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Abstract

The dynamics of biological populations is a complex process that includes selection,
mutation, inheritance, migration and random genetic variation, and predicting the dynamics
is difficult. The issue of quantifying these interaction mechanisms in a single functional
mathematical model is tackled in this work. The goal is to create mathematical models that will
enable the description of the evolution of population states and long time behavior of the model.
The approach utilized is based on nonlinear differential equations, replicator dynamics, mutation
selection equations, equilibrium analysis and numerical simulation. Under various parameter
conditions, the stability, convergence, fitness of populations, variation in allele frequencies and
evolutionary trajectory are analyzed. Results show that the extent of selection and mutation
rates have a significant effect on the establishment of an equilibrium, population diversities,
and adaptation. Findings show that the results vary with stable, unstable and coexistence
states under different evolutionary scenarios. The innovations are the combination of several
evolutionary mechanisms within a tractable computational framework. The study provides
quantitative tools for predicting population adaptation, and also concludes that mathematical
modeling can provide a characterization of the complex evolutionary dynamics.
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1. Introduction

Long-term changes in biological populations are the result of the
combined action of natural selection, mutation, genetic drift, migration and
inheritance, but it continues to be an active area of interest in evolutionary
biology how these processes interact to shape the structure of populations
over time [1]. Classical population genetics provided the mathematical
basis to describe the change of allele frequencies under selection and drift
as linear process, however many biological systems have nonlinear
feedback which cannot be described by simple linear models [2]. Replicator
dynamics, which was developed in evolutionary game theory, is a
continuous time model of changes in the frequency of strategies based on
their relative fitnesses and is a common model for frequency-dependent
selection [3]. These can be extended to include mutation, but this adds the
effect of the continual reintroduction of variation by mutation and its loss
by selection, which can lead to mutation-selection balance phenomena
found in many species [4]. Deterministic predictions are further
complicated because of stochastic effects, such as genetic drift in finite
populations, and need to be approximated by diffusion equations in order
to be characterized [5]. Numerical and computational methods have thus
come to play an essential role in exploring evolutionary trajectories under
more realistic sets of parameters for which closed form solutions are not
possible [6]. Also, ecoevolutionary models suggest that the interaction
between ecological carrying capacity and evolutionary change in the form
of selective pressure can be shaped by population density [7]. Although
significant advances have been made, current studies are mostly
concentrating on selection and mutation techniques, and stability analysis
separately and do not focus on a single integrated quantitative framework
to provide predictive capability for complex adaptive systems [8]. This
paper fills this gap by developing a single, nonlinear, dynamical model that
integrates fitness based-selection, mutation operators and population
growth restrictions, and then uses analytical theorems and numerical
simulation to investigate characteristics of the resulting equilibrium,
stability, and evolutionarily stable states in terms of quantitative measures
to predict adaptation, diversity maintenance and long-term evolutionary
outcomes in biological populations.

Major Contributions of this Paper:

1. Formulation of an integrated mathematical framework for selection,
mutation and population growth, which is nonlinear.

2.  Formal theorems and proofs for the analytical derivation of ESS,
stability and equilibrium conditions.

3.  Numerical validation of numerical simulation for multiple selection
mutation scenarios with Runge-Kutta adaptation, to quantify
adaptation trade-offs.
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2. Mathematical Formulation of Evolutionary Dynamics

The mathematical basis on which evolutionary change in structured
populations of organisms is described is developed. The population is again
assumed to be a continuous, dynamic system, whose state variables
describe the phenotype or allele frequencies that change in a deterministic
fashion under selection and mutation forces, with the restriction that these
frequencies are normalized by making sure that the total portion of the
population in all types is constant [9].

2.1 Population Assumptions and Biological Parameters

All the population is assumed to be n different phenotypic or genotypic
types that are in competition in a common environment with a finite
carrying capacity. These classes have a frequency x;(), fitness value fj,,
and a growth contribution determined by the intrinsic reproduction and
density-dependent regulation. For tractability, it is assumed that
reproduction is asexual or, essentially, haploid; mating is random; and
generations overlap continuously, for which time t is treated as a
continuous variable [10], [11].

The frequency vector x(t) = (xl(t), ...,xn(t)) lies in the simplex such
that all the subpopulation fractions are positive and sum to one at each time
t. This constraint is important, because it turns the otherwise
unconstrained growth problem into a frequency-dynamics problem, so that
the interpretation of selection can be understood solely as a different
degrees of competitive fitness of the competing types.

