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Abstract

Let R = (6, A) be a soft relation over a set X, where 0: A — P(X x X). In this paper, we
first associate a mapping a,: X x X — P(A) with every soft relation R over X. This mapping
is then utilized to redefine the concept of soft equivalence relation as developed in [8]. Next,
we introduce soft topologies generated by R and explore several related results within this
framework. Specifically, we have characterised soft topologies that are produced by a soft
relation and a soft selection. Finally, we applied these concepts to fuzzy frameworks. This
revised approach to soft structures brings working with soft set theory into closer alignment
with fuzzy set theory.
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1. Introduction

A relation R defined on a set X can be characterised as a subset of the
Cartesian product X X X. In [20], the sets Bg(m) = {n € X: (m,n) € R} and
Dp(m) = {n € X:(n,m) € R} are defined as the upper and lower contour,
respectively. Knoblauch [16] introduced topologies that are induced by R, which
are generated using the collection {Dg(m), Bx(m)},ex as a subbasis for the
open sets. Smithson [20] established a topology on X using a collection of
antisets in X in relation to R. To induce topologies, various kinds of relations
have been used. In [24, 5] an investigation of orderable and preorderable
topologies is provided. In the context of fuzzy sets, Fuzzy topologies [6, 13]
extend classical topology by allowing for the representation of uncertainty and
vagueness inherent in many real-world situations. A fuzzy topology is typically
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generated from fuzzy relations [28], which are mathematical constructs that
generalize classical binary relations to accommodate degrees of membership. As
a generalization of the related idea in the crisp case, a fuzzy topology derived
from a fuzzy relation has been studied by numerous scholars [16, 12,27,7, 23,22,
17]. The idea of a soft set was first presented by Molodtsov [18] as a mathematical
tool intended to handle uncertainty without the difficulties of fuzzy set theory. A
pair of parameters and a set whose components are described by these parameters
are called soft sets. Several soft set operations were presented and described by
Maji et al. [15]. The papers [14, 26] examine the use of soft sets. Both fuzzy
topology [6] and soft topology [19], which were developed by Shabir and Naz, are
extensions of classical topology. There are several applications of soft topology,
in both mathematics and real-world situations[2, 10, 9, 1]. The concept of soft
relations was first proposed by the authors in [8] as an expansion of fuzzy
relations. A soft relation over X is R = (68, A) such that 8: A = P(X X X).
For every parameter e € A, there exists 8(e) € X X X. This is because R is a
family of binary relations on X. The soft relations defined by a subset of the soft
product of soft sets serve as the foundation for all research on soft topology
produced by soft relations [4, 11, 21, 25]. In this paper, we first associate a
mapping ag: X X X = P(A) with every soft relation B over X. This
mapping is then utilized to redefine the concept of soft equivalence relation
(S-eqR) as developed in [8]. Next, we introduce soft topologies generated by R
and explore several related results within this framework. In particular, soft
topologies generated by a soft relation and a soft selection are characterized.
finally, we applied these concepts to fuzzy frameworks.

2. Preliminaries

In this paper, the symbols X and P(X) represent a non-empty finite set
and the power set of X respectively, unless otherwise indicated.

Definition 1: ([18]) Consider a collection of parameters A. If F: A = P(X) is
a set-valued mapping, then a pair (F,A) referred to as a soft set (S-Set) over X.
Stated differently, a S-Set is a parameterised family of subsets of X.

S(X) is the representation of the collection of all (F,A) defined over X.

Definition 2: ([18]) Let (F,A) and (G, A) be elements in §(X), then
. (FAEGA),if F(e) cG(e), Ve€EA
2. (FA)=(GA),if F(e)=G(e), Ve € A.
Definition 3: ([18]) Let (F,A), (G,A) € S(X). Then, the soft sets (F U G, A)
and (F N G,A) are defined by
(Fug)(e) =F(e)ug(e,
(Fnge) =F@ngGle),

respectively.
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Let U € P(X). Uy will represent the constant S-Set over X with value
U, thatis Uyx(e) = U,Ve € A.

Definition 4: ([19]) A soft topology (S-Top) over X is defined as a family
T € S(X) if T satisfies:

(ST1) @y, Xy €T,

(ST2) If (F,A) and (G,A) areelementsin T = (FNG,A)€ET,

(ST3) If {(F;,A),i €I} €T, then (II; F;,A) €T.

