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Abstract

The goal of this manuscript is to examine the measurability of relative multifractal
measures and their related dimensions.
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1. Introduction
Multifractal analysis was presented in 1975 by Mandelbrot in [27, 28],
consists of the study of local behaviors and scale invariance properties of
functions, measures, etc. The kind of investigation was presented as a description
of measure u which occurs in the turbulence on a metric space. Given a metric
space (Z,p) and a Borel probability measure y on Z, Spt u the topological
support of u. The pointwise Holder exponent of u relating to an arbitrary
probability measure 8 at x is designated by
. Inp(B*(r)
o0 () = 1 53y
B*(r) is the closed ball centered at x with radius r > 0. The point of
multifractal analysis is to assess the extent of the sets

— ivea INU(BF()
Xuo(K) = {x € Spt i N Spt 6:1im o) = K}_
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The essential goal of multifractal framework is to establish the value of the
special functions

fupi Ry = Ry 1 > dimy (X0 (K)),
Foo:Ry = Rtk » dimp(X,,9(x)),

with dimy and dimp are respectively the Hausdorff and packing dimensions.
fue and F, g are referred to the Hausdorff and packing multifractal spectra of u
relating to @ (see, such as [1, 3, 5, 11, 14, 40]). Moreover, X, (k) contains
important informations on geometrical properties of p relating to 6. In a several
ongoing papers, numerous mathematicians and physicists have begun to look at
performing multifractal examination regarding to any given reference measure, as
we can notice, in this case, [1, 2, 3,4, 5,6, 11, 12, 13, 14, 16, 17, 22, 24, 25, 36,
40, 44, 45, 46, 47, 48]. Moreover, when the measure 8 is substituted with a
tantamount of Lebesgue's measure was studied by Olsen [32], Pesin [37] and
Peyriére [38]. In particular, they developed different approaches to characterize
an auxiliary measure in an extensive context. This formalism was expanded from
Olsen's desire offered an extensive mathematical framework to assess the especial
functions f, (k) = dimy(X,(x)) and F,(x) = dimp (X,(x)), with k>0,
where
X
X, (k) = {x € Spt u: lri{gw = K},
and to investigate the relationship between them (see also [35]). Next, Nasr,
Bhouri and Heurteaux fostered a a crucial foundation for the validity of the
multifractal formalism in [7].

The exploration of these sets has deep roots. Specifically, a crucial idea
presented in Billingsley's 1965 book [9] was the estimation of the capacity of
above sets. In [10], Cajar concentrated on these collections within the framework
of code spaces. Afterward, the function f, was from the beginning characterized
in 1986 in [20] by Halsey et al.

In [11] Cole presented a comprehensive framework for the multifractal
analysis of a probability measure y according to another identified reference 6.
Precisely, he introduced an offer of multifractal formalism appropriate for
examining the characteristics of f, g and F, ¢. Later, Selmi et al. formulated this
multifractal framework due to limited assumptions in the probability space (see
[3, 16,19, 22, 25,44, 45, 46, 47]) and in the code space (see [2, 6, 14]).

Let q,5 € R, 1 and 6 be two Borel probability measures, H,/; and PJ
are respectively the relative multifractal Hausdorff and packing measure, dimZﬂ
and Dimz‘e indicate the relative multifractal dimensions associated respectively
to H, IZ ’95 and iPpZ’es (we will give the details in the next section). The fundamental
role of H,'y and By is to calculate dim!, and Dim}, of the sets X, (k)

a € R (see for example [1, 11, 22, 47]). Many authors are concentrated on the
connection between multifractal characteristics of a measure u on RY .
Moreover, some authors are interested in learning about the projection on
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k-dimensional vector spaces of u that adheres to the multifractal formalism (see
[13, 16, 29, 34, 45)).

In this present work, we examine the measurability of the relative
multifractal Hausdorff measure and dimension functions

A - R,: (K, 1,0,q) = HI5(K), (1.1

A - R:(K,u6,q) » dim] ,(K), (1.2)
and the relative multifractal packing measure and dimension functions

ARy (K 1,8,0) = By (K), (13)

A - R: (K,u,6,q) = Dim] 5(K), (1.4)

where
A =X (R%) x P(RY) x P(RY) X R,

with X (R%) indicates the collection of compact subsets of R¢ that are not
empty, endowed by Hausdorff distance and P (R%) presented the collection of
Borel probability measures on R® that are endowed by Prokhorov distance.
Certain outcomes from our work may be interpreted as an extension of results
developed by Matilla and Mauldin [31], Olsen [33] and Selmi et al. [15, 42, 43].
Consider Z as Polish space and g: (0, +00) — (0, +0) as a dimension function,
Matilla and Mauldin investigated the measurability of the maps K (Z) —
Ry:K» HI(K) and K (Z) » R.: K » PI(K) with K (Z) the collection of
compact sets that are not empty of Z, H9 and P9 indicate the Hausdorff and
packing measures related to g. Olsen showed that K (R%) x M (R%) X R —
Ry (K, u,q) » H‘f‘s is measurable relating to the o -algebra continuing all
analytic sets of K (R%) X M (R%) x R, where M (R%) represents the collection
of Radon measures on R¢ endowed by weak topology.

We examine the behavior of measurability of the maps (1.1), (1.2), (1.3) and
(1.4) obeying to the relative multifractal formalism represented in [1, 11, 47]. We
prove that (1.1) and (1.2) are measurable relating to the o-algebra continuing the
analytic subsets, further, if 4 and 6 are doubling measures, we get (1.2) is
Baire-(2) class. The measurability of (1.3) and (1.4) are discussed in section 4.
Next, if u and 6 that adhere to doubling condition, (1.4) is measurable relating
to to o-algebra continuing the analytic subsets.

The organization of this work is as follow. Initially, in section 2,
remembering the multifractal and some topological definitions which we shall
need. Secondly, in section 3 we will be interested in the analysis of (1.1) and (1.2).
In section 4 we will analyze (1.3) and (1.4). At last, in section 5 we will utilize the
measurability findings from section 3 to discuss the measurability of multifractal
slices.

