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Abstract

In this research, we define and prove various features of a new measure based on
the idea of approach structure, known as the approach measure. We then discuss the
relationship between the new and traditional measures. We introduce another new notion,
the semi-approach measure, and investigate the relation between these two concepts.
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1. Introduction

Measure theory is one of the fundamental pillars of modern mathematics
and extends to many different branches and applications in the natural and
engineering sciences Measure theory is an important topic in mathematical
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analysis. In 1966, Taylor [1] gave introduction to measure and integration. In
1990 Dalang and Willinger [2] made clear no-arbitrage in stochastic securities
markets models and equivalent martingale measures. In 1994 Backeland and
Lowen [3] explained separability and Lindelof in approach spaces. In 2007
Hussein [4] presented equivalent measure under the process is martingale. then
in 2020 Hussein [5] introduced equivalent measure in ordered Banach algebra
with locally Martingale of the deflator process. In 2021 and 2022, Abbas and
Hussein [6-7] presented results on normed approach space and Banach space. In
2022 [8] gave results about topological approach vector space. In 2022 Hussein
and Abd [9] studied normed approach space. In 2022 Hussein and Wshayeh [10]
defined space of measurable studied symmetric approach t “"Banach algebra
with some results. In 2022 Neamah and Hussein [11-14] presented results of
compAssume thation t" normed approach space [15-21].

2. Preliminary
Definition 2.1 [22, 23]: Assume that X be a non-empty set and F be a collection
of sub set of X then F is called o-field iff:
1) X E€F
2) IfB € FthenB® € F.
3) [IfAA,,...€F, wehave Uy, A4, € F.
A measurable space is a pair (X, F).

Definition 2.2 [22, 23]: If (), F) measurable space. A set function u: F —[0, oo]
called measure on (QQ, F), if

- E@) =0
2-  wUpZi4p) =202, n(Ay), where {A,} sequence of disjoint sets in F.

Definition 2.3 [22, 23]: If (Q,F) is measurable space and A is collection of
subsets of Q, we call F generated by A if F is the smallest o-filed containing A.

Definition 2.4 [22, 23]: Assume that X be a non-empty set and G be a collection
of sub set of X then G is called d-system (Dynkin class) iff:

1) 0eG.
2) IfB € GthenB € G.
3)  if{A,} sequence of disjoint sets in G then UZ_, 4, € G

The collection K of subsets of X is © — system on X if for each K, 8 € K
thenK N B € K.

Theorem 2.5 [22, 23]: If R is a non-empty set and D is m — system of sub sets
of N then the o-field generated by (D) coincides with d-system generated by (D).
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3. Approach Measure Space

Definition 3.1: If X is non-empty set, and F o-filed. A function Eg: F X 2¥ -

[0, ] is called approach measure on X if the following conditions are met

1- Es(@,R) =08 €2%

2- E;(K,B)=wif K=B° K€ F,B €2X,K #0

3-  E5 (Unz1 Ky, B) = Xa-1 Es(K,, B) where {A,} is sequence of disjoint sets
in F. The triple (X,F, E5) said to be approach measure space and denoted by
AMS.

Definition 3.2: Assume that X be a non-empty set and F o-filed. The
function pug: F X 2% — [0,00] is called semi approach measure on X if the
following conditions are met:

) s (8,8)=0,8 € 2%

2)  us (K, B)=0if KSBS,Ke F,B €2X,K # @

3)  us (Up-; Ky, B)=X%_, Eg (K,,B) for each sequence of disjoint sets {K,}5—;
in F,B € 2%, Then the triple (X, F, us) said to be semi approach measure
space and denoted by SAMS. Note that every semi approach measure
space is app-measure space.

Proposition 3.3: Assume that (X, F,Eg) be AMS then if KS B°K, # € F,
K # @ then Eg (KU 8, 8¢) = ©

Proof: Since K € 3then KN 3 = @,
E; (KU B, B)=E; (K B) + E; (8,8
E; (AU B, BY) = E; (K, B®) + o0. Then E5 (KU B, B) = o

Proposition 3.4: Assume that(X, F, Eg) be AMS, if K € 8 then Eg (K, C) < Eg
(B, C) where K, 8 € F, C € 2%,

Proof: Assume that A € F,thatis K° € F, and so K° N {3 € F (since F o -filed).
Since K N 3=B - A, then £ - K € F and KU(3 — K) € F. Then Eg (3, C)=Eg
(KU — K),)=E5 (K, C) + Es (8 — K, C). Therefore E5 (K, C) < Eg (3, C).

