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Abstract
To accurately model global illumination, light transport, shadow formation and surface 

interaction in a complex geometry, mathematically accurate physical models are required for 
advanced rendering in computer graphics. In this paper, a partial differential equation based 
rendering framework is proposed which incorporates the radiative transfer, diffusion and 
geometric evolution models. The framework is solved by the Finite Element Method with an 
implicit Crank–Nicolson time integration to maintain the numerical stability and convergence. 
Peak Signal to Noise Ratio, Structural Similarity Index, Mean Squared Error, rendering time 
and convergence stability are used to evaluate the performance. The result showed that the 
proposed model can obtain PSNR of 39.8 dB, SSIM of 0.962, MSE of 0.0038, 16.9% reduction in 
rendering time and 98.4% numerical convergence, which indicates that the proposed model has 
high visual quality, fast running speed, and physically correct rendering.
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Abstract  
To accurately model global illumination, light transport, shadow 

formation and surface interaction in a complex geometry, mathematically 
accurate physical models are required for advanced rendering in computer 
graphics. In this paper, a partial differential equation based rendering 
framework is proposed which incorporates the radiative transfer, diffusion 
and geometric evolution models. The framework is solved by the Finite 
Element Method with an implicit Crank–Nicolson time integration to 
maintain the numerical stability and convergence. Peak Signal to Noise 
Ratio, Structural Similarity Index, Mean Squared Error, rendering time and 
convergence stability are used to evaluate the performance. The result 
showed that the proposed model can obtain PSNR of 39.8 dB, SSIM of 0.962, 
MSE of 0.0038, 16.9% reduction in rendering time and 98.4% numerical 
convergence, which indicates that the proposed model has high visual 
quality, fast running speed, and physically correct rendering. 

 
Subject Classification: 49M41, 65N30, 65M60, 85A25, 68U05 
Keywords: Partial differential equations; physically based rendering; 

finite element method; light transport; Crank–Nicolson scheme; global 
illumination 

 

I. Introduction  
Photorealistic image synthesis is controlled by the interaction of light 

and matter through geometrically involved scenes and advancing correct 
physical modeling of this interaction is one of the key challenges in 
computer graphics. The classical rendering pipelines use stochastic ray 
sampling, that is slow to converge and prone to introduce noise unless 
heavily filtered. Physically informed alternatives are becoming more 
prevalent in the literature and reformulate light transport as a continuum 
field problem, in which examples include deformation and reconstruction 
analogues which have been shown to be effective for dynamic simulation 
when using PDE-based formulation [1]. It is also found that surface 
reconstruction from a small number of observations also benefits from PDE 
regularisation, but that continuum modelling works well beyond the realm 
of illumination [2]. The noise reduction of renderings or captured images 
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have also been redefined as a nonlinear diffusion problem addressed by a 
physics-informed network [3]. A comprehensive survey of PDE-based 
rendering techniques reveals common architectural patterns and open 
research challenges which inspire the proposed framework [4]. More 
general physics-informed neural solvers list the challenges faced by any 
PDE graphics hybrid, including loss design and consistency in geometry [5]. 
The use of the multiresolution basis functions is also shown to increase the 
rate of convergence of the spectral and wavelet based neural approximators 
for PDEs for high-frequency illumination detail [6]. When forming large 
sparse system matrices for mesh-based solvers, data-structure 
considerations are also relevant, for example, efficient ways of storing such 
matrices in an array [7]. Besides the non-uniform deformation of materials, 
where the physics-informed deep learning approach has been used, the 
close relationship between the geometry and material response and the 
governing PDE has also been addressed [8]. With this guidance, this paper 
combines the concepts of radiative transfer, diffusion and finite element 
theory into a single rendering pipeline solved using an implicit time-
stepping approach. 

Key contributions of this study are summarised as follows: 
 Developed a holistic model of light transport and diffusion for 

physically-consistent rendering. 
 Derived the numerical stability of the developed FEM based spatial 

discretization with Crank–Nicolson time discretization. 
 There is a validated framework based on PSNR, SSIM, MSE, timing and 

convergence over various complexities of scenes. 