2. Notations and some definitions

Although the concepts of the packing and Hausdorff measures, as well as
these associated dimensions, are widely recognized, we chose to succinctly
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reiterate the definitions that below. Consider (Z, p) as a separable metric space,
write P(Z) the collection of Borel probability measures on Z. For every x € Z
and r > 0, consider U*(r) as the open ball centered at x with radius r and
B*(r) its closure. For q € R, we define ¢y: [0, +00) — [0, +o0] by

o for x=0
x1 for x>0 for q<0,

Pq(x) =41 for q=0,

0 for x=0
x?1 for x>0
Given u,0 € P(Z) with 6 has no point masses. For q,s € R and
A < Spt un Spt 6, we define
o 5(A) = inf(%; w(U¥ ()70 (U (1))}, A # 8
with the infinimum is considered over all §-covering which are centered at A4,

with the convention 09 = 0 if ¢ > 0 and 09 = oo if g < 0. Also, the relative
multifractal Hausdorff pre-measure is is mentioned as follows

—q,s . —as —q.s
Hyo(A) = %1{{)1 Hy0,5(A) = sup Hy g 5(A).
50

for q>0.

The multifractal Hausdorff measure according to ¢ and 6 is indicated as
Hip(A) = sup Hyyp(B), H15(@) = 0.
We also make the dual definition, for g,s € R and A € Spt un Spt 6
Prss(4) = suplZ; p(BY ()10 (B (1))°), 4 # 0

with the supremum is considered over all & -packings of A. The relative
multifractal packing pre-measure is identified by

=a.s . =4S . =S
Puo(A) = %l{rol Puos(A) = gg P0,5(A).
The multifractal packing measure according to ¢ and 6 is indicated by
. =as )
Pig ) = Jnf ¥ Pup(A, B5(®) =0,

Especially, we write the conventions 0.0 = 0.00 = 0.

Cole proved in [11] that #; and P!y are metric outer measures,

specifically they serve as measures on the o -algebra engendered by Borel
subsets. Furthermore, these functions are respectively multifractal prolongations

of the Hausdorff and packing measures H°, P*5. On the other hand, 55:; isa

multifractal prolongation of packing pre-measure P’ Reader is referred to [18,
30, 39, 41, 49, 50] for more informations on H* (respectively, the centered
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=5 =498 —=as
Hausdorff measure C®), P* and P . H o and P, g are not measures. More

precisely, the first is countably sub-additive and not necessarily monotone,
whereas, the other is monotone and only finitely sub-additive.
Let PL(Z) and PZ(Z) denote the following sets

P(Z) = {n € P(2): T}(w) < oo for all B > 1}

and
PE(Z) = {u € P(2): T§ (1) < oo for all g > 1},
where
T3(u) = limsup sup “EED)
p U =limsup Sup o)
and

X
T2(u) = limsup sup “Z6)
p () =limsup sup . oxa

Some interpretation from P} (Z) and PZ(Z), they remain unchanged by
the values of B greater than 1, as stated in reference [32, Lemma 2.1]).

Proposition 2.1: For A € Z,

1. There is a specific critical value, denoted as dimZ‘e € [—o0, +o] where
+0o if s<dim!,(4)
Hl5(A) = . 4
K 0 if s>dimy,,(A).
2. There is a specific critical value, denoted as AZ_G € [—o0, +0] where
50 ) = +oo if s< AZ,G(A)
"8 0 if s>Al,(A).
3. There is a specific critical value, denoted as Dimz‘e € [—o0, +0] where
PUS(A +oo if s<Dim]y(A)
wo =10 if s> Diml,(A).

The values dimZ’B,Dimzﬂ and AZ.B are respectively the relative

multifractal Hausdorff, packing and pre-packing dimensions. Moreover, write
dimy, 5(A) = dimg(A), Dimy 4(A) = Dimg(A) and A 4(A) = Ag(A).

2.1 Polish space and analytic sets

Consider a metric space (Z, p) is termed a Polish space when it possesses
the separability and topological completeness. Specifically, there is a distance p
on Z for which the metric space (Z,p) is complete. In particular, a complete
separable metric space is known as Polish. Let (Z, p) be considered a Polish
space, a set A of Z is termed an analytic set if it can be represented as an image
of a Polish space W under a continuous function h from W to Z. For Z and
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W are two Polish spaces and B is Borel of Z X W, then A = m,(B) is analytic,
when 1, is the projector function on Z [21, Chapter 14].

In the Next, for every Polish space, Z we write B(Z) an U(Z)
respectively the family of Borel and analytic sets of Z.

2.2 Hausdorff metric

Let K (Z) represents the collection of compact sets that are not empty of Z.
The Hausdorff distance is characterized in this way, for K and | as two compact
sets,

pu(K,J) = max {sup inf p(x,y), supinf p(x, y)}.
y€J XEK xeK YEJ

We get py is a distance on K (Z). Also, we can consider a metric

0 if K=@¢and =0
pHO(Kr]) =31 if K=@orJ=0
pu(K,]) if K#@ and J # 0.

In particular, the space K (Z) U {@} will always be endowed with the
metric py . If (Z,p) is Polish, hence (¥ (Z), py) is Polish (see [21]).

2.3 Prokhorov metric
Consider p, 6 as two elements of P(Z) and € > 0, the Prokhorov distance
is defined as following

pp(u, 8) =infle > 0: u(A) <0(A,)+¢& VACZ}
with
A, ={x€eZ : p(x,A) <e}
It follows from [8, Section 6], that p,, is a distance on P (Z) and for (Z, p)

is a separable, so for each u, (u,), € P(Z),

weakly
P 1) N 0 & py — .