Proposition 3.5: Assume that (X, F, E5) be AMS. Then
Es (KUB, C)=E; (K, C) + E5 (B, C) - E5 (K NB, C) where K,B € F,C € 2%,

Proof: 1t is clear KUR = KU(K® N ). Since AN(K® NB)=(KNK)NR, that
is KNK® NB)=0 N & = @. Then E5 (KU R, C)=E5 (KU(A® N ), C). Therefore
Es (KU R, C)=E5 (K, C) + Eg (KNR, C). Since R=(KNR)U (KN ) and
(KN R) N(K® NR)=@. That is Eg (B, C)=E5 (KNB, C) + Es (KN R, C). Eg
(K¢ N R, C)=E; (R, C)-E5 (KN &, C). Thus E5 (KUR, C)=E; (K, C) + E5 (B, C) -
Es (KNR, C).
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Theorem 3.6: From any measure space it is possible construct Approach
measure space.

Proof: Assume that (X,F,E) be a measure space. We define E5: Fx 2X —
[0, 0] by:
E(A)A=0
Es (AL B) =3 A 0

We must proof Eg is approach measure:

1) E;(@,8)=E(®) = 0. Then E; (9,8)=0

2)  Assume that K, B € 2" where K # @ such that K = ¢
By definition of (Es) we get E5 (K, 8)=c0

3)  If{K,}%-, a sequence of disjoint sets in F. If U5_; K, = @

Then, E; (Up=1 Ky, B=E(UR-1Kn) Es (Unzi Ky, B)=E(K,) +E(Kz) +
E(K3)+... Since Up—; K, = @, then K, = @for n=1,2,...

Since Es (Ky,B) = E(K,) forn=1,2,... That is »%_, Es (K, B)=>X%_,E
(Ky), and soX%_,E; (K,, B)=E(K;)+ E(K;)+E(K;)+... Then, E;
(U%_, Ky, B)=E (K,,B). If U, K, # @that is E5 (U%_;K,,B)=o0, Since

w_1 Ky # 0, then there exist at least one set say K, € {K,}%_; such that
Ki#= ® (1<t<w) so that E; (K,B)=0 and we have Yo ,Es (K,,
B)=E; (K,,B) + Bz (KyB) + ... + Es (K,B) + ... Hence, ¥ E; (K,
B)=E;s (K{,B) + E5 (K,,B8) + ... + o0 +..., that is };;_; E5 (K, B)=c0. Then E;
(U= Ky, B)=20 Es (K, B). Therefore, (X, F, E5) AMS.

Theorem 3.7: Assume that (X, Fy;, Eq1), (N, F,, Es;) be two semi approach
measure spaces. If FUF, is o-filed then (X, F{UF,,Es) is AMS. where
Es(KU B C=Ey (K, C)+Ey B C)forallK € F, R € F,, C€ 2%,

Proof: We must proof Eg is App-measure:

1)  Assume that C € 2%, E; (9,0)=E,; (9,C) + Eg, (8,0)=0+0=0. 1

2) AssumethatK € F,,B € F,, C € 2% such that KUB = (°.
We must proof Es (KU B, C)=w, Since K € KUB then K € C° and
B € KUB then B € C°.Therefor E; (K,C)=0cand E, (B, C)=c therefore Ej
(KUB,C)=w0 + 0 = 0

3) Assume that {K, UB,}2, be sequence of disjoint sets in F; U F,where
A, € F,B, € F,,C€2¥n=12,...
that is B (Ugz, (K UB,), O=Es (Ui, Ky U Uiz By, ©)
and so E5 (U§=1(I<n UBn)a C):Esl (U§=1 I<n aC) + EsZ (U§=1 Bnn C)
E5 (U§=1(Kn UBn)aC):Z§=1 Esl (Kna C) + Z?:l Es2 (Bna C)
E8 (U:O=1(Kn Uﬁn)a C)ZZHOO=1( Esl (Km C) + E52 (Bm C)
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Then, Es (Ur= (K UBy), O=X5- Es (K,UB,, €)
Hence, Ej is app.measure. (X, F{UF,, E5) is AMS.

4. Restriction of semi approach measure

Theorem 4.1: Assume that (X, F,Es) be semi approach measure space and
Y € F, if we define Esly :F x 2% —[0,0] by Esly(A R)=Es (KNY,R),
A € F, R €28 Then Es 1y is approach measure on X known the Y -restriction
OfE(g.

Proof- We must proof ug 1y is App-measure:

1)  Es{y(@B)=E; (8N Y,B) = E;5 (@, B) that is E5 Iy(0, B)=0.