Theorem 1: (Simplex Invariance). If x(t) satisfies % = x;[ficy — F)] for
i=1,.,nwith f(x) = X x;fi), and x(0) lies on the simplex Zx; = 1,x; = 0,
then x(t) remains on the simplex for all t = 0.

dXi

& = x[fie - )] (1)

dt

Proof: Summing the governing equation over all i gives d(j:i) = 2%ifi —

fO)Zx; = f(x) — f(x)-1 = 0, since Zx; = 1 by hypothesis. Thus Zx;(

is a constant, and equals 1 for all t. Further, whenever x; = 0 then % =0,

which means that the coordinate hyperplanes x; = 0 are invariant and that
no trajectory with initial x_i = 0 can ever pass through the plane x; = 0 with
x; < 0. This implies that the simplex is forward-invariant under the flow
and hence the theorem is proved.

2.2 Fitness, Selection, and Mutation Dynamics

The fitness is represented as a function of the population state to
account for frequency-dependent selection where fitness of a phenotype is
not constant, but depends on the state of the population. One often used
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linear form is a payoff matrix A, so that fj,) = (Ax); measures pairwise
interaction effects among phenotypes, and extensions to the linear form are
nonlinear payoff functions with logistic form, bounded by a carrying
capacity K, which include density regulation [12].

The mutation is added in using a stochastic transition matrix Q, with
the probability Q;; that a type j individual will mutate to type i. A combined
selection-mutation process is formulated as a matrix-vector product on the
selection-weighted frequency vector, which allows for continuous
movement of frequency mass between types, even after selection has
converged the population towards a locally dominant type, thus keeping a
certain amount of standing genetic variation.

2.3 Governing Mathematical Equations

The equations for coupled selection of the replicators and their
redistribution by mutations, and density-regulated logistic growth of the
population, form a closed dynamical system, whose fixed points define the
possible long-term evolutionary endpoints and whose local linearization
enables the stability of the fixed points to be determined by an eigenvalue
analysis of the Jacobian matrix.

Theorem 2: (Existence of Interior Fixed Point). Assume that the fitness
function f(x) is continuous on the simplex, and that there are types i, j with
0 < x;; <1 for which fi) > f(x) and fjuy < f(x) at some point x on the
boundary. Then the replicator-mutation system has at least one fixed point x*
that lies in the interior of the simplex (0 < x *;< 1 for all i).

Proof: Let g(x) = x + F(x) — F(x) -1 x be a continuous self-map of the
compact convex simplex, where Fj,y = Xilf 100 F@] is the replicator vector

field with a small mutation perturbation ensuring that g maps the boundary
strictly into the interior. The simplex is compact, convex and g is continuous
so by Brouwer's fixed-point theorem, there is some x * in the simplex such
that g(x *) = x * representing a fixed point of the flow. Since mutates only
at the boundary points, x * cannot be on the boundary, hence 0 < x *;< 1,
which implies there is an interior equilibrium.

3. Proposed Mathematical Modeling Framework

The proposed framework is a combination of the population
initialization, fitness evaluation, selection and mutation operators in a
system of nonlinear differential equations numerically integrated with the
Runge-Kutta method. Evolutionary trajectories are then examined in terms
of outcomes of equilibrium and stability under various selection and
mutation conditions, and classified as fixation, coexistence or extinction.
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3.1 Population Evolution Model

The population evolution model combines together logistic growth,
frequency-dependent selection, and the redistribution of mutation, into a
single coupled system and will be analytically used throughout the rest of
the study for the equilibrium and stability analysis.

dN K-N
E = rN —K (2)

In equation (2) the carrying capacity K describes the maximum
number of individuals in a population, the intrinsic growth rate r is the
growth rate when the density of the population is low, and the density
dependent regulation of the total population N is described.

dx; -
& = %l — f69] (3)

This is the replicator equation for the change in frequency of type i, as
a proportion of the deviation of its fitness from the population mean fitness
f(x), as seen in equation (3).

fx) = B, %) (4)

The mean population fitness in equation (4) is the weighted average of
individual type fitnesses, and is used as the reference fitness in the
replicator dynamics.

dx; -
d—xt = Zjn=1 Qinjfj(X) = x;f(x) (5)

The replicator-mutation equation with mutation matrix Q is the
equation (5) which includes frequency mass redistribution among
competing phenotypic classes.

fi(X) = Z]nzlAi]'Xj + s-N (6)

The payoff interaction term in the phenotype fitness in Equation (6) is
linear and is scaled by selection intensity s and modulated by the total
population size N for density coupling.

Hx) = — X xiln(xy) (7)
The Shannon diversity index is used to measure the variability of a

population (equation 7) and it declines with selection, as the frequencies
approach fixation of a dominant type.

