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1. Introduction and preliminaries

The concept of Schur multiplier was first introduced to a group in famous
article of Schur [19]. Later, this concept was proposed for Lie algebras [1], Lie
superalgebras [14], n-Lie algebras [7], and n-Lie superalgebras [18]. Nilpotent
Lie algebras (NLAs) play a crucial role in the study of algebraic structures and
their applications in various fields, including geometry, physics, and
representation theory. The classification of these algebras is a fundamental
problem in the theory of Lie algebras, as it provides insights into their structure
and behavior. One of the key invariants associated with a Lie algebra is the Schur
multiplier, denoted by M (L), which measures the extent to which the algebra can
be embedded into a larger structure. For an n-dimensional NLA L, we define the
function t(L) as t(L) = %(n2 —n) —dimM (L). This function serves as a
critical tool in understanding the relationship between the dimension of the
algebra and its Schur multiplier. The classification of NLAs based on the value of
t(L) has been extensively studied, particularly for small values of t(L).

In this paper, we focus on the classification of NLAs for which t(L) = 13.
This specific case presents unique challenges and opportunities for exploration, as
it lies at the intersection of known classifications in the theory of NLAs. By
analyzing the properties and structures of these algebras, we aim to contribute to
the broader understanding of NLAs and their classifications. The organization of
this paper is as follows: We begin with a review of the relevant concepts and
previous classifications of NLAs. We then present our main results regarding the
classification of NLAs with t(L) = 13, followed by examples and discussions of
the implications. It was proved that %(n —1)(n—2) + 1 is an upper bound for
dimM (L) for any n-dimensional NLA L, and according to this, s(L) is defined
by s(L) =>(n—1)(n—2) —dimM (L) + 1. There are many theorems and
results regarding to the classification of NLAs L with dimension finite for small
values of t(L) and s(L); for example, see [8, 9, 15, 17, 20, 21] for s(L). In
literature some special cases is studied such as the especial case where A is
simple and has the orthogonal involution abelian non-Jordan-Lie inner ideals of
K in[22]. Finite-dimensional NLAs L with 0 < t(L) < 12 have been classified
by several papers; see [2, 3, 5, 6, 10, 12, 13]. In the present paper, we attempt to
classify NLAs L that satisfy t(L) = 13.

Now, we recall some algebras used in this paper. The subalgebra L? =
[L,L] is called the derived subalgebra of L. If L? = 0, then clearly L is abelian
and denoted by A(n). If dimL? =1, then there is k > 1 such that L is
isomorphic to H(k) @ A(n — 2k — 1). We recall that H(k) is the Heisenberg
Lie algebra of dimension 2k + 1 and is given by H(k) = (t,tq, ..., top:
[trici, tai] =x,i=1,..,k). A key issue of the Lie algebra theory is the
classification of low-dimensional Lie algebras. This issue is studied in several
papers and books. There exists only one abelian Lie algebra of each dimension. In
an arbitrary field, nonabelian NLAs up to dimension five are H(1), H(2), Ly3,



267

Ls;, for all i =5,6,7,8,9, H(1) ® A(1), H(1) @ A(2), and L,3 @ A(1); see
Table 1 for their multiplications.

Cicalo, Graaf, and Schneider [4] classified the 6-dimensional NLAs on the
arbitrary field. Nonabelian NLAs of dimension six over a field K with
char(K) # 2 are H(1) @ A(3), H(2) @ A(1), L3 D A(2),

Ls; ®A(1),5<i<9,
Le; i =10,..,18,20,23,25,26,27,28,
or Lg;(e),i = 19,21,22,24.

We refer the interested reader to Table 1. This table is used in this paper
several times. The Lie algebras of type Nilpotent with dimensions 7, 8, and 9 are
used in this article are classified over fields of characteristic not equal to 2.
Therefore, we will carry out all classifications in this article over fields of

characteristic not equal to 2. Now, we recall the following theorems, which are
useful for proving our main results, which are stated without proof.