2) Assume that KeF, B € 2% such that K= B°, K # @. Since
Es {y(K, B)=Es; (KNY,B) and KNY S K then KNY S B° Then Ej
(KNY, B)=w (since Ej is a semi approach measure)E;z Iy (K, B)=c0

3) If {K,}*., a sequence of disjoint sets in F,E;ly (Ui, K,,B)=E;
(Unz1 Ko NY, B).That is Es Iy(Unz; Ky, B)=Es (Unzi (K N'Y), B).Then,
Esly (Ui Ko, B)=X00 B (KaNY,B), and E;ly (Ui Ky, B)=
2n=1 Es Iy (K_,B) Then E; ly is approach measure on K.

Theorem 4.2: (Approach measure in terms of restriction) Assume that
(R Fy, Ec1), (R, F,, Egy) be two semi approach measure spaces,if Fy U F, o -filed
and Y € F; NF, then (X,F; UF, M) is approach measure space,where Eg
(KURC)=Es ly (K,.C)+ Eg Iy B,C)K € F,R € F,,CeE 2%

Proof: We must proof Eg is Appr-measure:

We can proof the first and third conditions of appr-measure by the same
way of the proof in theorem (3.7)

3) Assume that K € F;,B € F,,C€ 2% such that AUB = (° We must
proof E5 (KUB, C)= Since E5 (KUB, C)=E,; Iy (K, C) + Ey, Iy (B, C) then E;
(KUB, C)y=us; (KNY,C)+ Ey (BNY,C), Since K € KUB and B € K U B then
Kc(C and BE (% Since KNYEK and BN Y S 6 then KNY & C° and
BNY <€ C° Therefore pg; (ANY,C) = and p,, (BNY,C)) = . Hence Ej
(KUB,C)=0wotoo = . Then Eg is approach measure, therefore (X, F;UF,, Es)
AMS.

5. Application of Approach measure on Dynkin class
Proposition 5.1: Assume that (X, F, E5) be AMS, if B € K € F then E5 (K — B,
C)=E; (K, C)-E; (B, C) where K, B € F,C € 2%.

Proof: 1t is clear that.

Theorem 5.2: Assume that (X, F,Es)), (X, F,Es,) be two AMS where
Es,(®,B)=Es,(R,R), If F is o- field generated by (D) where D is ™ — system
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of sub sets of X and Es (K,R) =Es,(K,R) for each K € D, B € 2 then
Es,(K,B) =Es,(K,R) foreach K €F, R € 28

Proof: Define T={K € F: E5, (K, ) =,if =Es,(K B)}

We must proof T is d-system

1) Since € F, E; (9,8) = E;,(®,8)=0. Then @ € T.

2)  Assume that K € T, we must proof K¢ € T, Es, (K%, B) = E;, (X — K, B)

By Proposition (5.1) we get:

E; (K5 8) = E;, (R —K,B) = E5, (X,B)-E;, (K, B)since K SRX, Eg,
(X,B)=Es, (X, B)and K €T.

Then E; (K%B)=E;, (XB)-E;, (K, B) Therefor Ej (K%B)=
E;,(KS, B). Hence K¢ € T.

3) Assume that {K,};_, be a family of disjoint sets in T E;, (UpZ; K, , B) =
21 Bs (K, B), Since K, €T for  n=1,2,.Then et Bs (K, B) =

ne1 Es, (K, B) Hence Es (Up Ky, B) = Es,(Urz K, , B). Therefor Up- K,

€T, T is d-system Since E; (K, B)=E;,(K, B) for each K € D, B € 2". Then b
C T Since F is o - field generated by (D), by theorem (2.6) we get F C T.

Hence Es, (K, B)=E;,(K, B) foreachK € F, B € 2%,

Theorem 5.3: Assume that (8, F, Es) be AMS and K € F then the set
Y={B € F: E5(K N B,C) = Es(K, O)E;(B,C)} U {8} is d-system, C € 2%

Proof:
1) Since ® € F,Es(Kn®,C) = E5(@, C)=0=E5(K, C)E5(®,C) Then @ €Y.
2) Assume that 3 € Y then B¢ ey by definition of the set Y
3)  Assume that {B,},—; be a family of disjoint sets in Y.
ES(K n Uf:l Bn 'C) = ES(Uf=1 Kn Bn 'C) ES(K n U;.O:l Bnt C) =

1 Es(KnB,C) Since B, € Y then Ey(KnU; B,,C =
Z?:l ES(K' C) Es(ﬁn' C) ES(K n U§:1 Bn ’ C) = ES (K' C) Z?:l ES(Bn' C) ES(K n
Uz B,,C) = E5(K, C)Es (Ui~ B,,C) Therefor U;-, K, €Y Hence Y is d-
system

6. Conclusion

This research is to create a new structure for the concept of measurement
that differs from classical measurement and find relationship between them,
semi approach measure space and construct the restriction of semi approach
measure approach measure is Dynkin Class under conditions and construct some
results in this manner.
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