3.2 Replicator and Mutation-Selection Dynamics

The relative fitness differences affect the frequencies of phenotypes
over time (replication) is controlled by the replicator part of the
framework, which causes an increase in types with above-average fitness
and a decrease in types with below-average fitness, without changing the
total number of individuals in a population. If mutation is added to the
matrix Q, then this pure selection process will be altered by including a
portion of the reproductive output being diverted to alternative phenotypic
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classes without regard to fitness. When mutations are not negligible with
respect to the intensity of the selection, a BFP is not reached; a stable
interior equilibrium is reached instead, as a result of a mutation-selection
balance. This coupling is also very important biologically because it implies
that the replicator equation is a gradient-like system with boundary
attractors which is converted into a perturbed system whose equilibria are
shifted to the interior of the simplex, as shown formally in Theorem 2 in
Section 2.3.

3.3 Integrated Evolutionary Dynamics Framework

The integrated framework brings together logistic population
regulation, frequency dependent replicator selection, mutation
redistribution and quantification of diversity in a single simulation pipeline.
Total population size, phenotype frequencies, mean fitness and diversity co-
evolve in response to a set of fixed parameters at each time step, by
numerically solving the set of equations 2-7 simultaneously. This
integration allows for a direct comparison to be made between selection
and mutation regimes because the outputs are from the same underlying
nonlinear system rather than from calibrated sub-models that were
developed separately. The structure is thus used for all the subsequent
equilibrium, stability and numerical simulation analyses, which enables
direct comparison of the theory (analytical solutions) with the simulation of
the evolutionary trajectories under the same parameter conditions.

4. Mathematical and Stability Analysis
4.1 Equilibrium Point Analysis

The equilibrium points x* are where all types have fitness equal to the
average fitness of all types, and/or where the frequency of a type reaches a
simplex boundary; these points divide the state space into regions of
qualitatively different evolutionary behaviour.

x; [fix*) — f(x )] = 0,vI (8)

1.5

=
(5]

Fitness Value
I
-

0.0 0.2 0.4 0.6 0.8 1.0
Population Frequency (x)

Figure 1
Equilibrium point formed by intersection of type-specific fitness functions
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The fitness curves in Figure 1, show the two phenotypes, f1(x) and
f2(x), intersect at x*, the interior equilibrium point at which both of the
phenotypes have the same fitness.

4.2 Stability and Convergence Analysis

Local stability of an equilibrium x* is determined by the sign of the
eigenvalues of the governing system at x* (the Jacobian matrix ]J) and
convergence towards x* happens when all of the eigenvalues have negative
real parts, which means that the trajectories close to x* will reduce in size at
each iteration.

ﬁ

Ji == ,Re(A())) < 0 9)

3X]'

1.0

4
©

Stable Equilibrium x*

o
o

Population Frequency x(t)
=}
IS

e
N

0 20 40 60 80 100
Generations (t)

Figure 2
Convergence of multiple initial trajectories toward the stable equilibrium

The trajectories starting from various initial frequencies get closer and
closer to a single equilibrium level, which is a confirmation of the derived
Jacobian condition for their asymptotic stability as shown in Figure 2.

4.3 Evolutionarily Stable States

This incorporates a game-theoretic and dynamical stability condition,
in that an established distribution of a strategy at a frequency x, can only be
invaded by a rare distribution of an alternative strategy y, where y is so rare
that the strategy y can not outperform the strategy x, and x>y in the
resulting game.

f(x *,x %) > f(x,x %) or f(x *,x *) = f(x,x *)and f(x *,x) > f(x,x) (10)
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Figure 3
Fitness landscape showing the evolutionarily stable state peak

The landscape has a single fitness peak (ESS), and a strategy frequency
deviation in either direction from the peak leads to decrease in the mean
fitness as shown in Figure 3.

5. Numerical Simulation and Results

The numerical results of this section are based on the simulation of the
integrated evolutionary model, and the effects of the parameters of
selection intensity and mutation rate on the population dynamics, the
formation of equilibrium, the mean fitness and the diversity of the
populations are studied under different parameter scenarios.