Table 1
Indecomposable NLAs up to dimension six.

Name Nonzero Lie multiplications

LG.QS t1.t3] = t4, |ta,t3]| = tg, [t1, 12| = 3, [tl.f4] =t5

L¢ 27 Ly, t3) =15, |ty t2) =13, |t2,t4) =g

L 26 t1,t3] =5, [t1,ta] = ty, [ta, 4] =t

L6.25 f].t;; =fr, f].tz =t3, t].f_; =t(;

Le2a(€) | [ta,t3] =te, [t1.ta] = t3, [t1, ta] = etg, [t1, 3] = [t2, ta] =15

Lg 23 to, ta] = [t1,t3] = t5, [t1, ta) = t6, [t1, t2] = t3

L6.22(f) t3 eyl = [f14f2] =15, [fg,t4] = Efﬁ. [flf';] =g

L(;Vgl(F) fl.{;g = f.4. tl.fq = f(;. tl.fz = f3. [fg. f;;] = tr,. [fg,f{,] = ff(,'

Le 20 t1,t3] = t5, [t1,t2] = 4, [t2,t4] = [t1,15] = 16

L(;.]Q(F) fl.f_'; = f', fg.f.4 = [flf',] = fﬁ. [1.{2 = f.;, [t;f’,] = ff(;

Lg 18 ty,t3] =ty [t1, ts] = t6, [t1,t4] = t5,[t1, t2] =13

L(;_l';' t1,t3] = t4, |t1,t4] = t5, [ta,t3] = [fl.ts] = tg, [tl.tz] = t3

Le¢.16 t1,ta] = ty, [ta, ts] = te, [t1,ta] = t5, [ta, ta] = —t6, [t1,12] = t3

Lﬁ.l;') tlf-; = t4. t-z.tg = [fl.t_;] = f;;., [tz,f4] = [tl.t,_r,] = tG.[tl.tg] = t’;

L(;_14 t1,t3] = t4, [tg.t_’;] = [tl.t_;] = l‘r,—[l";f_;] = [tgtr,] = t(;.[tl.tz] =
t3

Le.13 to,t4| = [fl. f3] =15, |t3,t4] = [fl. f{,] = {g, [fl.fQ] =13

L2 t1,t3] =ty [ta, ts5] = [t1, 4] =16, [t1, 1] = 13

Lg,11 t1,ta] = ty, [t1,to] = ts, [ta, ta] = [t1, ta] = [t2, t5] = t6

Lﬁ_l() f4. t5 = [f]. fg] = tﬁ. [fl.tz] = fg

L_-",.g f].t_”; =f4. fl.fz =f3.[f2.f3] =f5

Lsg t1,t3) = ts, [t1,ta] =14

L5z ty, 3] = tg, [t1,t2] =3, [t1,t4] =15

Lse t1,t3] =ty [t1, o] = ts, [ta, t3] = [t1, ta] = t5

L5_5 to, 4| = [flt';] = ts5, [tl.tg] = i3

L3 ty,t3] =ty [t1,t2] =13
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Theorem 1.1: (see [16]). Assume that L and K are two Lie algebras having
finite dimension. Then

dim M (L & K) = dim M (L) + dim (L/L?) dim (K/K?) + dim M (K).

Theorem 1.2: (see [8]). Suppose that L is a d-dimensional NLA satisfying

dimlL? = 1. Then there exists some m = 1 such that L = H(m) @ A(d — 2m —
1). Moreover,

d, mz=2,

W={g_5 mZ1

Now, we state another result obtained by Niroomand and Russo, which is
essential.

Theorem 1.3: (see [16]). Assume that L is a nonabelian NLA with dimension d
and that dim 12 =n 2 1. Then dim M (L) <5(d —n—1)(d+n—2) + 1.

Table 2
The structure of 7-dimensional indecomposable NLAs with dim L? = 3.