When (Z, p) is a Polish, therefore (P(Z),p,) is also Polish. The reader
can see [8, Sections 5 and 6] (see also [26]). In particular,

H(RY) x P(RY) X P(R?) X R is Polish.

2.4 Borel Hierarchy and Baire class

We delineate the Borel hierarchy as a means to classify the smoothness
properties of functions. For all 1 < n < w;, where w; is the first uncountable
ordinal, we establish the families £7(Z) and II)(Z) of Z respectively by

29(Z)={A S Z: A is open} = X2,

NY(Z) ={A S Z: A is closed} = I1J,
Z%+1(Z) = {Ultiol Apt Ay € H%(Z)} = 22+1'
Z%+1(Z) = {nltiol Ag: Ay € Z%(Z)} = H2+1.
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and
B(Z) = Upew, 115 = Uyew, 29,
Moreover, we have B(Z) € A(Z). Therefore,
I =G c Il =Gs © 23 = Gso © I1§ = Gooo -
and

M =Fc=F cll)=F,5 CZ)=Fpsq -

Given two metrizable topological spaces Z and W, a function h from Z
to W is Baire-(n) class (or is of Baire class n), where n is a natural number, if
it can be represented as the pointwise limit of functions' sequence that are
Baire-(m) class, where m is lower than n. The Baire-(0) class consists of all
continuous functions. In addition, if W possesses the separability property, h is
Baire- (n) class if and only if it is £2,; -measurable [21, Theorem 24.3].
Exceptionally, the lower and upper semi-continuous functions are Baire-(1) class.

Throughout the paper, we will write R = [—o0, 4], R, = [0,+0),
R_ = (—oo, 0]'
A = K(R%) x P(R%) x P(R%) X R,

Q, = K (R x P(RY) x PH(RY) X R_ U K (R?Y) x Pi(RY) x PL(RY) X R,
Q, = K(RY) x P(RY) x PE(RY) x R_ U K (RY) X PZ(RY) X PZ(RY) X R,.
and for any space Z, B(A(Z)) indicates the g-algebra engendered by the family

of analytic subsets of Z.

3. Measurability of relative multifractal Hausdorff measure and dimension
maps
We will now focus on the measurability of the functions (1.1) and (1.2). We
remember the open balls and closed balls centered at x, U*(r) and B*(r)
respectively, where 7 > 0 and x is an element of R%.

Theorem 3.1: Let § > 0 and s € R.

1. The function A - R,: (K, 1,8,q) = %Z:Z‘g(l() is upper semi-continuous,
specifically, it is Baire-(1) class.

The function A - R,: (K, 11,0,q) = _Z:; (K) is Baire-(2) class.

The function A - R,: (K, 11,0,q) = 7—[;';(1() is B(UA(A))-measurable.
The function A = R: (K, 11,0,q) - dimzyl9 (K) is B(U(A))-measurable.
The function 0, — R: (K, u,0,q) = dimZ‘e (K) is Borel measurable. In

particular, it is Baire-(2) class and as well not Baire-(1) class.

AT

We introduce various instruments and preliminary findings that we will use
to demonstrate our results.
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Proposition 3.1: For 4,0 € P(R%) and q,s € R, one has

1. Hye(A) < H,o(A), forall A< R,

2. Hls(K) = sup H o)), forall K € C(RY).
Jis co_mpact

Proof:

1. For 8,1 > 0. Given {U%i(r;)}; as a centered -covering of A. As long as
U¥i(r; + ) N U%(r;) as € N0, so there is 0 <& <& in such a way
T + & < 6 and

{raqﬁs < u(U*(r)0(U*i(r))° + %,for all a,p € R, satisfing

{M(U"i(n)) <a<puU(rn + &) (3.1)
and
o= m)) < B < 8(U*(r; + &)).

Now, we choose y; € U*i (n- - %) N A and using (3.1), we get

p (0 (4 ) 0 (0 +D)” <O +E ()
We can see obviously {UYi(r; +%)}l- is a centered §-covering of A4, so
(3.2) implies

Hos () < Ti (U0 + D) 0 (07 + )
< B (uUr())8 (UF(r)* +3)
= X n(Ur(r))?0 (U ()" + A,

Consequently, ﬁ:’;_g (A)ﬁg:;_(g (A) + 1. Letting §,A - 0, we get our
result.
2. Using assumption 1, we obtain

=495 rra
}[;1.,9 (K) < sup 7'[;4,9 U)
JEK
J is compact

The other inequality is obtained from the definition of #,]7. Then
HIS(K) = sup Hoo().
,u,e( ) ]g}? uwe (])
J is compact
Proposition 3.2: Let § > 0 and s,c € R, the set
—q,s
U={K,pnb6,q) €A : Hygs(K)<c}
is open.
Proof: By Utilizing the definition of ﬁg:;ﬁ and given that K is compact, we

—as S . e
show that H,, g s(K) < c is similar to the existence of non-zero positive integer
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m, Xy ., Xm €K, 11,..,7m €(0,8) and cy,...,cp, ERy with X2 ¢; <c
such that

1. {U¥(r;)}2, is a covering of K

2. pwU*(r)10(U*i(r))* <c,Vie{l,..,m}

Denote by F the complement of U. It is enough to demonstrate that F is
closed. Consider a sequence (K, iy, 0n, qn)n in F, (K, u,60,q) belonging to A
with

(Kn' Hn» en' qn) m (K' H 0, Q)-

We should be proven that (K, i, 6,q) is an element of F.
Fix m € N\{0}, x4, ..., x, €K, 11, ....,1, € (0,6), ¢4, ..., ¢, € R, with
it ¢; < c, we have to show that

{U%i(r;)}2, is not a centered § — covering of K, (3.3)
or
w(U*(r;)0(U*(r;))® > c;, for some i € {1, ..., m}. (3.4)
If (K,u,0,q) checks (3.3), we get the result. We assume that
{U¥i(r;)}2,is a & — covering of K. (3.5)
Given that K is compact, so (3.5) implies that there is &, > 0 where
{U%i(r; — €)}2, isa § — covering of K, for all € € (0, ). (3.6)

Now, demonstrate that, for & within (0,&,), there is i(¢) such that
1< i(e) <m and

UV (136)) O U (1i(e)))* if q>0ands >0
H(UH@ (1)) 10 (U@ (1) — €))° if g>0ands<0
@ S U (1) — £))10(US (134))) if g<Oands>0

p(UX@ (1rye) — €))10(U*@ (1) — €))°  if g <Oands <0.

