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Abstract

We establish sufficient criteria for the existence and uniqueness of fixed points for a-f3-
FG-Khan contractions in b-metric spaces. Examples are provided to illustrate these ideas.
Additionally, we apply these theoretical results to solving an initial value problem (IVP).
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1. Introduction

The theory of b-metric spaces, introduced by Bakhtin [6] and later
formalized by Czerwik [8, 9], generalizes classical metric spaces by incorporating
a scaling coefficient s > 1 into the triangle inequality. This framework has
proven invaluable in areas such as functional analysis, fractal geometry, and
computational dynamics. A central idea in these and related structures is the
extension of fixed point theory, which serves as a foundation for establishing the
existence and uniqueness of solutions in nonlinear analysis. Consequently, its
development within b-metric spaces has become a significant and active branch
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of mathematical analysis, driving the exploration of numerous novel contractions
(see, e.g., [2]-[5], [7], [10], [15]).

Recent studies have explored generalized contractions to advance fixed
point theory. For instance, Hussain, Salimi and Latif [12] presented fixed point
results for single and set-valued a — 1 — ¥ —contractive mappings, while Raturi
and Chauhan [16] introduced results in bipolar controlled b-dislocated metric
spaces and applied them to fractional differential equations, demonstrating
practical applications.

Important developments also include Wardowski [19], who introduced
F-contractions, later generalized by Abbas, Ali and Romaguera [1], Wardowski
and Dung [20], and Piri and Kumam [21]. Samet, Vetro and Vetro [18]
generalized the Banach contraction principle using « -admissible and
a-contractive mappings. Building on these ideas, Hussain et al. [13] introduced
a — f — FG — contractions in b-metric and partially ordered b-metric spaces

In this article, we extend these developments by introducing a new type of
contraction, called the @ — f§ — FG —Khan contraction. We establish criteria for
the existence and uniqueness of fixed points for these mappings in b-metric
spaces. Furthermore, to demonstrate the applicability of our theoretical results,
we apply the proposed framework to solve an initial value problem (IVP), thereby
connecting the abstract theory of contractions with practical problems in
mathematical analysis.

We are now representing a concept of a —1y — contractive and
a-admissible mapping [11] and b-metric space [8].

Definition 1.1: Consider ®:Y — Y is a mapping on a set Y and a: Y XY —
0,00) is a function. We say @ is an a- admissible map, if w,v €Y, a(w,v) =
1 implies a(dw, Pv) = 1.

Let W denote all non-decreasing functions :[0,00) - 0,00) so that
Y W0 < oo for every { < oo in which W™ is W' n-th iteration. According
to Salimi, Latif and Hussain [17], their results are as follows:

Theorem 1.2: Consider (Y,m) is a complete metric space and @ is an
a —admissible mapping. Suppose that o(w,v)n(Pw, Pv) < Y (n(w,v)), forall
@,V €Y, where Y € V. Additionally, assume that there is wy € Y such that
a(@y, Pwy) = 1, and either @ is continuous, or, for any given (w,) in Y with
a(@,, @, 4+1) = 1 for every p € N U {0} so that @, > @ as u — o, we have
a(wy,, @) =1 forevery pu € N U {0}. Then there is a fixed point to ®.

Hussain, Kutbi and Salimi [11] and Karap—nar, Kumam and Salimi, [14]
extended this result in the following way:

Definition 1.3: Consider (Y,m) is a metric space, a:Y XY — 0,0) and
@:Y - Y are mappings. @ is an a-continuous on (Y, ) as we say, if, for given
® €Y and a sequence (@,),®, converges to @ and a(w,, Wy4,) = 1 for all
U € N then (®w,) converges to (Pw).
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Example 1.4: Let Y = [0, 00) and define the metric n(w,v) = | —v| on Y.
Define the mapping ®:Y > Y as: dw=w® if @w€0,1], and dw =
sinmtw + 2 if @w € (1,0). Also, define the function a:Y XY — 0,+) as:
a(w,v) =w?+v?+1, if w,v€0,1], and a(w,v) = 0 otherwise. Although
@ is obviously not continuous, it is @ —continuous on (Y, ).