Name | Nonzero multiplication

37A f2,f4 =f7. 12,f3 =t(;, tl,tg =f{,

137A t3, ta] = tg, [t1,t2] = t5, [t1,t5] = [t3,t6] = 7

147A t1,t3] = ts, [ta, t5] = [t1. te] = [t3, ta] =17, [t1,t2] =14

257A to, tq] = [t1.13 Lt ts) = tr, [t te] =t

1357A to, t3 t1,ta] = ts, [ta, te]) = [t1,t5] = —[t3, ta] = t7,[t1. t2] = t4
145744 fl.tg =t4. fr,.f(; = tl.t_; =t7. [tl.t'z]:l‘g

37B ta, t3] =t, [t1,t2] = t5, [t3,ta] = t7

137B ts, ty| = tg, [t3,
147B tl.tg =t5 tz.fﬁ t1~t~l = t’;tr, =f7. f].tg =t4

257B t1,t3) = te, [to, t5] = [t1,ta] = t7,[t1,t2] = 13

13573 fg.t;; = [tl.l_l] = 15 f;;.t(; = tl,t{, = —[f;;.f.;} = t','. [tth] = t.;
1457B t1, t3] = ta, [to, t3] = [t1, ta] = [ts5,t6] = t7, [t1,t2] = t3

37C t2,f3 =t5. fg.t4 = tl.tz ts.[tg.t4]=t7

137C t].t.l = t2.t3 = t(;. t;f‘j —t','. [tl.t(;] = t7. [tth] = [5
257C to, ty) = [t1,t3] =t [ta, ts5] = t7, [t1, 2] = t3

o

o
|

Il
~
=2

t1,t5| = [ta,ta| = t7,[t1,12] =15

-...
=2
Il

1357C f2.f3 = [fl.t,;] = f5.[f2.f4] = [fl-f;',] = [t3~t6] = _[tii-f-l] =
t7. [flfz] = f_]
37D t1,t3] = te, [t3, ta] = [t1,t2] = t5, [to, ta] = t7

137D to, t3] = [t1,ta] = te, [ta, ta] = [t1,t6]) = —[t3,t5] = t7, [t1,t2] = 15
257D ta, ty] = [t1,t3] = t6, [t1.t2] = t3, [ta. t5] = [t1, ta] = t7

257E ta, ts] = [t1.t3] = te, [t1, t2] = t3, [ta, ta] = t7

257F f4.t5 = t2.t3 =t6~ t2.t4 =f7. t].tg =t3

257G t4,f5 .13 = i(;. fl.t = [f.z.t_l] = f','. [tl.tg] = t;g

257H t2.f4 = tl.tg =f(;. f4f5 =f7. tl.tg =t3

2571 t1, ta] =t3, [t1,t3] = [t1, ta] = te, [t1, t5] = [t2, t3] = t7

257J fz.f_; = [tl.t;;] — t(;. tg.t;; = [tl.f_-;] = [7. [l,tg = f;;

257K t, t3] = te, [to, t3] = [ta, t5] = t7, [t1, t2] = 13

257L ta, ta] = [t1,t3) = te, [t2, t3] = [ta, ts5] = t7, [t1,t2] = t3

Il
=
S

o
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Now, we state a characterization of nonabelian NLAs from [15, 9, 20, 21] in

the following theorem.

Theorem 1.4: (see [9, 15, 20, 21]). Assume that L is a nonabelian NLA with
dimension n. Then the following properties are satisfied:

(1

(i1)
(i
(iv)
(v)

(vi)

s(L) =0 ifand onlyif L = H(1) @ A(n — 3).

s(L) =1 ifand only if L = Lgg.

s(Ly=2ifand only if L = L3, Lsg @ A(1) or H(r) @ A(n — 2r — 1)
for some r = 2.

s(L)y =3 if and only if L = Ly3 @ A(1), Lss, Le22(€), Lge Or Lsg D
A(2).

s(L) =4 ifandonlyif L = L5 g @ A(3), L3 @ A(2), Lss D A(1), Lsg,
Lsy, Lsg, Lgp2(€) @ A(1), or 37A.

s(L) =5 if and only if L = 37B, Lgjs, 37C, Le1g, 37D,Lg27, Lg s,
Le26 @ A(1), Lss D A(2), Lez2(e) @ A(2), Laz D AQ), Lsg @ A(4).