3. Soft relations

A soft relation (S-Rel) over X is a pair R = (8,A) such that 6: A —
P(X x X) [8]. That is, for each parameter e € A, there exists a relation
0(e) S X x X. We associate with R the mapping ag: X X X = P(A) where
ag(m,n) = {e € A:(m,n) € 6(e)}. The soft relation (0,A) € S(X X X) can
also be defined by 6(e) ={(mn) €EX XX:e € ag(m,n)}, if we take
ag: X XX = P(A),

In the example below, we demonstrate that the soft relation (0,A) is
completely characterized by defining the mapping ay.

Example 1: Consider the sets A = {a,b,c} and X = {m,n,w}. R =(0,A) is
a S-Rel over X' defined by Table 1.

Table 1
Soft relation (0, A)

6,A)| (mm) | (wn) | (nm) |[(w,w) (n,w) | (n,n) | (mn) | (mw) | (W,m)
a 1 0 0 1 1 1 0 0 0
b 0 1 0 1 1 0 0 0 0
c 1 1 0 1 1 1 0 0 0

We can read the tabular representation of R as follows:

Row 1: The relation 8(a) = {(m,m), (w,w),(n,w), (n,n)} is reflexive, i.e.
(z,z) €f0(a) Vx € X.

Row 2: The relation 6(b) = {(w,w), (n,w), (w,n)} is symmetric, i.e. (y,z) €
6(a) implies (z,y) € 6(a) Vy,z € X.

Row 3: The relation 8(c) = {(m,m), (w,n), (n,n), (w,w), (n,w)} is transitive,
thatis (y,z) and (z,x) belongto 8(a) = (y,x) € 8(a),Vz,x,y € X.

Now, the associating mapping ag: X X X — P(A) is defined as in Table
2:
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Table 2
The associating mapping o,
Qg Parameter: a Parameter: b Parameter: ¢
(m,m) 1 0 1
(n,n) 1 0 1
(w,n) 0 1 1
(w,w) 1 1 1
(n,w) 1 1 1
(n,m) 0 0 0
(m,n) 0 0 0
(m,w) 0 0 0
(w,m) 0 0 0

We can read the tabular representation of the associating mapping @y as
follows:

ag(x,x) = {a,clag(y,x) = 0,a0(2,y) = {b,c},..
Clearly, Table 2 is obtained by transposing Table 1, which involves
swapping its rows and columns, and vice versa.

Lemma 1: Let (R, A), (6,A) be S-Rels over X and m,n € X. Then,

(1) aRI'IG(nlm) = aR(nlm) n ae(n» m)a

(2)  ague(n,m) = ag(n,m) U ag(n,m),

(3) ag-1(m,n) = ag(n,m), where 871(e) the converse relation of 8(e), Ve
€ A[8].

Proof: (1) Forall (n,m) € X X X, we get
agrng(m,m) ={e € A:(n,m) € (RN OB)(e)}
={e€eA:(n,m) € R(e) MNO(e)}
={e€eA:(n,m) €ER(e)}n{e € A:(n,m) € 6(e)}
= azr(n,m) Nay(n,m)
(2) similar to (1).
(3) Forall (n,m) € X X X, we have,
ag-1(n,m) ={e € A:(n,m) € 671(e)}
={e e A:(mn) € b(e)}
= ag(m,n).

Recalling from [8], a S-Rel R over X is a soft reflexive (a soft
symmetric, a soft transitive, an equivalence) relation over X if the relation
6(a) # @ is reflexive (symmetric, transitive, an equivalence) on X for all
a € A. Below is a characterization of this definition through the associating
mapping ag.



A NEW APPROACH TO SOFT RELATIONS AND TOPOLOGY 451

Theorem 2: Let R = (0,A) be a S-Rel over X. Then, ¥ z,x,y € X, the
following hold:

(1) R is soft reflexive < ag(x,x) = A.
(2) R is soft symmetric < ag(x,y) = ag(y, x).
(3) R is soft transitive < ag(x,y) 2 ag(x,z) Nay(z,y)

Proof: (1)(=) Since the relation 6(a) is reflexive on X for all a € A, then
ag(x,x) = A . Conversely, if ag(x,x) = A, implies (x,x) € 8(a) for all
a € A. Thus (8, A) is soft reflexive.

(2) straightforward.

(3) Assume that the relation 8(a), for all a € A, is transitive on X and
(x,w),(w,y) € 8(a). Then we have a € ag(x,w) N ag(w,y). Sine 6(a) is a
transitive then (x,y) € 8(a) and so a € ayg(x,y). That is, ag(x,w)N

ag(w,y) € ap(x,y).
(&) is obvious.

Lemma 3: If R=(0,A) is a S-eqR over X, then ag(m,n) Nayg(n,z) =
ag(m,z), vm,z,n € X.

