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Abstract
Interactions occur between vehicle density, velocity, traffic demand and roadway capacity, 

creating complex, nonlinear traffic flow dynamics. This research proposes a mathematical 
modelling and simulation approach to traffic flow analysis based on non-linear differential 
equations. Basic relations between traffic density, flow and velocity are derived together with 
the fundamental conservation law for traffic moving along road networks. Different initial and 
boundary conditions are used to simulate traffic states numerically, using solution techniques. 
The model goes on to study the propagation of a shock wave and stop and go traffic conditions 
resulting from obstruction and congestion and changes in traffic density. The simulation results 
presented are used to show the temporal and spatial changes of traffic characteristics, and to 
identify the change from free-flow to congested traffic. The framework proposed here is an 
effective mathematical basis for traffic prediction, traffic congestion analysis, and transportation 
management applications.
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I. Introduction  
Modern transportation networks have become much busier, with 

traffic congestion being a pressing issue, due to rapid urbanization, 
population growth and increased vehicle use. Hence, the dynamic 
characteristics of the traffic flow is crucial for the design of efficient 
roadways, minimization of travel delays, reduction of accident risk and 
intelligent transportation management [1, 2]. Under different operating 
conditions, mathematical models can be used to systematically represent 
the interactions between traffic density, vehicle velocity, traffic flow, and 
road capacity. Nonlinear differential equations are especially appropriate 
for the study of traffic systems since traffic systems have nonlinear 
responses, congestion transitions, wave propagation, and complex 
interactions that occur amongst vehicles [3, 4, 5]. The fundamental 
variables are density, flow rate, and average velocity, which are the 
fundamental descriptors of traffic flow. They determine if a roadway is free 
flow, transition, or congested conditions. The laws of conservation that are 
formulated in the form of differential equations describe the evolution of 
the number of vehicles over space and time, but do not change the total 
number of vehicles in the transportation system [6, 7]. Moreover, nonlinear 
formulations can be used to represent more realistically disturbances that 
create shock waves and recurring stop-and-go patterns. The aim of this 
study is to establish a mathematical model for the traffic flow dynamics 
based on nonlinear differential equations [8, 9, 10]. Numerical methods are 
used to approximate the solutions of the model under different traffic 
conditions. The outcome of the simulations is a quantitative assessment of 
the traffic behavior, traffic congestion formation, and propagation of shock 
waves and temporal variations, which can be used for traffic prediction, 
development of roadways, traffic congestion mitigation, and intelligent 
transportation control [11, 12]. 
II. Numerical Solution of the Nonlinear Differential Equations 

The nonlinear traffic equations are numerically solved by 
discretization methods, which can approximately solve the density and 
velocity changes of the traffic to the stability of the roadways under 
dynamically changing traffic conditions, and consider the overall traffic 
behavior, reflect the complex traffic behavior of the roadway [13, 14]. 

Nonlinear Traffic Flow Equation 
    

   
 [  ( )]

       (1) 
The traffic flow equation (1) is nonlinear and describes the basic 

dynamics of the evolution of vehicle density as a function of space and time. 
It defines the conservation state of traffic movement.  

Density-Dependent Velocity Model 
   ( )     (   

 
    

)  (2) 
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The density-dependent velocity model is defined by Equation (2), with 
the velocity of vehicles gradually decreasing as the traffic density increases 
to the maximum traffic density on the roadway. 

Nonlinear Traffic Flux 
   ( )      (   

 
    

)  (3) 
Density and velocity are combined to create a nonlinear traffic flux in 

equation (3) and represents the number of vehicles that traverse a location 
of a roadway within a given time period. 

Spatial Discretization 
    

   
    
     

 

    (4) 
The spatial discretization is added to equations (4) to approximate the 

changes in traffic flow among adjacent road segments. This change allows 
for the computation of the continuous nonlinear model at discrete spatial 
points.  

Temporal Discretization 

    
   

  
        

    (5) 
Also, equation (5) is used to discretize the temporal domain to 

estimate the difference in traffic density between the next simulation time 
step. These discretization procedures combine to form a representation of 
the governing partial differential equation that is manageable for numerical 
calculations. 

Numerical Density Update 
              (

  
  ) (    

      )  (6) 
Lastly, the updating mechanism for the numerical density is given by 

equation (6). It is based on the differences of traffic flux between adjacent 
spatial locations and current traffic density and it's able to calculate traffic 
density in the future. For this reason, the equation can be used to simulate 
the evolution of traffic, congestion, density propagation and dynamic 
roadway conditions in an iterative manner over subsequent time steps. 