Fix € € (0, &), since py(K,, K) v 0 and from (3.6), there exists N € N
such as

K, c UL, U*i(r; — €),foreachn > N, (3.7)

and
1
K, n U*i (§e> # @, foranyn>Nand1 igm.

Next, pick n > N and take y € K, N U¥i (% e) fori € {1, ..., m}. Clearly,

) j 3 _ 1
U¥i(r; —e) C yrn (ri - ZE) c Ut (ri — EE)' (3.8)
In particular,
i m
{UJ’h (ri - 35)} isa § — covering of K,,. (3.9)
4 /i=

Since (K, Un,0n,qn) € F and by (3.9), we can conclude that
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i) 3 \\" in) 3 \\°
Un (Uyn (T‘i(n) — ZE)) Hn (Uyn (Tl'(n) - Z£)> = Ci(n);

with certain 1 < i(n) < m. (3.10)

Later, chosen i = i(e) with 1 < i(¢) < m, in such way there is a strictly
monotonic sequence (n;); € N and also i(n;) =i for each j. Moreover,

Pp(un, 1) N 0 and p, (6, 6) N 0.
By using (3.8), it is noticed that

R - ) < (07 (r - 2¢))

<liminfpu, (U7 (-3¢
j Hn} ( ( t 4 )> (311)
i(n)
s . Yn: _3
= llmjlnfynj uti (rl-(nj) 45)
and
. . 1
ks () > w(B% (1~ 2e)
> lim supy,, . (Bxi r—te )
= ; nj ( L2 )
> lim supy,, . (Uyrl‘i r—2¢ ) (3.12)
; nj ( Log )
i(n))
. Vi 3
= lim SUP/in; ui (ri(nj) — Ze)
j
Similarly, we acquire
. . ) ;
oU¥i(r; —€)) < llmjlnf Bn]. u-ti (ri(nj) _ZE) (3.13)
and
yl nj) 3
O(U% (1)) > limsup6,, | U™ (ri(nj) ‘ZS) . (3.14)

J

For j € N, we denote

i(n) i(n;)
Yn) 3 Inj 2
@ = tng | U (riguy = 32) | and B = O, | U7 (i =) |

We have @,/ — 1. Since (3.11), (3.12), (3.13) and (3.14) imply that

Jj—+coo
a;); and (B;); are a bounded sequences. Then,
(@)); )i q
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. If g >0 and s > 0, from (3.10), (3.12) and (3.14) we obtain
RUB )BT ) > limsup & ay O (1)°
j

. An; i 3 S
> hmjsup 3 ] ((Uyh(ri - ZS))

. n; L 3 .\°
> limsupa, 26, (Uynl (r; — —e))
i J j 4
qdn;
— 1i I ps
= hmjsup a; B;
> limjsup Cinj) = Ci»

. If g > 0 and s < 0, from (3.10), (3.12) and (3.13), we have

an; q—qn;
RUR IOV — ) > limsup @ ey U - £)°
J
. an; vh 3 s
> llmjsup a; 0 (U (ri - Zs))
. N
. qn Vn; 3
> llmjsup a; Bn]. (U j (ri 48))
qn;
— 1 J
= llmjsup a B;
> limjsup Citnj) = Ci-

. If ¢ < 0 and s0, from (3.10), (3.11) and (3.14), we have

dn; 49—Aqn;
RS (= )1U)Y > limsup o) B ()*
J
dn; i 3 s
> limsup a, ’Q(Uyn n—"¢ >
z i J (L 4 )
dn i 3 s
> limsupa, 6 .(Uy"i r—-¢ )
= ; joTny ( Loy )
an;
=limsup a; '}
j
> limsup Cinj) = Ci-
j

. If g <0 and s < 0, we use (3.10), (3.11) and (3.13), we obtain

dn; 4—qn;
p(U¥i(r; — €))10(U¥i(r; — €))° > limsup a; ’a]. To(U¥i(r; — €))°
j
. qn; L 3 S
> llmfup a; 0 (Uy (r; — Ze))

245
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X S
. qn; h 3
> limsup a; ’an (Uy"I (ri — Z€)>

j
i An;
= limsup a; B}
j
> lim SUP Citnj) = C;
j

It implies that there is sequence (&,), € R, and 1 < i < n in such way
&, N0 and i(g,) =i for each n. Making n / Z + oo, so (3.4) is acquired and
therefore (K, u,0,q) € F.

Proposition 3.3: For 1,0 € P(R%) and q,s € R.

1. Ifqg>0 and y, 0 € PZ(R%), thus one can find ¢ > 0 for which
.‘]-[q 2 (A) < cﬂ-[,w (A), forevery A c R4

2. If g <0 and 6 € PZ(R%), thus one can find ¢ > 0 for which

Hlg(4) < Z:; (4), forevery A c R4,
Proof:
1. Let u, 0 € PZ(R%Y), so there are c;,c, > 0 and ry,7, > 0 in such a way
that
M(Ux(3r)) clu(Ux(r)) forany0 <r<mn
and

O(U*(3r)) < c,0(U*(r)) forany 0 < r < 1.
Consider § >0, A € R* and {U*i(r;)}; as a centered §-covering of A.
Let Bc A and I = {i: BN U%(r;) # @}. Forany i € I, select
y; € U*i(r;) N B. Clearly,
U*i(r;) c UYi(2r) < U*i(3ry).

