in a reals axis. While  function in class 
  ( )  convex for Ma-Minda, the functions   ( ) are starlike of Ma-Minda 
type (see [9] for more explaination). In ( )  √ (  )   ∈   *  𝟚𝟚    +, the 
function   is univalent in   for all  ∈   . Additionally, the function   maps 
into  -fold symmetry’s region. The function, satisfying normalized condition, is 
formulated as follows: 
   ( )    ∑                ∈   *  𝟚𝟚    +  ∈ 

       ( ) 
In [10] [11], the form is called  -fold symmetric. In the equation (3),    

denotes a family for all  -fold symmetrical univalent functions, where the last 
series extension normalized it. Like the symmetrical  -fold concept, in class  , 
the function is one-fold symmetry where   =𝟣𝟣𝟣𝟣. Conventionally, Bi-univalent 
symmetric κ-fold functions can be defined. In [𝟣𝟣𝟣𝟣𝟚𝟚], the antecedents of  -fold 
symmetric bi-univalent function have been described by Srivastava. For any 
positive integer  , of the class  , it is possible to build a  -fold symmetric bi-
univalent function of the function   define in  equation (3),   is a normalized 
form, which can be defined as     as follows:  

 ( )     ( )             [(   )    
𝟚𝟚   𝟚𝟚𝟚  ] 𝟚𝟚𝟚    

  * 
𝟚𝟚 (   )(   𝟚𝟚)    

  (   𝟚𝟚)     𝟚𝟚𝟚        +          , (4) 

where      .    denotes the  -fold symmetric bi-univalent function class. To 
a family  defined in equation (𝟚𝟚), the equation (4) is corresponded when   
equals one. Example for   -fold symmetric bi-univalent function  shown below. 

(   

    )
 
  and [ 

𝟚𝟚    (    

    )
 
 ]  based on the inverse functions, the equation below 
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is obtained: .   

    /
 
  and ( 

    
   *

 
 
  In the literature, with different subclasses, 

estimates  -fold symmetric bi-univalent functions were investigated thoroughly 
(see [13-17] for more details). A primary objective of this study is to introduce 
the new subclasses     (       ) and    

  (       ) of    & to derive 
estimations for initial coefficient |    | & |     | of function belonging to 
each of these subclasses. Some important results are presented here. 

Lemma 1.1: [18] Assume    , so |  |    when      and P be class for 
each analytic function   in   for which   * ( )+         such that 
 ( )                         (   )    

2. The subclass     (       ) 
Definition 2.1: The functions      given by (3) is called in a family 
    (       ) if: 

  |   (  {0
   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )   
     ( )}*|    

       (5) 

and  

  |   (  {0
   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )   
     ( )}*|    

        (6) 

where (    * +                           )         is 
given by (4). 

Theorem 2.2: Let  ( )      (       )(    * +            
               ) be given by (3)  Then  

 |    |      *
 | | 

    (   ),        -   
 

 | | 

√| 0   (   )      (   )           (   )(   )(      )       (   )(    ),         -1|
+ (7) 

and  
 |     |   

     *    | | 

 0   (   )      (   )     (   )(   )(      )   (   )(    ),         -1
  

 | | 
        (    ),         -  

   | | 
(        (   ),        -)  

| | 
        (    ),         -+   

   (8)  

Proof: Let  ( )      (       )  Then  
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 {0

   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )   
     ( )}  , ( )-        (9)  

and  

  
 {0

   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )    
     ( )}  , ( )-   (10) 

where      ,  ( ) and  ( ) are afunctions in P and have the form  
   ( )                               (11) 
and    ( )                             .  (12) 

   
 (    (   ),        -)           (13) 

 
 (

      (    ),         -      
0    (   )

    (   ) (   )(      )1+    
       

 
  (   )  

    

   (14) 

and     
 (    (   ),        -)            (15) 

 
 (

 (      (    ),         -)      

6   (   )     
 (   )
      (   )(    ),         -  

 (   )(   )(      )
7      ,  

        
 
  (   )  

   (16) 

From (13) and (15), we obtain  
             (17) 

and   (  (    (   ),        -)*
 
        (       )   (18) 

Adding (14) and (16), we deduce that 

   ([
   (   )       (   )     (   )(   )(      ) 

  (   )(    ),         - ]      *   

   (       ) 
 
  (   )(  

     )   (19) 

So,   |    |  
 | | 

    (   ),     (   )-   (20) 

 |    |   

  | | 

√| 0   (   )      (   )         (   )(   )(      )       (   )(    ),         -1|
 ,   

   (21) 
as stated in (7), this provides the intended estimate for |    |   

Equation (16) can be subtracted from equation (14), yielding the following 

   
 4

(      (    ),         -)      
(   (   )   (   )(   )(      ))     5   
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   (       ) 
 
  (   )(  

     )  (22) 

Putting (22) and replacing (18) with (19), The following is ascertained 
using Lemma 1:  

  |     |  
   | | 

(    (   ),        -)  
| | 

    (    ),         -   (23) 

 |     |   
   | | 

 0   (   )      (   )     (   )(   )(      )   (   )(    ),         -1
   

  | | 
    (    ),         -   (24) 

The estimate in equation (8) can be achieved from equations ( 3) and 
( 4).Consequently, the proof is completed. 