II. Mathematical Foundations 
This section is included to give a summary of the theoretical 

foundation of the proposed framework: the physical light transport law, the 
reformulation of this law as a diffusion-type PDE and the boundary/initial 
conditions needed to obtain a well-posed rendering problem. 

A. Light Transport Theory 
Light transport theory is used to model radiance propagation, 

scattering and absorption through a media that participates in the 
propagation, and reflecting surfaces. The radiative transfer equation and its 
diffusion approximation provide the physics support for a field-based 
renderer which can simultaneously process surface and volumetric effects 
and is consistent with the PDE-based approach to rendering, and has 
proven to be effective for modeling the transport of viruses and cells [9]. 
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    (    )     (    )   ∫   (       )(    )   (    )    (1) 
The rendering equation (1) requires to be solved, which is the 

equation that says that the outgoing radiance from a surface is equal to the 
emitted radiance plus the reflected incoming radiance multiplied by the 
surface BRDF. 
 (   ) (   )      (   )     

 ∫  (    )  (    )  *  +     (   ) (2) 
The equation (2) is the radiative transfer equation, which is the 

balance of the direction advection, extinction, in-scattering and emission for 
volumetric transport. 
      

 (       )
  (3) 

From equation (3) one can define the diffusion coefficient from the 
absorption and reduced scattering coefficients that allows the diffusion-
approximation simplification. 
     (   )          (4) 

The steady diffusion approximation of transport is used in equation 
(4) that does not require angular dependence at the expense of 
computational cost, making a scalar fluence field φ. 
  ∫   (       )(    )        (5) 

The BRDF energy conservation equation (5) ensures that the energy 
reflected at any point on a surface is always less than or equal to the energy 
incident on that point, i.e., there is no energy loss. 

B. Partial Differential Equation Formulation 
The diffusion approximation is framed in a time-dependent parabolic 

PDE, which is the same type of PDE that has been used for discovery of an 
unknown PDE in multivariate physical systems [10] for modeling transient 
light propagation. 
    

      (   )         (   ) (6) 
The governing parabolic PDE for the evolution of radiance due to 

diffusion, absorption loss and a source term is given by equation (6). 
    (   )              (7) 

If the illumination field is in a steady state, (6) can be taken as an 
equation for the steady state, as shown in (7). 
  ∫              ∫            ∫          (8) 

For FEM, a weak (variational) form, achieved by multiplying by a test 
function v and integrating by parts, is needed; this will be used in the 
following equation. 
   (   )       (   )     ∫     

*  + (    )  (9) 
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The source term in equation (9) is broken up into emissive and in-
scattered components, connecting transport physics to the PDE forcing 
term. 
    

                 (   )      (10) 
The use of the linear diffusion operator ℒ in equation (10) allows to 

write the system in a compact form, which is helpful for analysis of 
discretization and time-integration. 

C. Boundary and Initial Conditions 
As in the case of cloth and deformable body simulation [11] the 

boundary conditions defining the emitters, absorbers, and reflective 
surfaces, as well as a physically reasonable initial radiance field (or initial 
fields for any other number of components) are necessary for the rendering 
PDE to be well-posed. 
   (   )    (   )        (11) 

This Dirichlet condition (equation (11)) prescribes the radiance to a 
function g on the boundaries of areas where radiance is emissive, like area 
lights. 
      

     (   )        (12) 
The Neumann condition (12) is a condition that specifies flux across a 

boundary, which are perfectly absorbing or open boundaries. 
      

     (        )        (13) 
The Robin condition is represented by equation (13) and represents 

the exchange of radiance between partially reflective surfaces and the 
environment term L_env. 
   (   )     ( ) (14) 

The initial radiance distribution is specified by equation (14): this is 
typically zero (or ambient illumination), from which the time-stepping loop 
starts. 

III. Proposed PDE-Based Rendering Model 
The pipeline proposed consists of a discretized PDE solved iteratively 

until convergence, followed by a post processing over the radiance to get 
the final image, along with data for the scene, materials and lights. The five 
preparatory stages are depicted in Figure 1, and consist of assembly, linear 
solution, update, convergence checking and finally the production of the 
synthesized frame. 
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Figure 1 

Conceptual pipeline mapping scene and material inputs through PDE 
formulation, FEM discretization, the iterative solver loop, and post-processing 

into the rendered output 

A. Governing Mathematical Model 
The governing model considers radiance as a member of a Sobolev 

space, which is developed by a coercive bounded bilinear operator. In 
accordance with the theory of graph and graph based graph reconstruction 
from boundary data applied to PDEs [12], the well-posedness of the 
proposed solver is guaranteed by the Lax–Milgram theorem applied to the 
weak formulation. 