For the definition of algebras used in above theorems, see Tables 1 and 2.

Lemma 1.5: The dimension of M (L) and t(L) for nonabelian NLAs up to
dimension six over an arbitrary field are as Lie algebras presented in Table 3.

Proof: By [5, Lemmas 1, 2 and Theorem 5], the result follows.

Table 3

Nonabelian NLAs up to dimension six
Lie algebras dim M(L) t(L)
H(1) 2 1
Ly3 2 4
L6 14, Le 16 2 13
Lsg, Lsg, Ls 7 3 7
Lg,15, Le,17, Le,18 3 12
H(1) & A(1) 4 2
Lyz® A1), Lss 4 6
Le,13, Le,28, Le,21(€) 4 11
H(2) 5 5
Ls 70 A(1), L5 6 A(1), L5 9@ A(1) Lg 24(€), Lo12, Le11, 5 10
L 20, Le,19(€)
Lsg 6 4
Lg 10, Le 23, L 25, L6 27 6 9
H(1)&® A(2) 7 3
L4 ;%:1(2) L., ,Vi‘:‘(l) [ 8
Lg 26, L 22(€) 8 7
H(2)® A1), Lss ® A1) 9 6
H()a A(3) 11 4
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Lemma 1.6:
(i) The 7-dimensional NLAs with dim L* = 2 are isomorphic to
Lyz ©AQB), Lss D A(2), Lsg D A(2), Le10 D A1), Lez2(e) D AL,
274, 27B, or 157.
(ii) The 7-dimensional NLAs with dimlL? = 3 are isomorphic to
Le; D A(D), i = 11,12,13,20,23,25,26, Ls; ® A(2), j =6,7,9
Le () @ A1), k = 19,24, or one of the algebras defined in Table 2.

Proof: Based on the classification of NLAs with dimension seven the proof
follows from [11].

We note that the definition of algebras of the above lemma are defined in
Tables 1, 2, and 4.

Table 4
The structure of 7-dimensional indecomposable NLAs with dim L? = 2.

Name Nonzero Lie multiplication
7.4 fl.[_; = f;;.f,', =f7. fl.lg =f(;
B ts, ta] = [t1,t2) = tg, [t2, 3] = [t1,t5] = t7
7 ts, te] = [t2,ta] = [t1,13] = t7, [t1,t2) = t3

2
27
15

2. Main results

Assume that L is an arbitrary n-dimensional NLA. Then two nonnegative
integers t(L) and s(L) exist such that s(L) = %(n2 —3n) —dimM (L) + 2
and t(L) = %(n2 —n) — dim M (L). Thus

t(L) =n+s(L) —2. 1

Now, we are ready to classify NLAs L satisfying t(L) = 13. It follows
from relation (1) that 15 = n + s(L), which implies that n < 15. In this regard,
we discuss the classification according to n.

The structure of algebras needed in this section is shown in Tables 1, 2, 4,

and 5.
First, we prove a theorem for n = 15.

Lemma 2.1: The only 15-dimensional NLA L with t(L) =13 is H(1) @
A(12).

Proof: Since s(L) = 0, it follows from Theorem 1.4 (i) that L = H(1) @ A(12).

Lemma 2.2: For n = 14, 12, 11, or 10, there exist no n-dimensional NLAs L
with t(L) = 13.
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Proof: By relation (1), NLAs L of dimension 14, 12, 11, and 10 with
t(L) = 13 are algebras with s(L) = 1, 3, 4, and 5, respectively. According to
Theorem 4.1 (ii, iv, v, vi), the proof is complete.