Definition 1.5: Let ®:Y - Y and a: Y XY — 0, +) be two functions. We say
@ is a triangular a —admissible mapping, if the following conditions hold:

1. Foral w,veY, if a(o,v) =1, then a(dw®, dv) =1,
2. Foral w,v,c€Y, if a(w,c) =1 and a(c,v) = 1, then a(w,v) = 1.

Lemma 1.6: Consider @ is a triangular a-admissible mapping. Suppose that
there is @y €Y such that a(wy, Pwy) = 1. Define the sequence (w,) by
w, = P'w,. Then a(w,,@,) =1, forall v,u € N, with v < p.

Definition 1.7: Let Y be a non empty set. A function m: Y X Y - R* is called a
b-metric space if there exists a constant s = 1 such that for all w;, ®,, w3 €Y,
the following conditions are holds:

i. n(wy,®,) =0 if, and only if, ©; = ©,;
. n(o,,®,) = n(®,, ®;);
iii. w(w,®y) <5 [1(®, ®3) + (w3, )]

The pair (Y, ) is then called a b-metric space with parameter s > 1.

Definition 1.8: Let (w,) = {w,, u € N} be a sequence in a b-metric space

(Y, m):

i. A sequence (w,) converges inY if there exists @ € Y such that
lim 7 (w,, ©) = 0.

#—)00
ii. Asequence (@,) isa Cauchyin Y if for every € > 0, there exists uy € N
such that

(@, @y) < &YV, U > .

iii. The space Y is called complete if every Cauchy sequence in Y converges

inY.

Note that a b-metric need not be a continuous function.
Lemma 1.9: Consider (Y, 1) is a b-metric space with s > 1, and asume that
(w,) and (v,) are convergent to @w and v, respectively. Then we get

Slzn(w, v) < Aminfw(wu, v,) < lli_r){)losup T(®,,v,) < s?n(w,v).
And also, if ® = v, then we get Tlll_glo (w,,v,) = 0. Furthermore, for

every ¢ €Y, we get
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Slzn(w, c) < Agrgoinfn(wﬂ, c) < gmsup (®,, ¢) < sn(w,C).

2. @ — § —FG —Khan Contractions

In this section, we introduce the concept of an a —f — FG — Khan
contraction and establish several fixed point theorems in b-metric spaces.

Consider that Cp is the collection of all functions F: R* — R, that satisfy
the axioms given as follows:

(ay) F is strictly increasing and continuous;
(az) forevery (¢,) € R*, lim{, = 0 if, and only if, lim F({, ) = —oo.
u—oo n—00
and Cgp is the collection of pairs (G,B), where G:R* — R and
B:[0,00) = 0,1), satisfying the following axioms:
(az) forevery ({,) < RT, lim supG(g,) = 0 if, and only if, limsup{, = 1.
U—oo U0

(ay) forevery ({,) € 0,0), ;Lrlgosupﬁ({#) =1 implies Airroloiu =0,
(a5) forevery ({,) € RY, 32, G(B(() = —oo.

Example 2.1: Let F({) =G({) =In{ and B({) =k € (0,1), then F € Cp
and (G,B) € Cgp.

Example 2.2; Let F({) = '72 G(¢) =In{ and B({) ==e* for {>0 and
B(0) = 0. Then F € Cr and (G,pB) € Cgp-

Definition 2.3: Consider (Y, ) is a b-metric space with s >1 and ® : Y > Y
be a mappimg. Suppose that a: Y XY — 0,00) is a function, we say that @ is
a — f — FG —Khan contractions if, for all ©,v €Y with a(w,v) > 1 and
n(Pw, Pv) > 0, we have

F (sAn(Pw, Pv)) < F(ks(w,v)) + G(B(ks(®,v))),s1 = 2, 2.D
where

n(Pw,®)n(®,Pv)+r(v,Pv)T(V,P®)
n(w,Pv)+1(V,Pw)

Ks(®,v) = n(wm,v) +

Example 2.4: Let Y = [0,), and 7(@,v) = (@ — v)?. Define ®:Y - Y by
dm =2 a¥xY-0,0),a@v)=2 for all mveY, F()= —%,

G =¢, ,8(()=%e‘5, for (>0. Then ® is a a— B — FG— Khan
contraction.