5.1 Simulation Setup and Parameter Configuration

The evolutionary changes in biological populations were studied
through numerical simulations in a variety of selection, mutation and
interaction scenarios. There were two phenotypes of a population, with
frequencies x1(t) and x2(t), where x1(t) + x2(t) = 1. The initial frequency of
the first population was 0.60 and 0.40 for the second population. The
evolutionary dynamics were analyzed for a range of selection intensity,
mutation probability, intrinsic growth rate, carrying capacity and
interaction coefficients. A time interval of 0-100 generations was selected
and the governing nonlinear differential equations were numerically solved
by using fourth order Runge-Kutta method. Various evolutionary scenarios
were modeled to explore the possibilities of convergence, co-existence,
competitive dominance and population stability.
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Table 1
Simulation parameter configuration
Parameter Symbol Value/Range
Initial population frequency x1(0) 0.60
Initial population frequency x2(0) 0.40
Selection intensity s 0.10 - 0.50
Mutation rate 1 0.001 - 0.050
Intrinsic growth rate r 0.20 - 0.80
Carrying capacity K 1000
Simulation period T 100 generations
Numerical step size h 0.01

The initial frequencies, selection and mutation ranges, growth
parameters and numerical settings are summarized in Table 1 and are kept
constant for all the evolutionary scenarios simulated.

5.2 Evolutionary Trajectory and Fitness Analysis

The analyses of evolutionary trajectories involved studying the change
in population frequencies, mean fitness, diversity, and equilibrium behavior
from one generation to the next. As the selection intensity increased, the
fittest phenotype fast became dominant and as the mutation rate increased,
there was greater genetic variation, that slowed down fixation. With
moderate selection and mutation, both phenotypes tended to a stable
coexistence equilibrium. The fitness of the population improved over time
and became more stable as more favourable traits appeared in the
population. High selection pressure resulted in fitness gains in a shorter
time and lower population diversity. On the other hand, mutation kept the
diversity alive and accounted for the introduction of new variants at all
times. These findings confirm that selection, as well as mutation and
variation, plays an important role in the overall population structure of
long-term evolution.

Table 2
Numerical results of evolutionary trajectory simulations across five scenarios
Scenario | Selection s Mut:tion Final x1 Fl:if::sls Dilwl/:iires)i(ty
S1 0.10 0.001 0.72 1.082 0.403
S2 0.20 0.005 0.79 1.146 0.332
S3 0.30 0.010 0.84 1.208 0.269
S4 0.40 0.020 0.88 1.267 0.211
S5 0.50 0.050 0.86 1.301 0.241
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The numerical results for the five different selection-mutation
scenarios (S1-S5) are presented in Table 2. The mean fitness increases
from 1.082 to 1.267 as the selection intensity increases from 0.10 to 0.40;
this is due to the reduced genetic variability as one goes from lower to
higher intensities of selection (as seen from the reduced diversity index,
which decreases from 0.403 to 0.211). Although S5 has the highest mean
fitness (1.301) it results in a slightly lower final frequency (0.86) due to an
elevated mutation rate (0.050), but also in a partial recovery of diversity
(0.241). These findings demonstrate that mutation can outcompete fixation
even under high selection pressure, and that maximizing fitness and being
the most fit does not always go together with being the most dominant.

0.85

Mean Fitness
=
&

Frequency x;(t)

= 51 (5=0.10)
= 52 (s=0.20) 1.05
—— 53 (5=0.30)
54 (s=0.40)

0.60 —— 55 (s=0.50) 1.00
0 20 40 60 80 100 0 20 a0 60 80 100
Generations (t) Generations (t)
Figure 4

Strategy Frequency and Mean Fitness across Generations under Different
Selection Intensities

Figure 4 illustrates that in the left panel the frequency of phenotypes
with each selection-mutation scenario tends to equilibrate to the steady
state(s) for that scenario, and in the right panel, the mean fitness increases
gradually to stable values for each selection-mutation scenario.

6. Conclusion

In this study, an integrated mathematical framework for the
evolutionary dynamics is developed, which consists of a combination of
replicator selection, mutation redistribution and logistic population
regulation in a single nonlinear system. Simplex invariance and the
existence of interior equilibria were proven by analytical theorems and
convergence behaviour and evolutionarily stable states were defined and
characterized by the conditions on the eigenvalues of the Jacobian.
Numerical simulations under five selection-mutation scenarios for the four-
order Runge-Kutta method showed that increasing the intensity of
selection leads to a faster fixation rate and higher mean fitness while
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mutation increases the genetic variability and prevents extinction, and that
selection and mutation have a consistent tradeoff between fitness and
genetic diversity. Finally, the results indicated that the optimal fitness and
the highest frequency of the optimal phenotype do not necessarily occur
simultaneously, which further underscores the need to model both
mechanisms simultaneously, and not independently. The proposed
framework is able to bring together a theoretical and computational
framework that is tractable, convenient and extensible for predicting
population adaptation. The model can be expanded to multi-locus systems
and stochastic environmental fluctuations and expanded in the future to
increase the predictive accuracy for complex biological populations even
further.
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