Also, we can see that {UYi(2r;)};¢; is a centered 2§-covering of B. It
follows that

(a) For u, 8 € PZ(R?) and s > 0, we have

Hyo25(B) < Tier m(UH(217)T0(UY1(21;))°

< X p(U*(31;)) 16U (311))*
< ¢f 3 T u(UA ()16 (U¥i(1))°.

Hence,
—q,S
ue 25(3) clc3Hp5(A).

Letting § v 0 and since B is arbitrary, we conclude that

Hlo(A) < cﬁz"; (A) with ¢ = cfc3.
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(b) For p € PE(R%) and s < 0, the proof bears a resemblance to case (a) with

— o
c=c.

2. For g <0, we have

(a) For 8 € P2(R%) and s > 0, the proof bears a resemblance to case 1.(a)
with ¢ = c3.
(b) For s < 0, the proof bears a resemblance to case 1.(a) with ¢ = 1.

Corollary 3.1:
1. For q >0 and u, 0 € PZ(R%), then for all A € R, we have
dim! ,(A) = inf{s € R : ﬁ::; (A) =0} =sup{s € R: %ij (A) = o}
2. For q <0 and 6 € PZ(R%), then for all A € R%, we have
dim? 4(A) = inf(s € R : H,,5(A) = 0} = sup{s € R: T, (4) = +oo}.

Proof of Theorem 3.1.
1. This is a direct result of Proposition 3.2.
2. Forevery (K,u,0,q) in A,
—as s
Hu,a (K) = nHTwHu,B,Z_"(K)-
Hence,
— —q,s
A- R+: (K,ﬂ, 6' q) i }[u,G(K)
is Baire-(2) class.
3. Itis enough to demonstrate
[={(K,ub,q) €A: HIJ(K)>c}
is analytic, for every ¢ € R. Let
M={(K,ub,q)])€AxKRY: JCcSK}
_q's
L={K16,q)) EAXKMRY): H,5() > c},
and
T:AXK(RY) - A

(K,u,6,q9,]) » (K,11,0,9).
One has

D= {(K,1n0,q) €A: HISK) > c)
={(K,u,0,q) € A:3] € K with ] compact and ﬁZ; J) > c}
=n({(K,11,6,q,]) € AX K (R):] € K}
N{(K,1,6,.)) € AXKRD: Hyp()) > )
=n(lNnY),
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It is apparent that II is closed. Moreover, by Theorem 3.1-(2), Z is a Borel,
so I[I N X is Borel. Whence, I' is an analytic.

It is sufficient to demonstrate
T, = {(K,1,6,q) € A : dim] ;(K) > t}
is an analytic subset of A, for t € R. For t € R, II and w as defined in
assumption (3), we have
L, ={(K,u6,9) €A:H] (K) >0,Vs < t}

= ((K,1,0,q) €A:3] K, H,5()) > 0Vs < t}
=n({(K,u6,q)) € AX K(R?):] € K}
N {(K,11,6,q,)) € AXK(RL) : H,o(J) > 0,Vs < t})
=n(lINZp),
where
S0 = {(K,1,0,9,]) € AXK(RY) : H,o(J) > 0,Vs < t}.
Since X, is a Borel, then, T, is analytic.
Considering that A —» R,: (K, 1, 0,q) = _Z:;(K) is Baire-(2) class, we
deduce from Corollary 3.1 that if s;,s, € R, one has
{(K,1,0,q) € Qy: 5, < dim] 4 (K) < 55}

1
—q,51+-
= ‘0‘2 n (UTLEN{O} {(K! U 9' q) eAl< }[;t,al n(K)}

1
71527y
n UnEN{O} (KI u 9; Q) € A: Hu’gz (K) < 1)

€ g&r (QZ)
Then, the function
0, = R: (K, 1,6,q) = dim] 5(K)
is Baire-(2) class. Now, we demonstrate that it is not Baire-(1) class. Let
q =0, u and 6 are two Borel probability measures such that p([0,1]%) >
0 and O = £([0,1]%) is Lebesgue's measure on [0,1]%. Put
I, = {A: A € R? is finite}
and

[I. = {J U A:] € R? is compact with line segment form and has a positive
length and 4 is finite set in R%}.

[I; and ][, are dense in K (R®), [21, Theorem 4.22]. We have
0 if Kellh

dime(K)={1 if K€l

Therefore,

Q, > R: (K, p,0,q) = dim? 5 (K)
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is everywhere discontinuous, from [21, Theorem 24.15], we conclude that it is not
Baire-(1) class.

4. Measurability of relative multifractal packing measure and dimension
maps
In this part, we will discuss the concept of measurability of (1.3) and (1.4).

Theorem 4.1: Let § > 0 and s € R.

1. The function A - R,:(K,u,6,q) = ?Z:;S(K) is lower semi-continuous.
Exceptionally, it is Baire-(1) class.

2. The function A -R,:(K,u0,q)+% 53:; (K) is Baire-(2) class,
especially, it is not Baire-(1) class.

3. The function A - R:(K,u6,q)+ AZ.G (K) is Borel measurable.
Extraordinarily, it is Baire-(2) class.

4. The function 01— R:(K,1,0,q) = Dim},(K) is BRAW)) -
measurable.

To establish this theorem, we need some useful and intermediate results.

Proposition 4.1: Let § > 0 and s,c € R, one has
_q,S
G={K,ub0,q) EA: Pygs(K)>c}

is open.

Proof: Given
H = {(K,u,0,q) € A: There exist a non — zero positive integer m,
X1, ., Xm EK, 14, .., 15 € (0,6)
and ¢y, ..., ¢, € Ry with 312, ¢; > ¢
such that
1°) B¥i(r;) N B*i(r;) = O,Vi #j € {1,...,m}
2°) u(B*i(r))*0(B*i(ry))* > ¢, Vi €{1, ..., m}}

The proof splits into two steps.
15¢ step: We will demonstrate that G = H. Given (K, u, 8, q) that belongs to
H, we obtain

. . —q,5
c <Xty ¢ < Ximg H(B*(1))10(B*1(1))° < Ppe,5(K),
then H c G. Inversely, let (K,u,0,q) € G, there exist {B*i(r;)}; a §-packing

of A in such a way

¢ < X w(BX(1)) 0 (B¥i(r))* < Ppps(K).