Proof. Suppose R is a S-eqR over X. By Theorem 2, it is valid that ag(m, z) 2
ag(m,n) Nag(n,z) . Reverse inclusion: let e € ag(m,z) = (m,2),(z,2) €
6(e), since O(e) is reflexive. Consequentially, (m,z) € 8(e) o 8(e). Hence
Iw € X where (m,w),(w,z) € 8(e). This implies e € ag(m,w) N ag(w, z).
Therefore ag(m,z) = ag(m,w) Nay(w,z) forall m,w,z € X.

Based on Theorem 2, we can restate the definition of S — eqRs in terms of
the corresponding mapping.

Definition 5: A soft relation R = (8,A) over X is an S —eqR on X if the
mapping ay: X X X — P(A) satisfies the following:

(1) ag(mm)=A,vmeX;

2) ag(m,n) =ag(n,m),vn,me€ X;

3) ag(mn)nayg(n,w) € ag(m,w),vn,w,m € X.

Remark 1: Let (R,A),(6,A) beS-Rels. From [8], the composition of (8, A)
and (R,A) is the S-Rel (R o 6,A) defined by
(Ro8)(e)=R(e)ob(e) ={(mmn) e X xX:3x € X, (m,x) € R(e), (x,n) € 8(e)}.
For every y,w € X, we obtain
Apeg(V, W) = {e € A: (x,2) € (p°0o)(e)}
={e€A:(y,w) €f(e)e0(e}
={e€eA:Ix € X, (y,x) € p(a), (x,w) € g(e)}
= Uxex {e € A: (y,x) € p(e)} N {e € A: (x,w) € a(e)}
= Uxex {ap(y' x) n (ZU(X, W)}
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The following conclusion may be simply derived from Remark 1, Definition
5, and Lemma 3.

Proposition 4: Let R = (6,A) bea S — eqR, then
Ag.g(n,m) = ag(n,m),vm,n € X.

Definition 6: Let R = (6,A) be a S —eqR. A soft equivalence class of
m € X isaS-Set ([m],A) over X defined by

A (2) = @g(M, 2)

forall m,z € X.

Proposition 5: Let R = (6,A) bea S — eqR. Then

1) (In], A) =(m],A) © ag(n,m) =A,Yn,m e X,

2) (Im], A N(n],A) =Py © ag(mn) =, vmneX,

(3) Uwex (W], A) = Xx.

Proof: (1): If ag(w,y) = A then we obtain

apw) () = ag(w,x) 2 ag(w,y) N ag(y,x) = ag(y,x) = ap,(x),Vx € X.

Hence, [y](e) € [w](e),Ve € A = ([y],A) E (Jw],A). Similarly, we

get ([w],A) E ([y],A). Therefore, ([w],A) = ([y],A). Conversely, If

([w],A) = ([y],A) then ag(w,y) = ap(¥) = ap (V) = ag(y,y) = A.
(2): If ag(n,n) = ¢ then we have

b =ag(m,n) 2 ag(m,x) N ag(x,n) = ap(x) N ap(x) 2 d,Vx € X.

By Lemma 1 ,([m],A) N ([n],A) = ®y. Conversely, Assume that
Ve € A,[m(e) n[y](e) = ([n] N [y])(e) = ¢. By Lemma 3, we conclude to

b = Aoy (X) = Ay (X) N @y (x) = ag(m, x) N ag(n, x) = ag(m,n).
(3): Forevery w € X, we have
A yexy] (w) =Uyex {a[y] W)} =Uyex {ag(y W)} =A,

because ag(w,w) = A is contained. Therefore, item(3) holds.
4. Soft topology via soft relations

Definition 7: Let (8,A) be a soft relation over X. Then, the lower and upper
contours of m € X are the soft sets (8,,,A) and (6™, A), which are defined as

On(e) ={z€X:(z,m) € 0(e)}
0™(e) ={z € X:(m,z) € B(e)},
respectively.
Easily, vx,w € X,

ag, (W) = agw,x), agx(w) = ag(x,w),
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Definition 8: The family {(8,,, A), (6™, A):m € X'} forms a subbasis for a soft
topology, which we denote as Tj.

Example 2: Let A = {a} and (6,A) be a S-Rel over X = {m, n, z}, defined
by:
6(a) = {(m,n), (m,m), (n, 2), (z,m)}
Then, (6,,, A), (0p, A), (8, A), (O™, A), (0", A) and (6% A) are soft
sets given by:
Om(a) = {z,m}, On(a) ={m}, 6,(a)={n}, 6™(a)={n,m}, 6"(a)
={z}, 6%(a) = {m}.
Therefore,
TB = {q)l x’ Gml Onl 02: eml gn‘ 025 g}:
where G(e) = {n, z}.