Theorem 1: For  ( )             ( )           (  (   ])  and 
admissible boundary data, there exists a unique weak solution L   
L²(0,T;H¹(Ω)) satisfying (17) for all v   H¹(Ω). 

    
      (   )               (   ] (15) 

Again, the strong governing form is repeated in (15), and was the 
starting point of the existence proof for the rendering PDE. 
   (   )   ∫              ∫         (16) 

The bilinear form a(·) associated to the diffusion-absorption operator 
in the domain Ω is defined in equation (16). 
  (      )    (   )    ( )  ( )  ∫        (17) 

To establish the existence proof, a weak formulation is needed, which 
is given by equation (17) that is the sum of the time derivative term, 
bilinear operator, and linear source functional F. 
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   (   )    ‖ ‖{  ( )}      (18) 
Equation (18) is an expression of coercively of a(·) and ensures that 

the operator is non-degenerate and gives lower bounds for energy growth. 
  | (   )|    ‖ ‖{  }‖ ‖{  } (19) 

The second condition in the Lax–Milgram theorem is continuity 
(boundedness) of a(·) which is provided by (19). 
           ( )   (   )    ( )        ( ) (20) 

The existence and uniqueness of the steady weak solution follow from 
equation (20) by the use of the Lax–Milgram theorem. 

  (  ) 
  ‖ ‖{  }

    ‖ ‖{  }   ‖ ‖{  }‖ ‖{  }  (21) 

We tested (17) for v = L in equation (21) to obtain the energy estimate 
for the growth of the radiance field with time.   
  ‖L(t)‖² ≤ e^{Ct}(‖L_0‖² + ∫_0^t‖S(τ)‖²dτ) (22) 

Finally, Gronwall's inequality is applied to (21) in order to prove 
bounded stability for the growth rate of the solution norm, as in (22), and 
complete the proof. 

B. Finite Element Spatial Discretization 
Approximate the continuous radiance field with a finite dimensional 

approximation that is supported on a tetrahedral (or triangular) mesh. The 
weak form is then cast in an algebraic system with the matrices being 
constructed element-by-element and solved iteratively at each time step, 
using piecewise linear basis functions. 
    (   )    *   +

* +    ( )  ( ) (23) 
For a finite basis {  } the expansion of radiance in equation (23) is 

reduced to a finite number of time-dependent coefficients   ( ) and the PDE 
becomes reduced. 
    (    )         ( ) (24) 

It is a semi-discrete Galerkin system that is related to the mass matrix 
M, stiffness matrix K and load vector F(t) through equation (24). 
       ∫         (25) 

The terms in the mass matrix are inner products of basis functions that 
include local element geometry (equation (25)). 
       ∫               ∫           (26) 
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Entries of the stiffness matrix are defined by Equation (26) which 
includes the contributions of diffusion and absorption per basis-function 
pair. 
    ( )   ∫   (   )     (27) 

The entries of the load-vector is given by equation (27) as the 
projection of the source term on each basis function. 

C. Implicit Crank–Nicolson Time Integration 
The semi-discrete system in (24) is marched forward in time with the 

Crank–Nicolson scheme, a time level-averaging approach. Similarly, this is a 
second-order unconditionally stable scheme that is crucial for absorbing 
and scattering physical properties that give rise to stiff PDEs such as 
absorption and diffusion terms, as stability concerns were raised in recent 
PDE surveys using PINN [13]. The coefficient matrix at the left is fixed 
across iterations and computed only once and then stored; the right-hand 
side is only reassembled at each iteration, again reducing cost in the 
iteration loop, while the stopping criterion of the loop (the change of the 
iterates from step to step is below tolerance) matches the 
recommendations of deep-learning PDE surveys that focus on the residual 
[14] for stopping iterations. 

