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Abstract
In this paper, we introduce a novel modification of the fractional conformable triple 

Sumudu transformation and subsequently establish fundamental theorems that pave the 
way for various practical applications. Our theoretical discoveries contribute significantly to 
the advancement of this field by creating innovative avenues for tackling nonlinear partial 
fractional differential equations, particularly within the framework of the Adomian Sumudu 
decomposition method. 
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1. Introduction 
The FPDEs (fractional partial differential equations) have been used for 

many aspects of the modeling of feasible problems, related to sciences and 
engineering applications, such as dynamics of fluids, mathematical biology, 
control theory, optics, image processing, Quantum Mechanics, etc. ([6, 16, 17, 18, 
21, 26, 32, 33]). There are many definitions of fractional derivatives and integrals, 
such as Riesz, Weyl, Riemann-Liouville (RL), Caputo (C), Hadamard (H), and 
others, which have been explored in the literature. These definitions bring forth 
peculiar properties of fractional derivatives, such as the non-universality of the 
chain rule and specific rules governing multiplication and division, all of which 
have significant implications for engineering physics. 

Khalil  et al. [24] introduced a novel derivative known as the conformable 
fractional derivative (   ) in 2014. This derivative exhibits adherence to the 
classical properties commonly associated with well-known derivatives. For any 
given function   (   )    and a selected order   (   - , the     is 
precisely defined as form:  
     

 ( ( ))     
   

 
 , (       )   ( )-              (1.1) 

In recent years, numerous researchers have delved into novel facets of 
analytics and numerical methods that offer precise and approximate solutions. 
One notable development in this field is the Sumudu transform (ST), which 
emerged as an extension of the classical Fourier transform. This transformative 
concept was first introduced by Watugala in the early 1990s [36]. Since then, it 
has found widespread application in addressing a multitude of real-world 
problems, particularly within the realm of engineering sciences. 

What makes the ST particularly valuable is its inherent ability to preserve 
both unit and scale, making it an exceptionally efficient tool for tackling a wide 
array of physical problems. The ST is formally defined over a set of functions:  

    * ( )                ( )    
   
       (  )    +  (1.2) 

by,  
   , ( )-  ∫   

  (  )                 (      )  (1.3) 
In the context of the current literature, it is worth noting that Belgacem, 

F.B.M conducted an extensive analysis of the ST in [7]. This work delved into a 
deeper understanding of the ST and explored its various applications. For more 
comprehensive insights into the properties of the ST and its derivatives, along 
with additional applications, we recommend referring to sources [4, 8, 9]. 
Furthermore, in references [5, 15, 20, 29, 30, 31], researchers have established the 
existence and uniqueness of some fundamental properties associated with the ST , 
particularly in the context of FODE (Fractional Ordinary Differential Equations) 
and FPDEs involving singularities. These studies also explored the connections 
and relationships between the ST and other integral transforms, such as the 
Laplace transform (LT). These references provide valuable resources for anyone 
seeking a deeper understanding of the ST and its applications in various 
mathematical and scientific contexts. 
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In [22], the ST found application in solving the one-dimensional neutron 
transport equation. Notably, a strong relationship between the double Sumudu 
and double LT was elucidated in [28]. Furthermore, the ST was extended to 
distributions, with its properties explored based on    s in references [2, 35]. In 
[3], authored by Alfaqeih, Bakcerler, and Misirli, delved into the application and 
results of the fractional conformable double Kiliçman, Eltayeb, and Agarwal 
applied this transform to tackle systems of differential equations in [27]. Bhanotar 
and Belgacem [12] and Bhanotar and Kaabar [13] introduced a novel method for 
solving nonlinear FPDEs in  –space in a conformable sense, employing the triple 
LT and making comparisons with the ST in references [12, 13]. Recent 
advancements in the conformable fractional ST were outlined in references [1, 10, 
11, 14, 19, 23, 25, 34], demonstrating its utility in solving nonlinear stochastic 
FDEs, transient solutions of Maxwell's equations, and convergence criteria for the 
double ST. 