Furthermore, there exists a §-packing {B*i(r;)}%; in order that
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¢ < XiLy u(B*i(r)?0(B*(1))*,
therefore, we can find € > 0 such that
¢ <Xy p(B(r))16(B i (1))° — ¢
. q .
=3, () e (B - ).
We can take
€
¢ = pBHE)0BM (1)) — )
which implies that G < H.
254 step: We are going to demonstrate that H is open. Let the complement of H

be denoted as F, we will show that it is closed of A. Pick a sequence
(K> Uny 0y qn)yn in F that converges to (K, 1, 0,q) € A and show thatitin F.

Set m € N\{0}, x4, .., x, €K, 1y, ...,1, € (0,8), cq,...,c, € R, with

e >c.
We need to show that
B*i(r) N Bxf(rj) # @,for some i #j € {1,...,m}, 4.1
or
w(B*(r;))10(B*i(1))* < ¢;,forsomei € {1, ..., m}. (4.2)
If (4.1) is checked, then we are done. We assume that is not satisfied, ie,

B*i(r;) N B*i(r;) = @,Vi # j € {1,..,m}. (4.3)
Since K is a compact and (4.3) imply that for all € € (0,g,) where
& < infr;, with 1 < i < m, whence
{B¥i(r; — €)}j%, isa 6 — packing of K. 4.4
Subsequently, we demonstrate that, for any positive € less than &, there is
a corresponding index i(¢g) in {1,...,m} in such a way

( W(BX® (1) — €))7 (B¥@ (1) — €))° if q>O0ands >0
=

H(BYI® (13£)) 10 (BY O (1y() — £))° if g<Oands>0
€i(e) { U(B¥i® (100 — €))10(B*1® (1y()))* if g>0ands<0
LL[(Bxi(S) (ri(E)))qH(Bxi(S) (ri(E)))S if q <0ands <0.

fix € € (0,¢p), since py(K,, K) N 0 and from (4.4), there is an integer N, in
such a way

K, N B*i (%s) # @, foranyn > Nand1 i m.
Now, take n >N and choose ¥ €K, N B* (g s) forl <igm.
Obviously,
) i 3 ) 1
B¥i(r; — &) c B’ (ri - Ze) C B%i (r,- - 58)‘ (4.5)

Moreover,
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{By’i1 (ri - %e)}m isa § — packing of K,. (4.6)

i=1
Since (K, tn, On, qn) € F and by (4.6), we can conclude that

in) in i) s
Un (By:ln (Ti(n) - 25)) 0, (By:ln (rl-(n) - %s)) < €y, forcertain 1 < i(n) < m.

4.7)

Then, pick i(e) =i € {1, ...,m}, so there is a strictly monotonic sequence
(n;); € N with i(n;) =i forall j. Additionally, one has

Pp () ~ 0 and p, (6, 68) N 0.
Using (4.5), we obtain

w(B5 () > (B (1 - 3e))

. . 1
> llmjsup Hn; <Bxl (T‘i —3 8))

. L 3 4.3)
> limsup u .<By"J T —=¢ ) (
= i nj (l 4 )
i(n5)
. Vn,; 3
=limsup o, | B (1) = 3¢)
j
and
. i 3
u(B5 - ) < (U7 (- 3e))
< liminf Hn; (Uyrl1 (rl — %s))
< liminf y,, . By’i” (r- —38) 4.9
j Tl] L 4
i(n;)
s . Yn: _E
= llrrbmf Hn; B™" (ri(nj) 48)
In the same way,
yi("j) ( 5 )
0(B*i(r;)) » limsup 6, . B°™Y (ry,)—-¢€ (4.10)
vz i nj i(nj) ~ %
and
. . y) ;
0(B(r; =) < liminf 6, | B™" (riy —2¢) | (4.11)

Let
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i(nj) i(nj)
i 3 Y 3
@ =t | B (rigny =3¢) | and = 60, B (riny =) |

q—Gn;
We have, if Gn; = 4 then, a; " 1. Since 4.8), (4.9), (4.10) and (4.11)
imply that (@;); and (f;); are a bounded sequences. We conclude that

. If g >0 and s > 0, from (4.7), (4.9) and (4.11), we have

K(B¥ (1 = £)10(B7(r; — £))° < limnf @ a OB~ )

an; i N
< liminf ajnj Hn}, (By"j (r; — %g))
j

= limj inf ajnj B;
< limjinf Citnj) = Ci-
. If g <0 and s > 0, from (4.7), (4.8) and (4.11), we have
R(B¥(r)) 0(B¥(r = ©))° < limin aa OB — )

. . an; i 3 N
<liminfa; /6y, (Bynz (r; — Zs))
j

— Tirm § nj s

= llmjlnf a; B;
< limjinfci(n}.) = C;.

. If g >0 and s <0, from (4.7), (4.9) and (4.10), we have

dn; 9—Aqn;
R(BF (= )16(B () < liminf o a; 7 O(BH()®
j
N
.. qn; yh 3
<11mjmfa]. Hn]. (B J(ri 46))

dn;

= limjinf a '}

< limjinf Ci(nj) = Ci-

o g <0 and s <0, from (4.7), (4.8) and (4.10), we have
If g <0 and s < 0, from (4.7), (4.8) and (4.10), we h
dn; 49—Aqn;
w(B* (1) u(B*(r))* < ligninfa]. Ta, O(B*1(1))°
im i an; vh 3 $
< liminf a; Hn], (B i(r; — Ze))
j

an;

= limjinf a ' B}

< lln’blnfcl(n]) = Cj.
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Which implies that there exists a positive sequence (&,), € R, and a

corresponding index i with 1 <i<m in such a way that &, NV 0 with
i(g,) =i for each n. Making n 7 Z + oo, so (4.2) is obtained.