Now, for n = 13, we have the following result.

Lemma 2.3: The only 13-dimensional NLAs L with t(L) = 13 are isomorphic
to H(Q) @ A(12 — 2i), forall i = 2, ...,6.

Proof: Since s(L) = 2, the proof follows from Theorem 1.4 (iii).
Above theorem for n = 9 is stated as follows.

Lemma 2.4: The only 9-dimensional NLA L with t(L) = 13 is Lg;,(e) @
A(3).

Proof: In this case, we have s(L) = 6. The proofis complete from [17, Theorem

2.10].
Now, we prove a theorem for n = 8.

Lemma 2.5: The only 8-dimensional NLAs L with t(L) = 13 are isomorphic
to

Le; @ A(2), forall i = 10,26,
M @ A(1), forall M = 27A,157,37B,37C,37D,
H(l) @ H(Z), Sl» 52» or 53'

Proof: In this case, s(L) = 7. It follows from [17, Theorem 3.8] that L is
isomorphic to

Le; @ A(2), for i = 10,26,
M @ A(1), M = 27A,157,37B,37C, 37D,
H(1) ® H(2), Sy, S,, or S.

Note that the undefined Lie algebras of the above lemma are defined in
Table 5.

Table 5
The structure of 8-dimensional indecomposable NLAs with dimL? = 2 and
s(L) =17.
Name Nonzero Lie multiplication
5'1 f;;.{:‘, = [2.’7 = tl-ti =t5. fl.fz =f(;
.92 t".fg = i(;.[7 - fl.f_-; =1—, f].[~_3 =’_|
S;; f;;.f4]= f’;.fg]= fl.f-z =f;,. fl.i;;] =f(;

For n = 7, we characterize NLAs by assuming different cases of dimlL?.

Lemma 2.6: There is no 7 -dimensional NLAs L with t(L) =13 when
dim L? = 5,2,1.
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Proof: (i) Let dimL? =5. Then by Theorem 1.3, dim M (L) < 6; thus
t(L) = 15.

(i) By Lemma 1.6, the 7 -dimensional NLAs with diml? =2 are
isomorphic to Lg.0 @ A(1), 27A, 27B, 157, L3 @ A(3), Lss D A(2),
Lsg @A), or Lgy(e) @ A(1). Lemmas 1.5 and 1.1, imply that
dim M (Lg,,(e) @ A(1)) = 12, that dim M (L,3 @ A(3)) = dim M (Lss D
A(2)) =11, that dim M (Lsg @ A(2)) =13, and that dim M (Ls,0 @
A(1)) = 10. By applying the method used by Batten, Moneyhun, and Stitzinger
in [2], dim M'(27B) =9 and dim M (274) = dim M (157) = 10. Thus in
this cases, t(L) # 13, a contradiction.

(iii) If dimL? = 1, then By Theorem 1.2, L is isomorphic to H(2) @ A(2),
H(1) @ A(4), or H(3). Thus t(L) =5, 7,and 7, respectively, a contradiction.

Now, we characterize the above Lie algebras for dim L? = 3.

Lemma 2.7: The 7-dimensional NLAs L with t(L) = 13 when dim L? = 3
are isomorphic to

Le; @ A(1), forall i = 11,12,20,
Ls, @ A(2), forall j =6,7,9,
Lg(g) D A(1), forall k = 19,24,
Lys @ H(1), 1474, 147B, 257B, 257D, 257E, 257G, 257H, 2571, or 257].
Proof: The 7-dimensional NLAs L with dimL? = 3 over an arbitrary field are

collected in Lemma 1.6. By the definition of t(L), the only 7-dimensional NLAs
L with dim M (L) = 8 are acceptable. The proof follows from Table 6.