Proposition 6: Let T; and T, be soft topologies induced by {8, },,ex and
{6Y}yex respectively. Then Ty =T,, if R = (0, A) is symmetric.

Proof: For each m,n € X, ag(m,n) = ag(n,m), Since R is symmetric. This
implies ap,_ (n) = agm(n), and hence 6*(e) = 0,(e), for each e€ A .
Consequently, T; and T, are identical.

Proposition 7: If R = (6, A) is areflexive and transitive S-Rel over X, then
(1) If (G, A) €Ty, then Ugyxy=s1 Ox E G-
(2) If (G,A) €Ty, then Uy y=n 6F EG.

Proof: (1) for every e€ A, let wE€ Uag(x):uq 0,.(e) > Ix € X such that
ag(x) = A, that is x € G(e) for each e € A. Now, since (G,A) € Ty, there
exist {0y} ST, such that x €Ny (e) S G(e) >x € by (e) >e€ ag,, =
ag(x,x;). Since e € ag (W)= ag(w,x)=>e € ag(w,x) N ag(x,x;) S ag(w,x;).
This implies that e € agxl_(w), for all i =1,...,n. Thus w € 6,,(e) < G(e).
Therefore, item (1) holds.

(2) similarly.

For any soft topology T , can it be generated by a soft relation? The
following result provides the answer:

Theorem 8: Suppose (X,A,T) isaS-Top. T is considered to be induced by a
soft relation 0 iff it possesses a subbase of the form {(F,,A), (Gw, A) €
S(X):w € X} such that the condition ar,(W) = ag, (z) holds for all w,z €
X.

Proof: (=) Suppose T is produced by a certain S-Rel (6,A), then T is
generated by {(F,,A), (Gw,A) € S(X):w € X} where ag, (y) = ag,(y) =

ag(w,y) and agw(y) = agw(y) = ag(y,w) such that ag, (x) = ag,, .
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(&) Assume that, Vm,n e X , the set {(Fn A), (G A) €SX)}
generates 7' such that ag, (m) = a4, (n). To demonstrate that T has a subbase
related to a S-Rel R, we define R=(0,A), 6:A->PXxX), by
ag(m,n) = ap, (M) = ag,,(n),vn,m € X. Then ag,, (M) = ap, (n) =
ag(n,m and agm(n) =ag, (n) = ag(m,n) which implies (6, A) =
(FnA) and (0™, A) = (G, A). Thus, the family {(6,,,A), (8™ A)}
functions as a subbasis for T according to the theorem's postulate. . Thus, T is
induced by the S-Rel ‘R.

Below, we show that a S-Rel R, which generates 7', will satisfy some
extra features if specific constraints on {(F,, A), (G, A) € S(X):w € X} are
imposed.

Proposition 9: The soft relation R = (6,A) where ag(m,n) = az, (m) =
ag,,(n),vm,n € X, satisfies the following:

(1) R is soft reflexive & ag, (W) = A,Vw € X.

(2) R issoft symmetric & (F,,A) = (G, A),Vw € X.

(3) R issoft transitive & ax, (W) 2 ag, (¥) N ar,(¥),Vz,y,w € X.

Proof: Straightforward.

Definition 9: Let X be a nonempty set. The soft partition of X is a family C
of S-Sets defined over X such that:

(1) V:(F,A)€eC,IweEX with ap(w) = A.

(2) VYweX,onlyone (F,A) € C with ar(w) = A.

3) If (F,A), (G A) €C,and ar(w) = ag(2) = A for some w,z € X, then
arp(z) = “g(W)-

Definition 10: Suppose R = (0, A) is a S-Rel over X. Then R is called a soft
selection if it verifies:

(1) Foreach m € X, ay(m,m) = Q.
(2) For every m,n€ X,m #mn, either ag(m,n) =A,ag(n,m) =0 or
ag(n,m) = A, ag(m,n) =0

Theorem 10: Let R be a soft selection and T be a S-Top over X generated by
R. Then the family {(F,, A), (G, A) € S(X):w € X} serves as a subbase for
T and satisfies the conditions:

(1) ag, (W) =ag,(2), YW,z € X.

(2) VYw € X, the collection C = {(F,,A), (Gw,A),{W}x} is a soft partition.
Proof: (1) Let T be a S-Top generated by a soft selection. By Theorem 8, item
(1) holds.