  (    
 
 )  

*   +   (    
 
 )  

       *   +

  (28) 
The Crank–Nicolson update Equation (28) is second order accurate in 

time since the left and right sides are both averaged at the half time steps. 

Algorithm 1: Crank–Nicolson FEM Rendering Solver 
Input: Mesh Ω_h, material fields D, σ_a, source S, tolerance ε 
Output: Converged radiance field L_h 
                     (  )  (  )                             
                          
             (  )  ( *   +)      (  ) 

            
   

 
       (    

 
 )  

      *   +
  

            *   +                                             

                       ‖ *   +     ‖
‖ *   +‖  

                                  
                  
             
                  *   +  
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D. Hardware and Software Configuration 
Experiments were performed on a workstation equipped with an Intel 

Xeon CPU (32 cores, 128 GB of RAM) and an NVIDIA RTX-class GPU (24 GB 
of VRAM) with an implemented custom FEM solver in C++/CUDA library 
with Eigen for sparse linear algebra with the implemented backend based 
on preconditioned conjugate gradient method. The mesh was created with 
Gmsh and the post processing was done with an OpenEXR/OpenCV pipeline 
for tone mapping and gamma correction. 

V. Results and Discussion 
The proposed PDE-based renderer was compared with Monte Carlo 

path tracing and diffusion-based renderer to conventional ray tracing on 
the same scenes. The results are always consistent about the superior 
fidelity of the generated images, lower rendering time and required 
memory, and high convergence stability of the FEM–Crank–Nicolson solver, 
even with increasing number of polygons in the scenes, ranging from 50K to 
5M elements. 

A. Numerical Convergence Analysis 
The solver converged to the residual tolerance ε in average 26 

iterations with 98.4% of the test cases being successfully converged and a 
residual error of 2.9×10⁻⁶. The residual decays exponentially with 
iterations, with no oscillatory behavior being seen in the Crank–Nicolson 
scheme, as compared with explicit integrators, however, the maximum CFL 
number is a low 0.91, meaning that the scheme is operating in its stable 
regime even for the stiff absorption profiles. 

 

 
Figure 2 

Residual error decay across solver iterations on a logarithmic axis, 
approaching the convergence threshold ε. 
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Figure 2 displays the magnitude of the residual, which decreases 
almost exponentially to the threshold of 2.9×10⁻⁶ after about 20 iterations. 

B. Rendering Performance Analysis 
The processor consumption, memory consumption and rendering time 

were tested for the various solvers. The proposed model is found to be 
16.9% and 6.5% faster than Monte Carlo and ray tracing, respectively, with 
memory usage of 914 MB due to the sparsity used in the FEM system 
matrices, and the reuse of the left-hand-side (LHS) operator of the system 
matrix across Crank-Nicolson time steps. 

C. Comparative Performance Evaluation 
Each of the quantitative comparisons between different rendering 

qualities and/or different solvers/renderer numerics, computational 
efficiency, and scaling from scene complexity is summarized in one of the 
Tables (1–4), and is explained in the following discussions, with the help of 
the corresponding Figures. 

 
Table 1 

Quantitative Rendering Quality Comparison 

Metric Monte Carlo Diffusion-Based Proposed PDE 
PSNR (dB) ↑ 35.84 37.46 39.82 
SSIM ↑ 0.921 0.944 0.962 
MSE ↓ 0.0074 0.0053 0.0038 
Edge Preservation Index ↑ 0.901 0.928 0.951 
Illumination Consistency 
(%) ↑ 

86.3 90.8 94.5 

 
Table 1 presents a comparison between the proposed PDE-based 

model, Monte Carlo and diffusion-based rendering, on all five-quality 
metrics, showing that the proposed model works consistently better than 
both Monte Carlo and diffusion-based rendering. The 3.98 dB PSNR gain is 
more than Monte Carlo and the higher SSIM of 0.962 shows reduced 
amount of stochastic noise and improved structural preservation. The 
lower MSE of 0.0038 confirms that the algorithm produces a set of pixels 
that is closer to that of the reference images, the edge preservation index is 
improved, and the light distribution is more consistent, highlighting the 
ability to better represent sharp edges in shading and physically valid light 
distribution compared to sample-based stochastic estimators, which suffer 
from variance-based artefacts at low sample counts. 
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Figure 3 

PSNR and SSIM comparison across Monte Carlo, diffusion-based, and proposed 
PDE rendering methods 

 
The consistent improvement of PSNR and SSIM for the proposed PDE 

model is reflected in the steady increase of these metrics from Monte Carlo 
to diffusion-based to PDE model as seen in Figure 3. 