Table 6
7-dimensional NLAs with dim L2 = 3.

Nonabelian NLAs dim M (L)
374 12
37B, 37C, 37D, Lgpe @ A(1) 11
2574, 257C, 257F, Lg 3 @ A(1), Leps D A(1) 9
Ls; D A(2), i =679 Le; ® A1), j = 11,12,20 Lg 1, D A(D), 8

Loy () ® A(L), k = 19,24, L, 3 @ H(1), 147A, 147B, 2578,
257D, 257E, 257G, 257H, 2571, 257]

Les ® A(1), 1374, 13574, 137B, 137C, 137D 7
257K, 257L, 13578, 1357C, 14574, 1457B 6

Lemma 2.8: Assume that 1 is a 1-dimensional central ideal of L. Then there is
no 7 -dimensional NLAs L with t(L) =13 and dim L?> =4 when L/I is
isomorphic to

L5,i @ A(1)9 fOr l = 617;9:
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Le,j, forall j =11,12,12,20,
Lg 19(€), or Lg4().

Proof: Let L be a 7-dimensional NLA satisfying t(L) = 13 and dim L? = 4.
Thus dim M (L) = 8. If L/I is isomorphic to Lg; b A(1), for i = 6,7,9, L j,
for all j = 11,12,12,20, Lg19(€), or Lgy4(e) when I € Z(L), then it follows
from Lemma 1.5, dimM (L/I) < 5. In these cases we have a contradiction by
using of [16, Corollary 2.3].

Table 7

The structure of 7-dimensional NLAs with dimL? = 4 and L/I isomorphic to
L6,23’ L6,25’ or L6,26 when I C Z(L).

Nonzero multiplication

Name
247TA t1,t3]| =ts, [t1,t5] = t7, [t1,t4] = t6, [t1,.12]| = 14

35714 tl.t;; = t,r,. t2.f4 =t5, tl.t4 - t','. tl.fg = tg

245TA fl,'_'j =!4. tl.f5 =t7. tl.l4 = ts, fl,fQ =t3

2357A | [t1,t4] =t5, [to, t3] = t5 + t6, —[f;;. ty] = [tl.t5] =iy, [fl.tg] =14
2473 tl.t3 =t5. t3.f5 =t7. f].t4 = t(;, fl,tg =t4

3578 t1,t3] = ts, |to, t3] = tg, [t1,L4) = t7, [t1,12] =13

2357B| [ta, t3] = [t1,ta) = t5, [t1, t3] = te, —[t3, ta] = [t1,t5] =17, [t1,t2] = t4
24573 tl.tg = t4. fg.tg, = t(;. [t].t.;] = t','. [fl.fg] = tg
247C t],t;; =t5. t:}.ts = !1.[4 =t(;. tl.f{, = t",'. tl.lz = f.;

357C | [t2,ta) = [t1.t3] = 5, [t2. ta) = te, [t1, ta) = 7, [t1, t2) = B3

2457C t].t_’; =t4. tg.fr) = 11.t4 =tﬁ. tl.fr, =t7, fl.fQ =f3

247D tl.fg = f{,. fl.t.; = t(j,[ta,'.l] = tg,f{, = t7. tl,lg = t4

2457D | [ty,t3] = ta, [to, t3] = [t1,ta] = [t2, t5]) = t6, [t1. t5] = t7, [t1,t2] =13
1357D| [t3,t4] = [t1.t6] = [12.15] = 7, [t2, ta] = 16, |t2, t3]| = t5, [t1,12) =13
1357E t.l,f(; [2.t5 =t7, 12.t4 =f(;. t2,t3 = f5. tl.t2 = f3

2457F f].t;; =t4, tz.fg = tl.t4 =t5. tl-tS = t7. fl,fQ = t;;

1357TF tg,tg = l‘{,. tl~t2 = f3. [tz.t,‘] = tg. [tg.f_r,] = f[.t_'; = —[tq,lg] = t7
13570 t].t(; = t2.t5 = t7, [tl.tql = t(;. [fg.tg] = tr,. fl.tz = t3