III. Traffic Flow System and Mathematical Formulation 
The traffic flow system is mathematically defined by combining the 

density and velocity of the vehicles, their flow rate, the capacity of the 
roadway, and the nonlinear interactions between vehicles to accurately 
model realistic spatiotemporal vehicle flow patterns [15]. The framework 
for modeling dynamic traffic behavior is a nonlinear system as shown in 
Figure 1. 
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Figure 1 

Mathematical Framework for Nonlinear Traffic Flow Modeling and Simulation 

A. Traffic Density, Flow, and Velocity Relationships 
Traffic flow, density and velocity are connected basic variables of the 

roadway, in which traffic flow and velocity have a direct effect on the 
overall traffic movement and level of congestion. 
          (7) 
   ( )     (   

 
    

)  (8) 
From the above it is evident that traffic flow is directly proportional to 

the density and average velocity, as shown in Equation (7). The linear-
speed/density relationship is expressed as Equation (8), where vehicle 
speed will decrease as the density increases towards the maximum vehicle 
rate that the roadway can accommodate [16].  

Flow-Density Relationship 
   ( )      (   

 
    

)  (9) 
These relations are combined in equation (9) to obtain a non-linear 

flow-density relation, which shows the dependence of traffic flow on 
density initially as it grows, but with the onset of congestion it becomes a 
decreasing function. 

Critical Traffic Density 
     

    
   (10) 

The critical traffic density that indicates the threshold between 
efficient traffic flow and congestion is calculated from equation (10).  
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Maximum Traffic Flow 
       

      
   (11) 

The model assumes that the traffic flow is related to speed and density 
in a specific way, and equation (11) is used to calculate the maximum traffic 
flow possible, which corresponds to the capacity of the roadway. These 
quantities are significant in determining transportation condition under 
which the transportation infrastructure is maximally utilized. 

Average Traffic Velocity 
   ̄   (  ) (        )    (12) 

The average traffic velocity in equation (12) is calculated using the 
speeds of the individual vehicles in the traffic stream observed.  

Average Traffic Density 
   ̄   (  )   (   )    (13) 

Spatial integration is used in equation (13) to calculate the average 
traffic density for a given length of the roadway. These equations give 
quantitative measures of traffic conditions, thresholds of traffic congestion, 
estimates of roadway capacity, and numerical simulation of the nonlinear 
traffic-flow dynamics for varying densities and velocities. 

B. Conservation Law for Traffic Flow 
The conservation law describes the continuity of the vehicles in the 

vehicle system; it is used to mathematically model the evolution in density 
and flow of the vehicles through space and time by balancing the traffic flow 
that enters the roadways with the traffic flow that leaves the roadways. 

Traffic Conservation Equation 
    

   
  
       (14) 

The fundamental continuity condition is presented in equation (14) 
which states that the changes in traffic density is equal to the spatial 
changes in the traffic flow.  

Conservation Equation with Flow Relationship 
    

   
 (  )
       (15) 

The relationship between density and velocity is included in Equation 
(15) which relates the vehicle conservation directly to traffic motion. 

Conservation Equation with Source Term 
    

   
  
     (   )  (16) 

The formulation is expanded by the addition of a source term to 
represent external effects like vehicles entering or leaving the network by 
ramps, intersections or access points as shown in Equation (16). 
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Integral Conservation Law 
   

   (       ) (   )      (    )    (    ) (17) 
The integral form of the conservation law for the roadway section is 

given by equation (17). It has declared that the change in the number of 
total vehicles relies on the distinction between inflow and outflow vehicles 
at a specific time.  

Vehicle Accumulation 
    

               (18) 
Equation (18) also applies to vehicle accumulation, and is a simplified 

version of the vehicle storage model in a roadway section, with inflow and 
outflow rates. 

Discrete Conservation Equation 
              (

  
  ) (    

      )  (19) 
The continuous conservation equation is transformed into a discrete 

numerical version that can be simulated numerically using (19).  
Conservation with Entry and Exit Rates 

    
                          (20) 

Last but not least, equation (20) explicitly includes more entry and exit 
rates. These equations, taken together, allow to model realistically traffic 
accumulation, vehicle conservation, boundary flows, roadway interactions 
and density evolution on dynamic transportation networks. 

