
©

Characterization of nilpotent Lie algebras by their multipliers, t(L) = 13
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Abstract
For every n-dimensional nilpotent Lie algebra L, let ℳ(L)be the Schur multiplier of 

L. Then we define t(L) by t(L) = 1/2(n2 – n) – dimℳ(L). We classify nilpotent Lie algebras L 
satisfying t(L) = 13.
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1. Introduction and preliminaries 
The concept of Schur multiplier was first introduced to a group in famous 

article of Schur [19]. Later, this concept was proposed for Lie algebras [1], Lie 
superalgebras [14],  -Lie algebras [7], and  -Lie superalgebras [18]. Nilpotent 
Lie algebras (NLAs) play a crucial role in the study of algebraic structures and 
their applications in various fields, including geometry, physics, and 
representation theory. The classification of these algebras is a fundamental 
problem in the theory of Lie algebras, as it provides insights into their structure 
and behavior. One of the key invariants associated with a Lie algebra is the Schur 
multiplier, denoted by     , which measures the extent to which the algebra can 
be embedded into a larger structure. For an  -dimensional NLA  , we define the 
function      as          

            . This function serves as a 
critical tool in understanding the relationship between the dimension of the 
algebra and its Schur multiplier. The classification of NLAs based on the value of 
     has been extensively studied, particularly for small values of     . 

In this paper, we focus on the classification of NLAs for which        . 
This specific case presents unique challenges and opportunities for exploration, as 
it lies at the intersection of known classifications in the theory of NLAs. By 
analyzing the properties and structures of these algebras, we aim to contribute to 
the broader understanding of NLAs and their classifications. The organization of 
this paper is as follows: We begin with a review of the relevant concepts and 
previous classifications of NLAs. We then present our main results regarding the 
classification of NLAs with        , followed by examples and discussions of 
the implications. It was proved that                is an upper bound for 
        for any  -dimensional NLA  , and according to this,      is defined 
by                            . There are many theorems and 
results regarding to the classification of NLAs   with dimension finite for small 
values of      and     ; for example, see [8, 9, 15, 17, 20, 21] for     . In 
literature some special cases is studied such as the especial case where   is 
simple and has the orthogonal involution abelian non-Jordan-Lie inner ideals of 
  in [22]. Finite-dimensional NLAs   with           have been classified 
by several papers; see [2, 3, 5, 6, 10, 12, 13]. In the present paper, we attempt to 
classify NLAs   that satisfy        .  

Now, we recall some algebras used in this paper. The subalgebra    
      is called the derived subalgebra of  . If     , then clearly   is abelian 
and denoted by     . If        , then there is     such that   is 
isomorphic to               . We recall that      is the Heisenberg 
Lie algebra of dimension      and is given by                   
                       A key issue of the Lie algebra theory is the 
classification of low-dimensional Lie algebras. This issue is studied in several 
papers and books. There exists only one abelian Lie algebra of each dimension. In 
an arbitrary field, nonabelian NLAs up to dimension five are     ,     ,     , 
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    , for all            ,          ,          , and          ; see 
Table 1 for their multiplications. 

Cicalo, Graaf, and Schneider [4] classified the 6-dimensional NLAs on the 
arbitrary field. Nonabelian NLAs of dimension six over a field   with 
          are          ,          ,          , 
                 , 
                                  , 
  or                      . 

We refer the interested reader to Table 1. This table is used in this paper 
several times. The Lie algebras of type Nilpotent with dimensions 7, 8, and 9 are 
used in this article are classified over fields of characteristic not equal to 2. 
Therefore, we will carry out all classifications in this article over fields of 
characteristic not equal to 2. Now, we recall the following theorems, which are 
useful for proving our main results, which are stated without proof. 

Table 1 
Indecomposable NLAs up to dimension six. 
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Theorem 1.1: (see [16]). Assume that   and   are two Lie algebras having 
finite dimension. Then  
                                                    

Theorem 1.2: (see [8]). Suppose that   is a  -dimensional NLA satisfying 
       . Then there exists some     such that               
  . Moreover,  

     {      
         

Now, we state another result obtained by Niroomand and Russo, which is 
essential.  

Theorem 1.3: (see [16]). Assume that   is a nonabelian NLA with dimension   
and that           . Then                            .  

Table 2 
The structure of  -dimensional indecomposable NLAs with         . 
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Now, we state a characterization of nonabelian NLAs from [15, 9, 20, 21] in 
the following theorem.  