To address nonlinear FPDEs, this paper proposes the use of the Sumudu 
Decomposition Method, combined with the     triple ST (   -3ST). This 
approach leverages the advantages of the ST over the LT and offers accurate 
solutions for nonlinear FPDEs in three-dimensional space. 

The paper is structured as follows: Section 2 introduces the basic concepts of 
Fractional Calculus. Section .1 investigates the main results and theorems related 
to the    -3ST. In Section 3.2, an iterative method is discussed, employing the 
Adomian Decomposition Method (ADM) to address general nonhomogeneous 
FPDEs. Section 4 presents a numerical experiment using the proposed method to 
validate the obtained results. Finally, in Section 5, the paper concludes with a 
summary of the research work. 

2. Basic concepts 
We present some basic definitions and concepts for fractional calculus 

theory, which are used later in this paper.   

Definition 2.1: The fractional  RL integral operator of order     for     
is expressed as:  

     ( )  {∫    
(   ̈)   

 ( )  ( ̈)   ̈     
 ( )     

 (2.1) 

and the RL-derivative of the  th order is given by:  

      ( )  
  

   ( 
(   ) ( ))    

   .∫    
(   ̈)     

 (   )  ( ̈)   ̈/  (2.2) 

    While the  RL derivative is useful in modeling real-world phenomena 
with FDEs, there is a drawback associated with its use. Therefore, M. Caputo 
proposed a new fractional derivative operator in his dissertation on viscoelasticity 
theory in [23], which is as follows.   

Definition 2.2: The fractional C-derivative of a function  ( ) of order     
with     is defined as follows:  
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   (   )  
 

   ( )  ∫    
(   ̈)     

 (   )  ( )( ̈)   ̈  (2.3) 

 In this expression,        , and the notation  (   ) represents the 
fractional C-derivative of order    , while  

 

   denotes the   th traditional 
derivative of the function  ( ). This formula provides a way to calculate the 
fractional C-derivative of a function  ( ) in terms of its traditional derivatives 
and an integral involving the Gamma function.   

Definition 2.3: Let              be a function. The fractional partial 
derivatives of the function  (        ) with respect to    of order    (   -, 
        respectively, are expressed as follows, for           :  

 

   
        

   
   (        )        

 
 , (      

          )   (        )-  

   
        

   
   (        )        

 
 , (         

       )   (        )- 

   
        

   
   (        )        

 
 , (            

    )   (        )-  

 

In these expressions,    
   represent the fractional partial derivatives of order 

  ,          These derivatives provide a generalization of the traditional 
concept of partial derivative to accommodate fractional orders, making them 
suitable for analyzing functions defined in three dimensions on the positive real 
numbers. 

3. Main results 
We present the following theorem and some properties of the fractional 

C-derivative, which elucidate the relationship between the Conformable Partial 
Fractional Derivatives (    s) and traditional partial derivatives.   

Theorem 3.1: For fractional orders    (   - ,         and a function 
 (        ) that is differentiable at a point for           , the following 
relationship hold:      with Respect to   :  

      
       

   
   (        )    

      (        )
   

   
                     (3.1) 

These relationships demonstrate that the      with respect to    can be 
expressed as the product of a power of the respective variable (  

    ) and the 
traditional partial derivative of  (        )  with respect to   ,         
respectively.   

Proof: By the definition of     , for    , we have  

  

   
   
   (        )         

 
 , (      

          )   (        )- 

                                     
 ̇   

 
 ̇  
(    ) , (    ̇      )   (        )-

                                    
       

 ̇  
 
 ̇ , (    ̇      )   (        )- 
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where  ̇     
    . By using the same maner, we can see that  

  

   
   
   (        )        

 
 , (         

       )   (        )- 

                                     
 ̇   

 
 ̇   

(    ) , (       ̇    )   (        )-

                                    
       

 ̇   
 
 ̇ 
, (       ̇    )   (        )- 

   
   
   (        )         

 
 , (            

    )   (        )-

                                     
 ̇   

 
 ̇   

(    ) , (          ̇ )   (        )-

                                    
       

 ̇   
 
 ̇ 
, (          ̇ )   (        )- 

 

where  ̇     
    ,  ̇     

    . This completes the proof.  
 