IV. Shock-Wave and Stop-and-Go Traffic Modeling 
The traffic transitions associated with sudden changes in traffic flow 

from light to heavy conditions or the opposite are represented by shock-
wave modeling, whereas the repeated acceleration and deceleration due to 
congestion, disturbances, density changes, driver behavior and roadway 
constraints are described by stop-and-go modeling. 
           

      
  (21) 

    ( )     ( )       (22) 
The speed of the shock-wave is determined by equation (21) which 

represents the difference between the traffic flow and density of two traffic 
states. By using the propagation speed of the shock wave, it is estimated 
that the spatial position of the shock wave can be obtained from equation 
(22) over time.  

Nonlinear Velocity Dynamics 
    

     [ ( )    ]  (23) 
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In Equation (23) the actual vehicle speed is represented as a function 
of the desired speed with dynamics that are nonlinear, depending on the 
density conditions. 

Optimal Velocity Function 
   ( )     (   

 
    

)  (24) 
The optimal velocity function given by equation (24) shows that speed 

that can be achieved will decrease with traffic density. 
Stop-and-Go Velocity Oscillation 

   ( )           (      )  (25) 
The time velocity fluctuations described by equation (25) are periodic 

oscillations about an equilibrium velocity. 
Density Oscillation 

   ( )           (      )  (26) 
The same applies to equation (26) which models density oscillations 

around the corresponding equilibrium traffic density. Their amplitude and 
frequency represent the strength and frequency of the congestion 
disturbances. 

Traffic Flow During Oscillation 
   ( )     ( ) ( )  (27) 

Lastly, equation (27) computes instantaneous traffic flow by 
multiplying oscillating density and velocity. These equations as a whole 
constitute a mathematical model for simulating congestion waves, roadway 
speed variations, density perturbations, traffic instability and stop-and-go 
phenomena under nonlinear roadway conditions. 

V. Result and Discussion 
The results of simulations show the dependence on density, velocity 

and flow and have been found to show congestion formation, propagation 
of shock-waves and stop and go behavior of the traffic, thus establishing the 
effectiveness of the model for comprehensive traffic analysis. 

 
Table 1 

Traffic Flow Characteristics under Different Density Conditions 

Scenario 
Traffic 
Density 

(veh/km) 

Average 
Velocity 
(km/h) 

Traffic 
Flow 

(veh/h) 

Congestion 
Index 

Travel 
Time 
(min) 

S1 15 82.4 1236 0.18 12.6 
S2 25 71.8 1795 0.31 14.4 
S3 35 59.6 2086 0.46 17.3 
S4 45 46.2 2079 0.61 22.1 
S5 55 32.8 1804 0.76 31.2 
S6 65 21.5 1398 0.89 47.6 
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As the traffic density increases, velocity, traffic flow, congestion and 
travel time all change, as shown in Table 1. The higher the density (from 15 
to 65 veh/km), the lower the average velocity (from 82.4 to 21.5 km/h), 
which shows progressive congestion. The changes in density and velocity 
under traffic situations are shown in Figure 2. 

 

 
Figure 2 

Comparative Analysis of Traffic Density and Average Velocity under Different 
Traffic Flow Scenarios 

 
Flow rates start to rise and peak at 2086 veh/h at S3, and then are 

reduced at higher densities. In the meanwhile, the congestion index jumps 
from 0.18 to 0.89, and the travel time gets significantly higher, making the 
transitions from free-flow to severely congested traffic conditions 
nonlinear. 

VI. Conclusion  
In this study, a mathematical modeling and simulation method for 

analyzing the traffic flow dynamics using nonlinear differential equations 
were introduced. The developed formulation included basic relationships 
between traffic density, flow, velocity, and vehicle conservation to model 
changing roadway conditions. The numerical solution methods allowed to 
make the nonlinear traffic behavior effectively approximated under the 
various operating conditions. The study of the propagation of shock waves 
showed that the transient changes in density and velocity play a role in the 
development of congestion and traffic disturbances. The stop-and-go 
modelling also showed the periodic fluctuations which are often seen under 
conditions of congestion. The simulation framework gives valuable insights 
in transitions between free-flow and congested states of traffic. In 
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summary, the proposed mathematical approach is useful to perform 
systematic traffic analysis and prediction. Real-time traffic data, 
heterogeneous vehicles, intelligent control strategies and complex road 
networks can be integrated in future research for increased applicability. 
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