Proposition 4.2: Let A ¢ R% and u, 0 € P(R%), we have

(1)
@)

If Dim! ;(A) = inf sup Al 5(A)).
If g >0 and ,u,@ € 730 (]Rd) one will find ¢ > 0 for which
Poo(A) < Pp(A) < cPyo(4).

(3) If ¢ <0 and 6 € P§(R%), one will find ¢ > 0 for which

—q,S —q,S — —q,s
Puo(A) < Pug(A) < cP,g(A).

Proof:
(1) Let (A;); be acovering of A, since DimZﬂ (4) is monotone and countably

2

stable and Proposition 2.1, then
Dim; 4(4) < sup Dim; 4(4;) < sup A% 5 (4.
Thus,
Dim; 4(A) < AgigifAis%p A% 5 (A
Inversely, let € > 0 and s > Dim] ;(A), then, P, (4) = 0, so there is a
collection of subsets (4;); in such a way that
Ac U; 4; and Y; ”Q(A)
Then, AgirdifAiSL;p ?M:g (4) < and Agi{}ifAiSIL}p N p(A) <s for all
s > Dim] 4(A).
Consequently, Dim! ;(A) = ., giblifAiSIgpAZﬂ (4;) is required.
From the definition of fz:;, we have ?Z:Z (A < ?Z:; (A). We are going to

show the other inequality, for u, 8 € P3(R®), there exist r;,7, > 0 and
¢1,C, > 0 such that

,u(Bx(r)) 61#( ( )), where 0 < r <n; and x,y € Spt u,
and
8(B*(r)) < (By ( )),where 0<r<r, and x,y € Spt 6.

Given 8§ > 0 and A € R%. Choose a §-packing {B*i(r;)}; of A and take
y; € B"i(%) NA for every i. Given that BY: (—) C B*i(r;), therefore

(BYi %)}, isa g-packing of A.
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(3) For p, 6 € P{(R?) and s > 0 we have
5 hB )05 ) < cleson (57 (2)) 0 (57 (Z))
cqczsﬂJ S(A)

Hence, 5:';,5(2) < cfiP 5(A) Letting 6 \v 0, we conclude that

ﬁu,’e (A) Cl (& :Pu 0 (A)
with ¢ = ¢/c5.
(a) For p € P}(R%) and s < 0, the proof is alike with ¢ = ¢/l
1. For q < 0, we have
(a) For 8 € P(R%) and s0, the proof is alike with ¢ = c§.
(b) For s < 0, the proof'is alike with ¢ = 1.

Corollary 4.1: Consider A ¢ R% and p,0 € P(R?).
1. Ifq>0 and p,6 € P§(RY) thus Al 4(A) = Al 4 (A).
2. Ifq<0and 6 € Py(R?) thus 4} ,(A) = A% 5 (A).

As a consequence of Proposition 4.2-(1) and Corollary 4.1, we have

Corollary 4.2: If (K, 1,0, q) € {24, thus
Dim} ,(K) = « gi{)lifKi supA o (K.
K; is compact

Lemma 4.1: Let K € KX (R%), 1,0 € P(RY) and q,a € R in such a way that
?qa(K) > 0. Then, there will be | € K satisfying

1) ] is compact and non-empty,

2) For G € RY is an open set with ] NG #= @ and Dimz‘g(] NG) > a, then
AleU NG)>a

Proof: We assume that 7 is the restriction of P, 9 to K and we write
J = Sptn. Obviously, ] € K and M is compact On the other side, we have
n(J) =n(RY) = B K) >0,
which implies that [ # @. If G c R is open such that J NG # @, then
1n(G) > 0, therefore,
n(G) =nGn)) =R (G n])>0.

Thus Dimzﬂ(] N G) > a. The set ] = Spt n is the greatest closed set of K

fulfills 1) and 2).
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Lemma 4.2: For a € R, whence
{(K,u,8,q9) € Qi: DimZ'e(K) >a} = {(K,u,0,q) €Q, : forevery s <a
there is /] € K in such away that
1°) J is compact and non — empty
2°) For G € R% is an open such that
JNG# @, thus Al ,(J N G) > s},

Proof: "< " From the above lemma, for all (K,u,6,q) € Q;, such that,
Dimg_e (K) > a. Then there is a compact /] € K that is non-empty. If G € R? is
open with | N G # @, therefore,

a < Diml,(J N G)AL, < (JNG).

"2 " Given (K,pu, 6,q) € Q, and suppose that if s < a, then there would
be a compact and non-empty /] € K such that AZ.HU N G) > s, for each open
subset G € R such that ] N G # @. Let us prove that Dimzjg (K) > a. Let us
assume, to reach a contradiction, that DimZ_G(K) < a. Choose s such that
DimZ‘(, (K) < s < a.Given that s < a, there is ] € K in such a way that

J is compact and non — empty
and
AZ‘H(] N G) > s, for every open G of R% in such away thatJ/ N G # @.

In addition, since Dimz‘e (K) < s and applying Corollary 4.2, there is a

family of compacts (K;); such as K < U; K; and
AZ’G (K;) < s, foralli. (4.12)
Considering ] = U; (J NK;) and by the Baire's category theorem it
involves the existence of an open G and j € N such that
JNG+0
and
JNnG <S]NK,.
So, we can choose an open G; such that
JNnG, #0
and
G, €G.
From (4.12), we acquire
s<ALUNG) <AL ,UNG) AL, NK) <AL (K) <5,

and we get a contradiction.