Solution: If @ = v, this due to n(Pw,Pv) =0, For m #v,let s=2, 1 =1,
5422, F()==7,6(0) ={, and fQ) =3¢, n(@m,ov) = (G-’ =

T2

1
Z ('GJ - U)Zl
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=2

_v 2+ﬁ _By2
Ks(®,v) = n(w,v) + % O 5 0)

(m_g)z_'_(v_g)z > T[(m! U):

then F(sAn(®w, dv)) = ﬁ. and

o—

F(xes(w,v)) + G (B (xs(w,v))) =

Therefore equation (2.1) holds for all ©,v € Y, with © # v, then ® is a
a —  — FG —Khan contraction.

The following example shows that there exists a @ — f — FG —Khan
contraction which is not an &« — 8 — FG contraction.

-1 -2

1 —Kks(wv)
Ks(w,v) + 2 e > (m-v)2’

Example 2.5: Let Y = [0,), and (@, v) = (@ — v)?. Define ®:Y > Y by

dw =2 @¥xY-0,0), a@v)=1 for al mveY, HO=—§

G(Q) =Ing, B() = 1—1{ Then @ isa a — § — FG —Khan contraction but @ is
notan a — f§ — FG contraction.

Solution: For arbitrary w,v €Y, n(dw,dv) = %(m —v)?, and Kk,(w,v) >
-1 -1

T[(w’ U), we get KS('GS.U) 2 7T(‘E)',U)

In (m) > —In(1 + k4(@,v) = —Kk,(®,v)

lets=2, A==
2

F(its(,0)) + G (B (s(@, 1)) = ———+In (———)

Kks(w,v) 1+kg(®,v)

-1 -1 -4

5= F (sAn (P, Pv))

>

T ks(my) T mw(wu) > n(®

if we take @ = 4,v =0, ® isnotan @ — f§ — FG contraction.
We now present and prove our main theorem:

Theorem 2.6: Let (Y, ) be a complete b-metric space with constant s = 1 and
let @:Y =Y be a mapping satisfying the following conditions:

1. @ isatriangular a —admissible;

2. @ isan a — [ — FG —Khan contraction;

3. There exists wy €Y such that a(®y, Pw,) = 1;
4 & is a-continuous.

Then @ has a fixed point. Furthermore, if a(w,v) =1 for all ®w,v €
Fix(®), then ® has a unique fixed point.

Proof: Let @, €Y be such that a(wy, P®,) = 1. For my € Y, we define the
sequence (w,) by @, = P wm, = dw,_;. Since @ is an a -admissible
mapping, then a(wm,, ®;) = a(®y, Pwy) = 1. We have continued this process
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1< a(®,_y,®,) for every u € N. Further, let there is uy € N such that,
Wy, = Bppr1 = Py, then ®, is a fixed point of ®. We suppose that @,
* Oyyq > 16, T(P®,_1, Pw,) >0 for every p € NU{0}. Since, @ is a
a — f§ — FG —Khan contraction, then we obtain,

F(n(®d®y_q, P®,)) < F2r(P®,_q, P®,)) < FAs(m(P®y_1, P®,)))

< F(Ks(m,u—lt wu)) + V(B(Ks(wu—limu)))'
where
Ks(mu_l,mu) = ﬂ(mu_l,mu) +
T(®Wy—1,Pwy—1)T(®y—1,P® ) +1 (Y, Pwy)T(®),, PD,—1)

nT(@y-1,Po)+7 (@Y, P®y—-1)
(W1, @) T(B -1,y +1) (@, @y +1) (T, ©y)
(@Y1, O p+1)+1(T,®y)