The following properties showcase the versatility and applicability of 

fractional differentiation in various contexts, including linear combinations, 
monomials, and trigonometric expressions. They are valuable tools for solving 
differential equations involving fractional orders.   

Proposition 3.2: The following properties hold for      ,    (   -,     , 
       :   
P1) Linearity of Differentiation: The fractional derivative of a linear 

combination of two functions  (        ) and   (        ) with respect 
to    is equal to the corresponding linear combination of their fractional 
derivatives with the same order   . This property is a fundamental property 
of differentiation.  

     
   
  (      )   

   
   
     

   
   
      

P2)  Derivative of a Monomial: The derivative of a monomial   
    

    
   with 

respect to   ,   , and    for fractional orders   ,   , and   . It 
demonstrates how the exponents of the variables change after 
differentiation:  

           
   
     

     
  (  

    
    

  )          
(     )  

(     )  
(     )  

P3)  Derivative of a Monomial with respect to   : The derivative of a 
monomial   

    
   with respect to    for a fractional order   . It shows 

how the exponent of    changes after differentiation:  

     
   
  (  

    
  )      

(     )  
    

P4)  Derivative of a Trigonometric Expression: The derivative of the given 
trigonometric expression with respect to    for a fractional order   . It 
illustrates how fractional differentiation affects trigonometric functions:  
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  (   (

  
  

  
)    (  

  

  
))     (  

  

  
)    (  

  

  
)  

3.1 New results and theorems 
We present results, theorems and properties provide a foundation for 

understanding the behavior of the    -    and how it operates on various types 
of functions and their derivatives. These transforms have applications in solving 
FDEs and analyzing complex systems in science and engineering.   

Definition 3.3: Over the set of functions,  

    { (
  
  

  
)               | (

  
  

  
)|      (    |

  
  

  
|)    

              }  

The    -ST of function           of the exponential of order is 
defined by the integral as follows,  

             
  (    

  

  
 )  ∫                 

  

  
   
                       

Definition 3.4: For a given function     
       

     , we define the double  
   -3ST over the set,  
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if       and    
     

       . And given by the integral,  
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where   
     

    , and       are the complex variables.   

Definition 3.5: For        ]           the     -ST of     
       

      
  
      is defined as follows:  
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Definition 3.6: For a given real-valued piecewise continuous function 
    

       
       

     , the triple    ST is defined as follows:  

                                
          ( (  
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    (   
  

  
    

  

   
    

  

  
)   

      
      

                  
The inverse triple ST is defined by  

  

 (        )      . (        )(     )/
                           

   ∫       
     

       ,     ∫       
     

   
    

                          ,     ∫       
     

   
     (        )(     )   -   -    

 

Theorem 3.7: The     -3ST for functions defined over the variables    with 
fractional orders    (   -,        . Let  

  
     (        )

(        ) ( (  
  

  
   
  

  
   
  

  
))    (     ) 

     (        )
(        ) (  (  

  

  
   
  

  
   
  

  
))     (     ) 

 

and  ,  , and   are constants. Then the following properties can be determined:   
•  Linearity property: The    -3ST is a linear operation. For constants   

and   and functions   and   , the     -3ST of        is equal to   
times the     -3ST of   plus   times the   ST of   , which can be 
expressed as:  

      

 (        )
(        )  (  (  

  

  
   
  

  
   
  

  
)     (  

  

  
   
  

  
   
  

  
))

       (        )
(        ) ( (  

  

  
   
  

  
   
  

  
))    (        )

(        ) (  (  
  

  
   
  

  
   
  

  
))

        (     )      (     ) 

 

•  Constant Property: The    -3ST of a constant   with respect to the 
variables  ,  , and   is equal to the constant itself:  

 (        )
(        )(  (     ))     

•  Product Property: The    -3ST of a product of functions involving powers 
of   ,         is related to the gamma function:  

   (        )
(        ) ((  

  

  
)
 
(  

  

  
)
 
(  

  

  
)
 
 (     )) 