135TH| [ta, t5] = [t1.t6] = [ta. te] = t7, [t1, ta] = te, [t2, t3] = t5, [t1, t2] = 13
2471 t].fg ts. t;;.fs =f7.[t3.t4] = tg.t_r, = t(;. t[.tz =f4

24571 | [t1,t3 =
13571 | [ta,t5 ta,te| = t7, |t1,t4] = t6, |[t2,13]| =I5, [t1,t2]| =13

1357.J t4.f(; tl.t;; = [tz.tr,] = t7, [tl~t2] == t_';. [tl.f.;] = t(;. [tz.t_';] = f5
247L | [t1,ts] = t5, [t1, ts] = t7, [t1,ta] = [ta, t3] = t6, [t1, 8] = 14

t.;. t2.t3 - !1.t4 =t(;. tg.t{, =t7. tl.tz =f3

t ,f'] — [t;_).[.;] = 15. [f1,14] = f(;. [11.f2] = t;;.
13572 | ot
) [tz.t:;] = [tlf',] = f7. [tg.t(;] = [f:;.t4] = %t7
247TM [t1. !3] =t1s, [t:;. fs] =17, [tl. 14] = [tz. t;;] = {g, [tl. tz] =14
wasradl Brts] = T2 tal =t or B = b, [tr fo] = £, [fa. fa] = i,

[t2, t6]) = M7, [ts, ta] = (1 — Ntz

1357]\[ [t2~'4] = ['l.[:;] = fr,.[fl.f:',] = f7,[t1,f4] = f(;.[fz,t(;] = /\t7.[13.f4] = (1 ==
/\)f7. [tl~t2] = fg

1357N [tQ.Ll] = [ll.t:;] = t{,.[lg,f_;] = [tl.t{,] = [t4.t6] = t7.[ll.i4] = f(;,[lg,tg] =
/\f7. [fl. 12] = t;;

2470 t].tg =t5. tz.tg = tl.tr) =t7. tl.t4 = f’;f', =t5. tl.tz =t4

247Q tl,tg = t5. t2.f5

lg.t4 =f7. tl.t4 = tg.tg =t6. ll.fg =t4
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For dim L? = 4, we need the structure and dimension of M (L) presented
in Tables 7 and 8.

Lemma 2.9: Let L be a 7-dimensional NLA satisfying dimlL? = 4, let I be a
1-dimensional central ideal of L, and let L/l be isomorphic to Lg e, Le a3, oF

Lg 5. Then the structure and the dimension of M (L) are presented in Tables 7
and 8.

Proof: Based on the classification of 7-dimensional NLAs with dimL? = 4 of
[11], the algebras are obtained. For the calculation of dim M (L), we apply the
method used by Hardy and Stitzinger [16]. For computing dim M (247C), we
need the structure of this algebra as follows: Start with

[t t2] =51+t [t2 ta] = ss, [t t7] = s15
[t1, t3] =55+ ¢, [t ts] = So, [ts ts] = S16
[t1,ts] =53+ ¢, [t2, te] = S10s [ts te]l = S17,
[t1, ts] =54+ t7, [t2 t7] = s11 [ts t7] = s18
[t1,t6] = ss, [t3,ta] = S12, [ts, te] = S10,
[t1, t7] = Se, [t3,ts] = s13 + t6, [ts, t7] = S20,
[t2, ts] = s7, [t3, 6] = S1as [te, t7] = S21,

where sy, ..., S,; generate M (247C). It follows from the the Jacobi identity on
all possible triples that t', =t, + s;,t's =ts +5,, t's =t +53, and t'; =
t; +s,. A change of variables implies that s; =s, =s; =5, =0. Thus
M (247C) = (Ss, S¢, S7, Sg» S9, S11, S13)-

Finally, for n < 6, we state the following result.