= 271(11;“_1,117“),5 >1

= (®y-1, ®y) +

we get
F(ﬂ(mu+1:mu)) < F(Zn(mu—l'mu)) + G(B(Zﬂ(mu—lﬂmu)))'
we are still applying @ isa a — § — FG —Khan contraction, we have
FQ2r(wy-1, @) < F(s(m(Pwy,—2, Pwy,-1)))
< F(Ks(mu—z'mu—l)) + G(ﬂ(Ks(mu—Z'mu—l)))
= FQr(@y—z Wy-1)) + G(BC2r(Dy—2, By-1))).
We are getting on in this way
F(m(®y41,®,)) < F2n(wo, 1))+ G (B2(n(wi-1, 7))).
Letting the limit as y — o, we have limF (7(®,4,®,)) = —, this due
to limn(w,,q,@,) =0, (F € Cf, and G, B € Cgp). Assume that (w,) is not
M—)EX)
a Cauchy, subsequently there exists € > 0 and the subsequences (w,,) and
(®y,) of (®,) with up > vy, > such that n(w,,,®,,) = ¢, and u, is the
least number. We obtain 7(w,, ,,@,,) < & By using triangular inequality,
€ S (W, ®y,) < S[T(®y,, ©y,,,) + T(@y,, ,, Dy,)]
i < flli_)rglosupn(mﬂh,mvhﬂ).

Also Flli_)rgsupn(muh_l,m,,h) < ¢ and (@, ®,,) < s((©y,, ©y,_,) +
T(®y, ) ®y,)),

%i_)nc}osupn(wvh,muh) < gs.

Again we use the triangular inequality, w(®,,, , ®,, ) < s(T(®y,,,,
Wy, ) + T(®y,, ®,, ,)- Taking the upper limit as A — oo, flLim supr(®y,, .,
@y, ,) <&. So @ is a triangular a -admissible mapping, we have that
a(mvh,w”h) >1, and ® isa a — f — FG —Khan contraction,
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F(2s(n(®y,,,, ®,,) < F(As(m(P®,,, Pwy,_,)
< F(Ks(@y,, @y, ) + G(B (ks (@, Wy, ),
KS(th’wﬂh—1) = n(w%’wﬂhﬂ) +

T( Wy, Py )T ( Wy, POy, V(@Y Pwy, In(@y, , Poy,)

T(Wy, Pwy, J+r(@y, , Poy,)

Letting the upper limit as A — oo, %L%supks(wvh,wuh_ D= %1_{210 supm

(®y,) @y, _,) < €, we get
S .
F (25 2—5) < F(slfll_)rgsupn(w,,hﬂ,wuh) <
1im SUpF (i (w,,, @y,,_,)) + Jim supG (B (ics(wy,,, m,_,))),
F(e) < F(e) + limsupG (B (ics (@) Dy, ))),

hence rlli_)rgsqu(ﬁ(Ks(mvh,muh_l))) >0, and since B({) <1 for all { =0,
we have ;lli_,rgsqu(ﬂ(KS(avh'aﬂh—l))) =1, therefore ,llijgsuPG(ﬁ(Ks(mvw
@, ,))) = 0, which is impossible. Hence (w,) is sequence of Cauchy in Y.

Since (Y,m) is complete, the sequence (w,) converges to some @ €Y, i.e.,
lim 77 (w,, @) = 0. Suppose that @ # ®w. By Lemma (1.9), we obtain

‘u—ﬂ.‘)o
Sizn(m, dwm) < lli_{gloinf (@, Pw,) <
lim sup7(w,, P®,) = lim supn(w,, @) = 0.
I,L—)OO l,(—)OO

Hence, we have (@, ®®) = 0 and so P = w, this ® is a fixed point of
®. Let ©,v € Fix®, ©m #v and @ is a a — f — FG — Khan contraction, we
get,