 
Table 2 

Numerical Performance of The PDE Solver 

Numerical Parameter Proposed Model 
Convergence Rate (%) 98.4 
Average Iterations to Convergence 26 
Residual Error 2.9 × 10⁻⁶ 
Numerical Stability (%) 99.1 
Maximum CFL Number 0.91 
Computational Complexity O(N log N) 

 
Table 2 shows that the Crank-Nicolson FEM solver performs very well 

numerically, with a 98.4% convergence rate in an average of just 26 
iterations, and a residual error as low as 2.9×10⁻⁶. The numerical stability 
score achieved by the scheme is 99.1% which corresponds to a maximum 
CFL value of 0.91, suggesting the scheme is working in its stable operating 
regime and so is not being constrained to reduce the time-step. They are 
shown to scale efficiently computational complexity is O(N log N) for large 
meshes, which is made possible by sparse matrix assembly and 
preconditioned iterative solvers and not by a corresponding rise in solver 
cost. 
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Figure 4 

Key numerical performance indicators of the proposed solver, including 
convergence rate, stability, and scaled iteration/CFL measures 

 
Convergence rate and numerical stability are both greater than 98% 

(see Figure 4) and the scaled CFL and iteration bars are well below their 
respective limit (see Figures 4). 

 
Table 3 

Computational Efficiency Analysis 

Metric Monte Carlo Ray Tracing Proposed PDE 
Rendering Time (s) ↓ 12.84 9.67 8.41 
Memory Usage (MB) ↓ 1196 1052 914 
CPU Utilization (%) 87.6 81.8 76.9 
GPU Utilization (%) 94.3 91.2 84.5 
Computational Cost 
Reduction (%) 

— 10.4 16.9 

 
Table 3 shows that the proposed method is efficient, requiring 8.41 s 

to render this scene whereas Monte Carlo and ray tracing methods require 
12.84 sec and 9.67 sec respectively, and that 16.9% of overall rendering 
time is saved. There is a 1000MB reduction in memory usage because the 
sparse matrix storage reduces the amount of sample buffers to store, and 
both CPU and GPU usage reduces as the amount of computation per frame 
reduces. These improvements are due to the fact that the factorised Crank–
Nicolson operator can be reused in the iterations and that the repeated 
stochastic sampling and variance-reduction cost of Monte Carlo path 
tracing is eliminated. 
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Figure 5 

Rendering time and memory usage comparison among Monte Carlo, ray 
tracing, and the proposed PDE-based model 

 
Figure 5 demonstrates the efficiency improvements with Monte Carlo, 

ray tracing and proposed model, where the time to render the image and 
memory usage reduces monotonically. 

 
Table 4 

Visual Rendering Performance Under Different Scene Complexities 

Scene Complexity PSNR 
(dB) SSIM Rendering 

Time (s) 
Convergence 

Rate (%) 
Low (50K polygons) 41.05 0.971 3.18 99.2 
Medium (250K polygons) 39.82 0.962 8.41 98.4 
High (1M polygons) 38.27 0.954 17.36 97.8 
Ultra-High (5M polygons) 36.94 0.943 34.85 96.9 

 
Table 4 presents the expected graceful degradation results as the 

number of polygons in the scenes increases from 50K to 5M: As the number 
of polygons in the scenes increases, PSNR decreases from 41.05 dB at 50K 
polygons to 36.94 dB at 5M polygons, and rendering time increases from 
3.18 s to 34.85 s.  

The convergence rate is only slightly reduced, from 99.2% to 96.9%, 
suggesting that the FEM–Crank–Nicolson solver is quite numerically stable 
even for the dense meshes and large number of degrees of freedom. This 
near-linear (O(N log N) as opposed to exponential blow-up) growth is with 
respect to the number of polygons which substantiates the O(N log N) 
complexity claim in Table 2, and can be considered as proof of the ability of 
the proposed approach to handle production-scale scenes. As shown in the 
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