In case       the following results are determined by reducing Theorem3. 

Corollary 2.3: Let  ( )     (       )(    * +            
           ) be given by (3)  Then  

  |  |     {
 | | 
,   -  

 | | 

√| [         (     )]|
} and  

  |  |     {
   | | 
(   )  

| | 
   ,     -  

   | | 

 [         (     )] 
| | 

   ,     -}.  

3. The subclass    
  (       ) 

Definition 3.1: The functions      given by (3) is named in a class 
   

  (       ) if: 

    (  {0
   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )   
     ( )}*                 (25) 

and    (  {0
   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )    
     ( )}*               (26) 

where (        * +                     )         is 
given by (4). 

Theorem 3.2: Let   ( )     
  (       )(        * +        

      and       ) be given by (3)  Then 

 |    |      *
 | |(   )

    (   ),        -   

 √
 | |(   )

|6  (   )     (   )     (   )(   )((    )  )  (   )(    ),         -7|
+  (27) 

and  
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  |     |      *
 (   ) | | 

(    (   ),𝟣𝟣       -)  
| |(   )

    (    ),         -   

  (   ) | | 

 0   (   )      (   )         (   )(   )(      )       (   )(    ),         -1
   

  | |(   )
    (    ),         -+     (28) 

Proof: From equations (25) & (26) that there exists        that  

   
 {0

   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )   
     ( )}    (   ) ( ) (29) 

and  

   
 {0

   ( )
 ( ) 1

 
 (   )     ( )

(   )   ( )   ( )    
     ( )}    (   ) ( )   (30) 

where  ( ) and  ( ) have the forms (11) and (12). From the equations (29) and 
(30), we find that  

   
 (    (   ),        -)     (   )     (31) 

   (
      (    ),         -      
0    (   )

    (   ) (   )(      )1+    
  (   )        (32) 

    
 (    (   ),        -)     (   )     (33) 

and   

    (
 (      (    ),         -)      

6   (   )     
 (   )
      (   )(    ),         -  

 (   )(   )(      )
7      , 

   (   )   .  (34)  

From (31) and (33), we get          (35) and  

   (  (    (   ),     (   )-)*
 
      (   ) (       )   (36)  

   ([
   (   )       (   )     (   )(   )(      ) 

  (   )(    ),         - ]     * 

  (   )(       ). (37) 
From Lemma 1, for the coefficients             and     , it follows from 

(35) and (36), we obtain   

  |    |  
 | |(   )

    (   ),        -   (38) 

and  
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 |    |   

 √
 | |(   )

|6  (   )     (   )        (   )(   )(      )    (   )(    ),         -7|
   (39) 

The coefficient      is achieved in equation ( 7).Equation (34) is 
subtracted from (3 ), yielding 

 
 4

(      (    ),         -)      
(   (   )   (   )(   )(      ))     5  (   )(       ).  

   (40) 
By substituting (36) and (37) in (40). Hence from Lemma 1, we deduce 

that  

  |     |  
 (   ) | | 

(    (   ),        -)  
| |(   )

    (    ),         -  (41) 

 |     | 

   (   ) | | 

 0   (   )      (   )     (   )(   )(      )   (   )(    ),         -1
  

  | |(   )
    (    ),         -  (42) 

The estimate in ( 8) can be determined from the equations (41) and (42). 
In case      the next result is achieved by reducing the Theorem 9. 

Corollary 3.3: Let  ( )     
  (       )(    * +            

           ) be given by (3)  Then   

  |  |     {
 | |(   )
(   )  √

 | |(   )

[    
   
   (     )]

}  

and  |  |     {
 (   ) | | 
(   )  | |(   )

   ,     -  
 (   ) | | 

 [         (     )] 
| |(   )

   ,     -}.   

4. Conclusion 
In this paper, a new subclasses     (       ) and    

  (       ) of 
 -fold symmetric bi-univalent functions defined in the open unit disk have been 
introduced and examined. Notably, coefficient estimates |    | and |     | 
have been determined for functions within these specific subclasses. 
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