F(n(dw, dv)) < F2r(dw, Pv)) < F(As(n(Pw, Dv)) <

F(ks(w,v)) + G(B (ks (w,v))),
n(wv)n(®,o)+1(V,v)T(®,v)
Kks(®,v) = n(w,v) + - n(z‘:;ﬂ(m'v) 20 = n(w,v),

we get F(n(w,v)) =F@m(Pw, Pv)) < F(n(w,v)) + G(B(n(®,v))), so
G(B(r(®,v))) = 0, which produces that f(m(w,v)) = 1, is a contradiction.
Hence @ = v. Consequently, ® has a unique fixed point.

Example 2.7; Consider b-metric space (Y,mw),Y = (—o0,0), and n(w,v) =
(@ —v)?. Define ®:Y > Y by dw =qw, 0<q<2—+2, a(w,v) =2 for
all w,veY, F({) =1n{, G({) =1Inf, f({) = q. For w # v, we have

2 _ 2 n(P®,®)n(w,Pv)+r(Pv,v)n(Pw,v)
In(2Aq* (@ — v)*) < In[r(®,v) + -y —

] + Ing,

its clear that @ satisfies hypothesis of Theorem 2.6, then & has a unique fixed
point @ = 0.
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Corollary 2.8: Let (Y,m) be a complete b-metric space with s >1 and
@:Y = Y be a mapping satisfying the following:
1. @ isatriangular a-admissible mapping;

2. 1+ F(sin(dw, Pv)) < F(ks(w,v)), for some T>0 and for every
@,V €Y with 1 < a(w,v) and n(d®, Pv) > 0, sA > 2.

3. Thereis w, €Y such that a(wm,y, Pw,) = 1;
4. @ is a-continuous.

Then ® has a fixed point. Furthermore, if a(w,v) =1 for all ©,v €
Fix(®), then ® has a unique fixed point.

Proof: put G({) =In¢, B({) =k €0,1), and T = —Ink in the Theorem (2.6),
we get our result.

Corollary 2.9: Let (Y,m) be a complete b-metric space with s =1 and

®:Y = Y be a mapping satisfying the following:

1. @ isa triangular a —admissible mapping;

2. sAn(dw, Pv) < f(ks(m,v))ks(m,v), for all wVEY with 1<
a(®,v),p € Cgp and n(Pw, Pv) >0, sA = 2.

3. Thereis @y €Y such that a(®w,, Pw,) = 1;

4. @ is a-continuous.

Then ® has a fixed point. Furthermore, if a(m,v) =1 for all ©,v €
Fix(®), then ® has a unique fixed point.

Proof: Put F({) = G(¢) = In{ in the Theorem (2.6), we obtain the result.

3. Application to initial value problem via Green's function

Theorem 3.1: Let Y = C[0,1] be a complete b-metric space with w(w,v) =
sup |@({) —v({)|?, for all w,v €Y. Consider the initial value problem:

¢€0,1]

@" () +p( @' () +q(w () = f({, @)
@(0) = @y, @’'(0) = @y,
where ¢ € [0,1]. Suppose the following conditions hold:
1. f:[0,1]x®[0,1] > R is continuous, satisfies Lipschitz condition in
©((), i.e.,
lf ¢ @) = fG v < Llw(§) —v(l,
and f non-decreasing in w({) for each ¢ € 0,1];
2. ®weC[01] for all w€C[0,1], where Pw = w,({)+ f(fg (S

fOo®0))dy, and g({,%) is a Green's function satisfing g({,x) = 0, for
all {,x.
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3. M=sup [{lg(¢,)ldx with LM <% and 22 1.

Then there exists a unique solution @ (¢{) € C[0,1].