  (   ) (   ) (   )        
 where  ( )  denotes the Gamma function, and  (   )     for   

          .  
•  Exponential Property: The     -3ST of an exponential function with 

linear arguments results in a rational expression:  

   (        )
(        ) . (           

        
    )/   

(    )(    )(    )  
 



320� S. A. BHANOTAR AND M. E. SAMEI

•  Multiplication Property: The     -3ST of the product of two functions is 
equal to the product of their individual     -3STs:  

     (        )
(        ) ( (  

  

  
   
  

  
   
  

  
)   (  

  

  
   
  

  
   
  

  
))    (     )   (     )  

These properties are useful in various mathematical and engineering 
applications involving the    -3ST, allowing for simplifications and 
manipulations of transformed functions. Let us illustrate as follows:  
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Theorem 3.8: For       ,        . The     -3ST applied to the set of 
derivatives  
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  (        )
(        ) ( 

    
   

   )      (     )      (     )        (     ) 

                              (     )  

3.2 New iterative method 
In this section, we propose an iterative method that combines the ADM with 

conformable fractional calculus techniques to solve the nonlinear term of a given 
PDE in a conformable sense. The ADM is a powerful analytical method for 
solving nonlinear PDEs, and in this context, it is applied to handle the nonlinear 
terms of the PDE while conformable fractional calculus techniques are used to 
account for fractional derivatives and integrals. The use of such an iterative 
method can be beneficial in solving PDEs with complex nonlinear terms that are 
difficult to handle using traditional techniques. The combination of ADM and 
conformable fractional calculus allows for the systematic decomposition and 
solution of nonlinear terms, making it a useful approach in mathematical 
modeling and analysis of various real-world phenomena. 

Consider the following nonlinear FPDE:  
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))     (  

  

  
   

  

  
   

  

  
)    (  
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          (  
  

  
   

  

  
   

  

  
)  

 (3.2) 

where     and    (   -,         with the initial conditions,  

        

   
     ( (  

  
  

  
   

  

  
))        (  

  
  

  
   

  

  
)  (3.3) 

where   and   address the linear and nonlinear partial fractional operators, and 
 (     ) is the source term. The following are the steps to determine the analytic 
solution of Eq. (3.2) using the proposed iterative Adomian Sumudu transform. 

Step 1: Applying the    -3ST to Eq. (3.2), we have:  

        
         
        (     
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        (  )           

        (  )           
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 Therefore,  
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)) (3.4) 
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Step 2: Apply the inverse    -3ST, and Solving for  (     ), we get:  

  
 (  

  

  
   
  

  
   
  

  
)    (  

  

  
   
  

  
   
  

  
)

                                            *  [         
        (  )           

        (  )]+ 
 (3.5) 

where  (     )  can be obtained from the source term and prescribed initial 
conditions. 

Step 3: Apply the Adomian Sumudu transform method. Let the general solution 
of Eq. (3.2) be an infinite series:  

   (  
  

  
   
  

  
   
  

  
)  ∑   

     (
  
  

  
   
  

  
   
  

  
)  (3.6) 

and the nonlinear term can be represented as Adomian Polynomials:  

    (  
  

  
   
  

  
   
  

  
)  ∑   

       (3.7) 

where    is the Adomian Polynomial of   ,           and it can be obtained 
by the following formula:  

     
 
  0

  

   ( ∑   
       )1     (3.8) 

 Using Eqs. (3.6), (3.7) and (3.8) in Eq. (3.5), we obtain,  

 ∑   
     (
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   (        )          *  ,         
        ( ∑   

     (
  
  

  
   
  

  
   
  

  
)) 

      ∑   
     -+  

Step 4: Comparing both sides, we obtain recursive relations:  

   (
  
  

  
   
  

  
   
  

  
)  { (

  
  

  
   
  

  
   
  

  
)     

         {    [         
        (     )       ]}     

 

Step 5: The iterative solution to the given problem can be approximated as the 
dynamic analytical solution (3.6). 