(2) For each w € X, ag(w,w) = @, since R is a soft selection. This
implies az, (W) = ag, (W) = ag(w,w) = @. For w # k, by Definition 10,
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either ag(w, k) = A and ag(k,w) =@ or ag(z,w) = A and ag(w,k) = @.
Consequently, either ag (k) =A and ag, (k) =0 or ag, (k) =0 and
ag, (k) = A. It remains to prove item(3) of Definition 9. For some m,n € X, if
ar,, (m) =ag.(n) = A= ag(mx) =ag,(m) =A. So m#*x and hence
ag(x,m) = @, by Definition 10. Similarly, we get ag(n,x) = @, and therefore
ar,, n) =ag(n,m) = ag(x,m) = ag, (m).

5. Application to Fuzzy settings

A fuzzy relation (F-Rel) on X is a mapping A: X X X - [0,1]. We recall
from [16] that A is a F—eqR on X when A(w,wm,m) = 1,A(m,n) =
A(n,m) and A(m,n) = A(m,x) AA(x,n),Vm,x,n € X.

According to [8], the F-Rel A4 could be written as a S-Rel (6,,[0,1]) over
X where,

0,(t) = A = {(y,w): A(y,w) = t}, vVt € [0,1].
Theorem 11: [3] A isa F —eqR on X & the set A, is an eqR on X.

Theorem 12: 4 F-Rel A on X is an F —eqR < (6,3 =[0,1]) is an
S —eqR over X.

Proof: (=) From Theorem 11, A, is an equivalence relation on X, Vt € [0,1].
Hence (6,,7) isa S — eqR over X, by [Proposition 4.3 [8]].

(&) Let (6,,1) bea S — eqR over X. Definition 5 implies that ,Ym € X

ag,(m,m) =7 = (m,m) € 6(t) = 4, Vt €7,

choose t=1 then A(m,m)=1= 1 is reflexive. Let A(m,z) =t€I =
(m,z) € A, = 6,(t) > t €ag,(m,z) = ag,(z,m). Hence (z,m) € Gy(t) =
A > A(m,z) =t < A(z,m) Similarly, we get A(z,m) <A(m,z) and
therefore, 1 is symmetric. To show that A is transitive and consequently a
F—eqR on X, let A(my)AA(y,n)=t=>A(m,y)=t or A(y,n) =t.
Consider the case A(m,y) =t < A(y,n), then m,y),(y,n €A, =6,(t) >t €
ag, (M, y) Nag,(y,n) S ag,(m,n). Then (m,n)€6,(t)=>A(y,n)=t=
A(m,y) AA(y,n). Thatis, A is transitive.

Definition 11: [6] A pair (X, 1) is called a fuzzy (F-)topological space, where ©
is a family of fuzzy sets on X that satisfy certain conditions, .
(1) Oy, 1y €7 where 0x(2) =0,1x(2) =1,VzE X,
2) IfA, A, ET=4AA, ET,
(3) If{{}eT=v;4 €T,

For any fuzzy topology 7 on X, we can associate soft topology over X in
the following manner: Let 7° =]0,1], and F, = {(Fs,7): § € 7} be the family of
soft sets over X corresponding to the fuzzy topology 7, where F5:J — P(X),

Fs(t) =6, ={z € X:6(2) > t}
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Proposition 13: (X, F,,7°) is a S-Top space.

Proof: Straightforward.

Using a F-Rel 1 on X, two types of fuzzy sets for every x € X are
introduced in [16], as follows:

An(m) = A(n,m), A™(n) = A(m,n)
and the family € = {A,,,, A" };nex induces a F-Top t; on X.
Theorem 14: Ty, = F;,.
Proof: All we need to do is demonstrate that both topologies are generated by the
same sets of generators. For m € X, and from Definition 7, we get
(62)m = (n € X: (n,m) € 6,(1)}
={neX:(n,m) € A(t)}
={neX:A(n,m) =t}
= F/lm (t)
and
@)™ ={neX:(mn) € 6,(t)}
={n e X:(mn) € A(t)}
={n e X:A(m,n) = t}

6. Conclusion

In conclusion, this study presents a novel approach to understanding a soft
relation (6, A) over a set X by redefining them through the mapping ag: X X
X — P(A). This redefinition not only clarifies the structure of soft relations but
also facilitates the development of S-eqRs, building upon the foundational work
of Feng [8]. Furthermore, we have introduced the concept of S-Tops generated by
these S-Rels, revealing significant characterizations and properties that enhance
our understanding of their behavior. Using these ideas in fuzzy frameworks shows
how flexible and important our results are in a wider range of mathematical
settings. Future research may expand on these results, exploring additional
applications and implications of soft relations and topologies in the theory of
rough sets.
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