Proof of theorem 4.1.
1. This is a direct result from Proposition 4.1.
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Since Pye(K) = nl_i)rllwﬁz:;z—n (K), for all (K,u,0,q) € A, assumption 1
implies
A->TR.:(K,16,q) - P:[;(K)
is Baire-(2) class.
In general, A » R,: (K, 1,6,q) = ?Z:Z is not Baire-(1) class. Indeed, let
q =0, u, 8, ]]; and ][], be as the proof of Theorem 3.1-(5). We obtain
—a5 _(too if KE€]I,
PuoK) = {o it Kell.
Then, we conclude that

1
_ —a5
A-R,:(K,u16,q9) » P,5(K)

is continuously interrupted everywhere and therefore it is not Baire-(1)
class.

Let 54,5, € R, we get
{(KIMJ 0! q) € A: S1 < AZVG(K) < 52}

1
—q,S +£
= (Unemo) (K. 11,0,9) € A:1 <P,y "(K)}

1
95273
N Unemoy (K, 1, 6,9) € A: P, 9 "(K) <1})
€ g&r (A)
Then,
A-R:(K,p6,q) AZ,G(K)
is Baire-(2) class. The demonstration that it is not Baire-(1) class resembles
to the proof of Theorem 3.1-(5).
Pick ¢ € R. Consider (x;); € R% as a countable dense set and (j)j as a
positive sequence of rational numbers. For i,j,y € N, we denote

['={(Kn0,q)) € AXKRY:] € K},

I/ = {(K,16,q4.]) € AX K (RY):] nU¥(r) # 0},
0/(n) = {(K.1.6,4.]) € A X K(RD): & 5 ( n BX(1;)c — -}
and the projection

mAXK(RY) - A

(K,,Lt, 9: q;]) L4 (K,ll, 9, q)
By using Lemma 4.2, we get

((K,1,6,q) € Qy: Dimf 4 (K) > c}
=N, {(K,u,0,q) € Q;:3] € K insuchaway
1°) J is compact and non — empty
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2°) If G is an open subset of R and G N ] # 0,
= 1
then, A7 ,(J N G) > ¢ — ;}

=N, t({(K,10,q,]) € Oy x K(RY):] € K}
N{(K,u,6,q,]) € Q X K(RY):ifi,j €N
with J n U"i(rj) # (@ then
AL oU N BX()) > ¢ =)

=, nN, 7NN N; [T U6y

= Ql n E,

where

=N, 7T NN N; T ve/m)).
We can see that, I' and Fij are closed sets. Since AZ.B is Borel measurable

and from [33, Proposition 4.6], we get (E){ (y) is Borel set, so X is an analytic
subset of A, then, (}; N X is an analytic subset of ();.

Question 1: Does the A = R,: (K, 1, 6,q) = B3 (K) is B(U(A))-measurable.
Question 2. Does the A - R: (K, u,6,q) » Dimﬂ'g (K) is B(A(A))-measurable.

5. An example: Measurability of Multifractal slices

The results presented in this section hold considerable importance in the
exploration of multifractal slices and as demonstrated in [33, 34].

Given d,k €N with d >k and G(d, k) the Grassmannian manifold
consisting of vector sub-spaces of R with dimension k. For W € G(d, k), we
write W+ the orthogonal complement of W and my, the orthogonal projector
onto W. Moreover, for all W € G(d, k), a € R% and &§ > 0, put

B(W,,6) ={x€ Rd:p(Wa:Z) < 6},
where
W,={w+aweW}
Consider a measure space (X,C,y), the restriction of y to A€ C is
denoted by
y LA(B) =y(AnB),forall B € C.

Let PR(R%) the collection of Radon probability measures on R%. For a
fixed y € Px(R%) and W € G(d, k), the slice of y by the sub-space W, is
indicated as follows

1
Yw, = %iggwl/ L B(W,, 6).

Notice that, this limit with respect the weak topology exists for H 7%

almost all a € W+ [30, Chapter 10]. Otherwise, for a € W+, we simply put
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Yw, = Yw, » for any x € mi({a}). Also, we put Z=R*xG(d k) and
Y = K (R?) X Pr(R?) X Pg(R?) x R.

Theorem 5.1: Let 11,0 € Pr(R?), s € R and F € R? be a closed set.
1. The function
p:ZXR - R,
@W.q) o {}[:;aﬂwa(Fn w,) L:f iw, and By, exist |
0 if pw, or By, does not exists.
is B(UA(Z x R))-measurable.
2. The function
P:ZxR - R
@W.q) o {dimZWa.Hwa (FnWw,) l:f lw, and By, exist |
0 if uw,or 6y, doesn't exists.
is B(UA(Z x R))-measurable.

Proof: Let
Ay = {(a, W) € Z: py, exists}
and
A, ={(a, W) € Z: 0y exists}.
A, and A, are Borel subsets of Z [29]. Given i € N and § > 0, let
fiY = Ry (K,1,0,9) = HI5(K),
9:Y > R (K, 11,60,q) = dim] o(K),
ki:Z - K (RY): (a, W) » W, N F N BO(),
Mig:Z = Pp(RY: (a, W) - (26)%” L B(W,,5),
1

/12,5: Z - ?R (Rd): (a’ W) d (25)d—k

0 L B(W,,6),
AM:Z - Pr(RY
Uwa(FOW) =limA,s(a, W) if (a,W) €A

(a’ W) N { . N0 T .

H if (a,W)¢&A;.
and

122 > Pr(RY

{Bw‘a(F nw,) = gi{r& Aas(a, W) if (a, W) €A,

H4 if (a,W) ¢&A,.
The map k; is Borel function [23], 4,5 and A, s are Borel measurable

functions [29], so A; and A, are also. Then, from [21, 37.3], we can see that the
function

(W) v



MULTIFRACTAL MEASURE AND DIMENSION FUNCTIONS 259

[ ZxXxR - Y

(@W,q) = (ki(a,W),4(a,W)),,(a,W),q)
is BA(Z x R))-B(A(Y))-measurable. As an application of Theorem 3.1, we
have that

@ =Irnaxrsup feljand Y = I ap,xrSUp g o I;
L 13

are B(A(Z x R))-measurable.
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