4. Applications 
In this section, we demonstrate the application of the    -3ST in 

conjunction with the ADM to solve nonlinear FPDEs. This approach appears to 
be a novel and powerful technique for addressing nonlinear FPDEs, combining 
the capabilities of the    -3ST to handle fractional derivatives and integrals with 
the systematic decomposition and solution procedure of ADM. 

Example 4.1: Consider a dynamic nonhomogeneous nonlinear FPDEs with 
initial conditions:  
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       (4.1) 

under the initial condition  (       )      , and where    (   -,      , 
       . By employing the    -3ST on both sides of Eq. (4.1) and using 
obtained results we get,  

       , (     )   (     )-            
        (         

   
     

   
     
   

   )  (4.2) 

With the help of the initial condition and applying the inverse     -3ST to 
Eq. (4.2), we obtain,  

  (        )          (  )          [          
        (         

   
     

   
     
   

   )]  (4.3) 

By applying the proposed method, it leads to the generalized recursive 
relation:  

   (        )  {
         
         [          

        (      
        
   

   )]       (4.4) 

where    is the Adomian polynomial, which is given by  

     
 
  

  

    (∑   
       )      (4.5) 

Let the nonlinear term be expressed as:  

   (  (        ))    
        
   

     
    (4.6) 

Therefore Eq. (4.4) leads to,  

     [   
      

     (    )  
       ]    

    (  ,  (    )(    )-  
       

      

         (     )(     )  
       

     

         
 (    )(     )(     )  

       )     
The proposed solution can be obtained in series form:  

  

 (        )       [   
      

     (    )  
       ]  

                         (  ,  (    )(    )-  
       

     

                         (     )(     )  
       

    

                        
 (    )(     )(     )  

       )       

 (4.7) 

 To get the exact solution for an integer order  PDE, let us take      
(       ), then Eq. (4.7) reduces to,  
   (        )                                    
          ∑   

   (  ) (   )   
In the next example, we consider new type of FPDE.   
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Example 4.2: Consider the following dynamic nonhomogeneous nonlinear  
FPDE:  

      
   

  
    
   

   
     
   

     (        )    (   -       (       )  (4.8) 

via the initial conditions: 
   (       )                  (       )      (4.9) 

 Applying the    -3ST to both sides of Eq. (4. 8), we have:  

           
        ( 

    
   

   )           
        ( 

   
   

  
    
   

    (        ))  (4.10) 

 Using the obtained result, we get:  
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    (        ))

 (        )    (     )  (    )   (     )  (           
        ( 

   
   

  
    
   

    (        )))  
 

   (4.11) 
Applying the proposed method, we get the recursive formula:  

     {
            
 (     )  .           

        (     )/       (4.12) 

where    is the Adomian polynomial, which is as follows:  

     
 
  

  

    (∑   
       )      (4.13) 

Let the nonlinear term be represented as:  

   (  )  
     
   

  
     
   

    (4.14) 

 These Eqs. (4.12), (4.13), (4.14) gives:  
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 Therefore, the analytical approximate series solution is:  

       

 (        )  (       )  .
   

   
      

        

      
   

  /

                            ((       )
   

    
       

     

                               

   
      

        

       
   

  )     

 (4.15) 

where    (   -,      ,        .   

5. Conclusion 
This study is dedicated to the exploration and application of the     -3ST 

in conjunction with the ADM. The primary focus of this work involves: 
Establishing and defining the     -3ST. Investigating and presenting novel 
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results and theorems related to fractional conformable transformations. Applying 
the newly introduced     -3ST in combination with the ADM to achieve 
consistency in solving nonlinear dynamic models, encompassing both 
homogeneous and non-homogeneous three-dimensional PDEs. The effectiveness 
and applicability of this innovative methodology are demonstrated through 
numerical experiments, validating its proficiency in handling complex nonlinear 
problems. Furthermore, it is worth noting that this method is versatile and can also 
be effectively applied to linear FPDEs, extending its utility to a broad spectrum of 
mathematical models. By integrating the     -3ST with the ADM, this work 
contributes to the advancement of fractional calculus techniques, providing a 
powerful tool for tackling intricate mathematical problems across various 
scientific disciplines. 
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