Theorem 1.4: (see [9, 15, 20, 21]). Assume that   is a nonabelian NLA with 
dimension  . Then the following properties are satisfied:  
(i)         if and only if              .  
(ii)         if and only if       .  
(iii         if and only if       ,           or                

for some    .  
(iv)         if and only if            ,     ,         ,       or      
    . 

(v)         if and only if            ,          ,          ,     , 
    ,     ,              , or    . 

(vi)         if and only if       ,      ,    ,      ,    ,     ,      , 
          ,          ,              ,          ,          . 
 
For the definition of algebras used in above theorems, see Tables 1 and 2. 

Lemma 1.5: The dimension of      and      for nonabelian NLAs up to 
dimension six over an arbitrary field are as Lie algebras presented in Table 3.  

Proof: By [5, Lemmas 1, 2 and Theorem 5], the result follows.  
 

Table 3 
Nonabelian NLAs up to dimension six 
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Lemma 1.6:  
(i)  The  -dimensional NLAs with          are isomorphic to  
          ,          ,          ,           ,              , 
   ,    , or    . 

(ii)  The  -dimensional NLAs with         are isomorphic to  
          ,                                  ,         
            ,          or one of the algebras defined in Table 2.  

Proof: Based on the classification of NLAs with dimension seven the proof 
follows from [11].  

 
We note that the definition of algebras of the above lemma are defined in 

Tables 1, 2, and 4. 
 

Table 4 
The structure of  -dimensional indecomposable NLAs with         . 

 

2. Main results 
Assume that   is an arbitrary  -dimensional NLA. Then two nonnegative 

integers      and      exist such that          
                 

and          
             . Thus  

                 (1) 
Now, we are ready to classify NLAs   satisfying        . It follows 

from relation (1) that          , which implies that     . In this regard, 
we discuss the classification according to  . 

The structure of algebras needed in this section is shown in Tables 1, 2, 4, 
and 5. 

First, we prove a theorem for     . 

Lemma 2.1: The only   -dimensional NLA   with         is      
     .  

Proof: Since       , it follows from Theorem 1.4 (i) that             .  

Lemma 2.2: For     ,   ,   , or   , there exist no  -dimensional NLAs   
with        .  
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Proof: By relation (1), NLAs   of dimension   ,   ,   , and    with 
        are algebras with       ,  ,  , and  , respectively. According to 
Theorem 4.1 (ii, iv, v, vi), the proof is complete.  

Now, for     , we have the following result.  

Lemma 2.3: The only   -dimensional NLAs   with         are isomorphic 
to              , for all        .  

Proof: Since       , the proof follows from Theorem 1.4 (iii).  
Above theorem for     is stated as follows.  

Lemma 2.4: The only  -dimensional NLA   with         is          
    .  

Proof: In this case, we have       . The proof is complete from [17, Theorem 
2.10].  

Now, we prove a theorem for    . 

Lemma 2.5: The only  -dimensional NLAs   with         are isomorphic 
to  
           , for all        , 
        , for all                      ,  
           ,   ,   , or   .  

Proof: In this case,       . It follows from [17, Theorem 3.8] that   is 
isomorphic to  
           , for        , 
        ,                      ,  
           ,   ,   , or   .  

Note that the undefined Lie algebras of the above lemma are defined in 
Table 5. 

Table 5 
The structure of  -dimensional indecomposable NLAs with         and 

      . 

 
 

For    , we characterize NLAs by assuming different cases of      . 

Lemma 2.6: There is no  -dimensional NLAs   with         when 
            .  
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Proof: (i) Let         . Then by Theorem 1.3,           ; thus 
       . 

(ii) By Lemma 1.6, the  -dimensional NLAs with         are 
isomorphic to           ,    ,    ,    ,          ,          , 
           or                Lemmas 1.5 and 1.1, imply that 
                       , that                             
          that                      and that             
          By applying the method used by Batten, Moneyhun, and Stitzinger 
in [2],              and                         . Thus in 
this cases,        , a contradiction. 

(iii) If        , then By Theorem 1.2,   is isomorphic to          , 
         , or     . Thus       ,  , and  , respectively, a contradiction. 

 
Now, we characterize the above Lie algebras for         . 

Lemma 2.7: The  -dimensional NLAs   with         when          
are isomorphic to 
           , for all           , 
           , for all        ,  
              , for all        , 
         ,     ,     ,     ,     ,     ,     ,     ,     , or     .  