Proof: Define a self-map ® on Y by

Pw({) = wp({) + fozg €.0f G wQ))dy, for all w € C[0,1],¢ € [0,1],

and a(@((),v({)) =2 if ®w({) <v(({), for all { and a(®(),v({)) =0,
otherwise. Assume that a(®({),v({)) =1, implies ®({) <v({), for all
¢ € [0,1]. We prove @ satisfy a(Pw({), Pv({)) = 1, we require Pwm({) <
du((). It follows from hypothesis, f(u, @w()) < f(u,v(w)), forall u € [0,{],
and since

9. x) =0, f(fg C0fw)dx < fozg(f,)()f(x,v(x))dx-

Thus

ew () = () + [ 9 € Of (L w())dx < du(D),

so a(Pw({), Pv({)) =2 =1 Let a(®@({),v({)) =1 and a(v({),z({)) = 1,
then w({) <v({), and v({) < z({) for all {, by transitivity of <, we get
w(()<z({{), so a@)v({)=2=1 hence & is a triangular
a — admissible mapping. Secondly, we prove ® is a a —f — FG — Khan

contraction. Let S({) = %, F({)=In{, G({) =In{, s=2 and 1 > 1.

0w(©) — BuI = | ¥ 9 C 0 w0 ~ Forvondx| <
fozlg((,)()lz |(F Q@ (0) — O v Pdx
< 12 [{19@ 01 1@ —v()lPdx < Pllw —vll® {19 @01 dx
sup [0() = POF < supl? o — vl Fla@ 07 dx = M |lw - vl|?
lew () — Pu(DI? < L*M?|lo —vl|.
Therefore,
(0w, dv) < I2M%|lw — || < 1 lo — vl|? < x,(w,0). 3.1)
Let FQA(r(Pw®, Pv))) = In2A(n(dw®, Pv)), and F(ks(w,v)) +
G(B(kg(®,v))) = Ink,(m,v) + ln% = lnéks(m, v), it satisfied form (3.1),
FQA(n(Pw, Pv))) < F(ks(@,v)) + G(B(ks(@,0))),
ie., In2A(n(dw,dv)) < ln%xs(m, v), ie., nw(Pw, Pv) < ﬁks(‘(ﬁ, v). By
Theorem (2.6), @ has a unique fixed point which solves the IVP.

Example 3.2; Solve @' ({) + @({) = 0.5w({), @w(0) =0,w'(0) =0, with
Green function g({,0) = sin(¢ — u).



474 G. M. ABD-ELHAMED

Solution: The solution operator ® is ®w({) = 0.5 foz sin (¢ — Y)®(x)dx.
Define  a(@({),v({)) =2 if @({) =<v({),v{ and a(@({),v({)) =0,

1

otherwise, and B({) = > F(Q)=In{,G({) =In{, s=2. Let f({,©({) =
0.5®({) be linear and Lipschitz with L = %,

ew(©) — av@)I? = 025 [ sin (¢ — ) (@00) —v(r)dx|
Flsin@ = 01 [@(0) —v(l2dx
(dw, dv) < 0.25sup [foglm()() - v()()l]2 dx < 0.257(w, v).

For 1=1, F(sA(n(dw,Dv))) = In2(r(Pw®, Pv)) < In(0.57(w,v)),
and

F(ks(w,v)) + G(B(ks(w,v))) = Inks;(w,v) + In %,

and
n(Pw,w)n(w,Pv)+n(Pv,v)n(Pw,v)
n(w,Pv)+n(Pw,V)

Ks(w,v) = n(w,v) + > n(w,v),

Ink,(w,v) + ln% = In0.5n(w,v) = In(2(n(Pw, Pv)) = F(sA(n(Pw, Pv))).

The operator @ satisfies the @ is a « — f§ — FG —Khan contraction. By
Theorem (2.6), ® has a unique fixed point which solves the IVP.

Conclusion

We constructed a new fixed point theorem for a —f — FG — Khan
contractions in b-metric spaces to expand the theoretical foundations of nonlinear
operator theory and we applied these theoretical results to solving initial value
problems (IVPs). The depth and significance of a — § — FG —Khan contractions
may be further explored in future studies by investigating their extensions to
fractional calculus and stochastic differential equations.
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