Lemma 2.10: The only n-dimensional NLAs L with t(L) =13 when n < 6
are Lg 14 and Lg 6.

Proof: By using Lemma 1.5 and Table 3, the proof is clear.
Consequently, the following main theorem characterizes NLAs with
t(L) = 13. We recall that Throughout this article, we assume that all fields which
are under assumption have the characteristics other than two.
Table 8
7-dimensional NLAs with dimL? = 4 and L/I be isomorphic to Lg 23, Lg 25 or
Lg 26 when I is a 1-dimensional central ideal of L.

Nonabelian NLAs dim M(L)
3574, 2357B, 1357L, 1357M(A = —1,2), 1357N(1 # 0) 8
357B, 357C, 247C, 247D, 2471, 247L, 2470, 247Q, 2457A, 7

2457B, 2457C, 2457D, 2457F, 24571, 1357D, 1357H,
1357M(A # —1,2), 1357N(1 = 0)

247A, 247B, 247M, 23574, 1357G
1357E, 1357F, 13571, 1357]
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Theorem 2.11: Suppose that L is an NLA. Then t(L) = 13 if and only if L is
isomorphic to one of the following algebras:

Lys ® H(L), H() @ H(2), H(1) B A(12),
H() ® A(12 — 2i), forall i = 2,...,6,
M @ A1), forall M = 157,27A,37B,37C,37D,

Le; ® A(1) forall i =11,12,20,

Le;(£) @ A1), forall j = 19,24,
Loy ® A(2) forall k = 10,26,
Ls, @ A(2),forall [ =6,7,9,

Le2(e) D AQ3),
Si, S3. Ss. Lea, Lers, 1474, 357A, 147B, 257B, 23578, 257D,

257E, 257G, 257H, 2571, 257], 1357L, 1357M(1 = —1,2), 1357N(1 #
0).

Proof: Let L be an n-dimensional NLA satisfying t(L) = 13. By relation (1),
we have 15 = n + s(L). According to Lemmas 2.1, 2.3, and 2.4, the only 15-,
13-, and 9-dimensional NLAs with ¢t(L) = 13 are H(1) @ A(12), H(i) ©
A(12 — 2i),forall i = 2,...,6, and Lg,,(c) D A(3).

According to Lemma 2.2, for all n =14, 12, 11, or 10, there is no
n-dimensional NLAs L with t(L) = 13.

By Lemma 2.5, the only 8-dimensional NLAs L satisfying t(L) = 13 are
Le10 @ A(2), Lepe D A(2), H(1) @ H(2), S1, Sz, S3, and M @ A(1), for all
M = 157,274,378, 37C,37D.

By Lemma 2.10, the only n-dimensional NLAs L with t(L) = 13 when
n <6 are Lgqq and Lg 1.

By Lemma 2.6, there is no 7-dimensional NLAs L satisfying t(L) = 13
when dimL? = 5,2 or 1.

It follows from Lemma 2.7 that the 7-dimensional NLAs L with t(L) =
13 when dimL? = 3 are

Le; D A(1) forall i = 11,12,20, L ;(¢) @ A(1), for all j = 19,24,

Ls, @ A(2),forall k =6,7,9, L,3 ® H(1), 147A, 147B, 257B, 257D,
257E, 257G, 257H, 2571, or 257].

By Lemma 2.8, when [ is a 1-dimensional central ideal of L, there is no
7 -dimensional NLAs L with t(L) =13 and diml?> =4 when L/I is
isomorphic to one of the following algebras:

Ls; @ A(1), for all i =6,7,9,, Lg;, for all j = 11,12,13,20, Lg14(¢), or
Lg24(8).

By Lemma 2.9, the only 7-dimensional NLAs with t(L) = 13 are 3574,
2357B, 1357L, 1357M(A = —1,2), or 1357N (4 # 0). This completes the
proof.
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