Proof: The  -dimensional NLAs   with         over an arbitrary field are 
collected in Lemma 1.6. By the definition of     , the only  -dimensional NLAs 
  with            are acceptable. The proof follows from Table 6.  

 
Table 6 

 -dimensional NLAs with         . 
 

Nonabelian NLAs          
     12 
   ,    ,    ,             11 
    ,     ,     ,           ,             9 
         ,                  ,                      , 
            ,        ,          ,     ,     ,     , 
    ,     ,     ,     ,     ,       

8 

          ,     ,      ,     ,     ,       7 
    ,     ,      ,      ,      ,        6 

Lemma 2.8: Assume that   is a  -dimensional central ideal of  . Then there is 
no  -dimensional NLAs   with         and          when     is 
isomorphic to  

         , for          
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    , for all              , 
        , or         . 

Proof: Let   be a  -dimensional NLA satisfying         and         . 
Thus           . If     is isomorphic to          , for              , 
for all              ,         , or          when       , then it follows 
from Lemma 1.5,            . In these cases we have a contradiction by 
using of [16, Corollary 2.3].  

Table 7 
The structure of  -dimensional NLAs with         and     isomorphic to 

     ,      , or       when       . 
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For         , we need the structure and dimension of      presented 
in Tables 7 and 8. 

Lemma 2.9: Let   be a  -dimensional NLA satisfying        , let   be a 
 -dimensional central ideal of  , and let     be isomorphic to      ,      , or 
     . Then the structure and the dimension of      are presented in Tables 7 
and 8.  

Proof: Based on the classification of  -dimensional NLAs with         of 
[11], the algebras are obtained. For the calculation of         , we apply the 
method used by Hardy and Stitzinger [16]. For computing            , we 
need the structure of this algebra as follows: Start with  

  

                                                                           
                                                                           
                                                                          
                                                                          
                                                                                 
                                                                           
                                                                                 

 

where          generate        . It follows from the the Jacobi identity on 
all possible triples that                    ,          , and     
       A change of variables implies that              . Thus 
                                .  
 

Finally, for    , we state the following result.  

Lemma 2.10: The only  -dimensional NLAs   with         when     
are       and      .  

Proof: By using Lemma 1.5 and Table 3, the proof is clear.  
Consequently, the following main theorem characterizes NLAs with 

       . We recall that Throughout this article, we assume that all fields which 
are under assumption have the characteristics other than two.  

Table 8 
 -dimensional NLAs with         and     be isomorphic to      ,       or 

      when   is a  -dimensional central ideal of  . 

Nonabelian NLAs          
    ,      ,      ,              ,            8 
    ,     ,     ,     ,     ,     ,     ,     ,      , 
     ,      ,      ,      ,      ,      ,      , 
             ,            

7 

    ,     ,     ,      ,        6 
     ,      ,      ,        5 
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Theorem 2.11: Suppose that   is an NLA. Then         if and only if   is 
isomorphic to one of the following algebras: 

         ,          ,           , 
             , for all        , 

      , for all                        
          for all           , 
            , for all        , 
          for all        , 
         , for all        , 

             , 
  ,   ,   ,      ,      ,     ,     ,     ,     ,      ,     , 

    ,     ,     ,     ,     ,      ,              ,         
  .  

Proof: Let   be an  -dimensional NLA satisfying        . By relation (1), 
we have          . According to Lemmas 2.1, 2.3, and 2.4, the only   -, 
  -, and  -dimensional NLAs with         are           ,      
        , for all        , and              . 

According to Lemma 2.2, for all     ,   ,   , or   , there is no 
 -dimensional NLAs   with        . 

By Lemma 2.5, the only  -dimensional NLAs   satisfying         are 
          ,           ,          ,   ,   ,   , and       , for all 
                      . 

By Lemma 2.10, the only  -dimensional NLAs   with         when 
    are       and      . 

By Lemma 2.6, there is no  -dimensional NLAs   satisfying         
when           or  . 

It follows from Lemma 2.7 that the  -dimensional NLAs   with      
   when         are  

          for all           ,             , for all        , 
         , for all        ,          ,     ,     ,     ,     , 

    ,     ,     ,     , or     . 
By Lemma 2.8, when   is a  -dimensional central ideal of  , there is no 

 -dimensional NLAs   with         and         when     is 
isomorphic to one of the following algebras: 

         , for all         ,     , for all                        , or 
        . 

By Lemma 2.9, the only  -dimensional NLAs with         are     , 
     ,      ,              , or           . This completes the 
proof.  
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